


Department of Aeronautics and Astronaut ics  
Stanford Universi ty  
Stanford,  C a l i f o r n i a  

PRECISION MAGNETIC ATTITUDE CONTROL OF SPINNING SPACECRAFT 

by 

John A .  Sorensen 

SUDAAR No. 380 

August 1969 

This  work w a s  performed i n  a s s o c i a t i o n  wi th  research sponsored 
by t h e  National Aeronautics and Space Administration 

under Research Grant  NSR 05 020 379 





AI3 STRACT 

This  d i s s e r t a t i o n  presents  a s tudy of t h e  p rec i s ion  magnetic a t t i -  

tude c o n t r o l  of r i g i d ,  e a r t h  o r b i t i n g  spacec ra f t  which a r e  nominally spin- 

n ing  about t h e i r  maximum axes of i n e r t i a .  Spec i f i ca l ly ,  con t ro l  sys t ems  

for accura t e ly  po in t ing  t h e  s a t e l l i t e s '  s p i n  axes and maintaining near ly  

cons tan t  s p i n  speed a r e  inves t iga t ed .  The e f f e c t s  of environment'al d i s -  

turbances and i n c o r r e c t  veh ic l e  p a r a m e t e r s  upon obta inable  poin t ing  ac- 

cu rac i e s  a r e  evaluated.  

The f i r s t  con t ro l  system s tud ied  i s  f o r  axisymmetric veh ic l e s  operat-  

i n g  i n  h ighly  e c c e n t r i c  o r b i t s ,  each w i t h  i t s  s p i n  a x i s  constrained t o  

poin t  normal t o  t h e  o r b i t  plane.  One a p p l i c a t i o n o f t h i s  t y p e  of spacecraf t  

and o r b i t  conf igura t ion  i s  t o  measure t h e  unknown tessera l  harmonic coef- 

f i c i e n t s  of t h e  e a r t h ' s  g r a v i t a t i o n a l  po ten t i a l ;  an ana lys i s  of the  selec-  

t i o n  of o r b i t a l  elements f o r  t h i s  purpose i s  included. Next, the  Kalman 

f i l t e r i n g  of horizon-sensor measurements of roll e r r o r  i s  shown t o  provide 

an e f f e c t i v e  means of lowering t h e  o v e r a l l  a t t i t u d e  e r r o r  of t h e  s a t e l l i t e .  

An a l g e b r a i c  s o l u t i o n  of t h e  quadra t i c  m a t r i x  equat ion governing the  m i n i -  

mum power c o n t r o l l e r  i s  der ived and used t o  genera te  a poin t ing  con t ro l  

law s u i t a b l e  for t h e  spacec ra f t  w i t h  or without a nu ta t ion  damper .  I t  i s  

shown t h a t  t h i s  c o n t r o l  law can be  mechanized magnet ical ly  by e i t h e r  

t h r e e  or thogonal  c o i l s  or a s i n g l e  c o i l  skewed 45' t o  t h e  s p i n  ax i s .  

Spin speed con t ro l  i s  s imultaneously provided by  incorpora t ion  of a unique 

three-mode l o g i c  i n t o  t h e  mechanization. 

Another magnetic a t t i t u d e  con t ro l  system inves t iga ted  po in t s  t h e  

s p i n  a x i s  of a spacec ra f t  p r e c i s e l y  a t  a s t a r .  The vehic le  considered 

has a c i r c u l a r ,  po la r  o r b i t ,  and a t t i t u d e  e r r o r  measurements a r e  made b y  

means of an o p t i c a l  s t a r  t r acke r .  A reduced-order observer  i s  developed 

t o  e s t ima te  d i s tu rbance  torques a c t i n g  upon t h e  spacec ra f t  and these  

e s t ima tes  a r e  u t i l i z e d  t o  cancel  t h e  torques '  e f f e c t .  Performance evalu- 

a t i o n  of t h i s  magnetic c o n t r o l l e r  indicates t h a t  i t  compares q u i t e  favor- 

ab ly  w i t h  o the r  p rec i s ion  c o n t r o l  dev ices .  

F i n a l l y ,  a method is  developed for synthes iz ing  continuous a t t i t u d e  

con t ro l  l a w s  f o r  nonsymmetric sp inning  veh ic l e s .  This  technique allows 

t h e  des igner  t o  provide a r b i t r a r y  dynamic response t o  t h e  v e h i c l e  and 

h a s  d i r e c t  a p p l i c a t i o n  t o  magnetic a t t i t u d e  c o n t r o l .  
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CHAPTER I 

INTRODUCTION 

PURPOSE OF THIS RESEARCH 

The spacec ra f t  which is  sp in - s t ab i l i zed  about i t s  maximum a x i s  of 

i n e r t i a  i s  widely used f o r  e a r t h  o r b i t a l  app l i ca t ions  because of i t s  in- 

he ren t  a b i l i t y  t o  hold a f ixed  spin-axis  o r i e n t a t i o n .  The s p e c i a l  pur-  

pose of t h i s  s a t e l l i t e  may r e q u i r e  t h a t  t h e  s p i n  a x i s  be held t o  wi th in  

minute to l e rances  of t h e  des i r ed  a t t i t u d e .  For prec is ion  o r i e n t a t i o n ,  an 

a c t i v e  a t t i t u d e  c o n t r o l  system is  usua l ly  incorporated a s  an i n t e g r a l  

p a r t  of t h e  vehic le .  This con t ro l  system a l s o  s u s t a i n s  the  spacec ra f t  

s p i n  s p e e d .  

The degree of accuracy t o  which a s p i n  a x i s  can be pointed i s  highly 

dependent upon t h e  veh ic l e  and i t s  o r b i t .  This  research  s t u d i e s  the  de- 

s i g n  and a n a l y s i s  of continuous p rec i s ion  a t t i t u d e  con t ro l  systems f o r  

sa te l l i t es  r e q u i r i n g  t h a t  t he  s p i n  a x i s  be pointed normal t o  t h e  o r b i t  

plane or toward a s t a r .  S p e c i f i c  examples of such spacec ra f t  include two 

a p p l i c a t i o n s  of t h e  drag-free s a t e l l i t e .  

I n  p a r t i c u l a r ,  magnetic a c t u a t i o n  of t h e  a t t i t u d e  con t ro l  system f o r  

t h e  above two a p p l i c a t i o n s  i s  inves t iga t ed .  This  con t ro l  i s  achieved by 

producing a magnetic moment on t h e  spacec ra f t  which i n t e r a c t s  with t h e  

e a r t h ' s  magnetic f i e l d  t o  c r e a t e  a torque. Magnetic c o n t r o l l e r s  have t h e  

advantages of r equ i r ing  low power, having no moving p a r t s  or se r ious  l i f e -  

time l i m i t a t i o n s ,  and being l igh tweight .  A s p e c i f i c  disadvantage is  

t h a t  they produce very weak torques.  However, f o r  t h e  p a r t i c u l a r  appl i -  

c a t i o n s  s tud ied  here, even a weak magnetic torque is  s u f f i c i e n t  f o r  of f -  

s e t t i n g  the  e f f e c t s  of environmental d i s turbances .  A more r e l evan t  d i s -  

advantage of magnetic con t ro l  is  t h a t  t h e  l o c a l  magnitude of t h e  e a r t h ' s  

magnetic f i e l d  i s  t i m e  varying and r a r e l y  i n  t h e  des i red  d i r e c t i o n  f o r  

achieving continuous poin t ing  and s p i n  con t ro l .  Thus, bas i c  ques t ions  

a r i s e  concerning t h e  achievable  accurac ies ,  dynamic response,  and s t a b i l i t y  

of such con t ro l  systems. I t  is  t h e s e  a r e a s  with which t h i s  research  is 

d i r e c t l y  concerned. 

I n  designing a con t ro l  s y s t e m  f o r  removal of small  a t t i t u d e  e r r o r ,  
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i t  i s  convenient i f  t he  spacec ra f t  has mass symmetry about i t s  s p i n  a x i s ,  

because t h i s  produces l i n e a r ,  cons t an t - coe f f i c i en t  equat ions of motion. 

N o  foreseen  d i f f i c u l t y  precludes a t t e m p t i n g t o  bu i ld  the  s a t e l l i t e  t h i s  

way, so i t  is  usua l ly  assumed i n  t h e  fo l lowing  development t h a t  a x i a l  

mass symmetry or near  symmetry e x i s t s .  The s u b j e c t  of con t ro l  syn thes i s  

for  nonsymmetric sp inning  veh ic l e s  is  t r e a t e d  i n  the  l a s t  chapter .  

PREVIOUS STUDIES OF MAGNETIC AND OTHER PRECISION ATTITUDE 

CONTROL SYSTEMS FOR SPINNING SPACECRAFT 

Magnetic a t t i t u d e  c o n t r o l  was f i r s t  suggested around 1960 (see  Kamm, 

Ref. 1, and White, - e t  -., a 1  Ref. 2 )  and was pr imar i ly  d i r ec t ed  toward con- 

t r o l  of nonspinning spacec ra f t  about two axes. Several  i n v e s t i g a t i o n s  

have followed of a p p l i c a t i o n s  t o  both sp in - s t ab i l i zed  and three-axis  

a t t i t u d e  c o n t r o l  requirements.  Configurat ions s tud ied  have var ied  from 

s i n g l e  permanent magnets to  t h r e e  orthogonal c o i l s  used i n  conjunct ion 

with r e a c t i o n  wheels or control-moment gyros. References 3-8 represent  

s t u d i e s  of systems where magnetic to rquing  is  used for con t ro l  of non- 

sp inning  s p a c e c r a f t ,  a s  a means of damping veh ic l e  r a t e s ,  or f o r  unload- 

i n g  r e a c t i o n  wheels or control-moment gyros. Of p a r t i c u l a r  i n t e r e s t  i s  

the  paper by Paiken and F l e i s i g  (Ref. 7 )  concerning t h e  f i n e ,  th ree-axis  

momentum control of the  Orb i t ing  As t ronau t i ca l  Observatory (OAO) by use  

of i n e r t i a  wheels which a r e  unloaded us ing  electromagnet ic  c o i l s .  This  

spacec ra f t  is  designed t o  achieve 50.1 a r c  sec .  po in t ing  accurac ies  and 

is  now ope ra t iona l .  Both Sonnabend (Ref e 9) and Arnesen (Ref 10) s tud ied  

vers ions  of dual-spin spacec ra f t  in 'which  magnetic c o i l s  on the  despun 

p a r t  were used t o  complement t h e  reac t ion-wheel  func t ion  of t h e  spinning 

por t ion .  

Extensive s t u d i e s  have been made of using a s i n g l e  magnetic d ipo le  

a l igned  with t h e  s p i n  a x i s  a s  a poss ib le  means of a t t i t u d e  cont ro l  o f  a 

r i g i d  sp inning  s p a c e c r a f t .  Both Erg in  and Wheeler (Ref. 11) and Mobley 

( R e f .  12) discussed  s p e c i f i c  a p p l i c a t i o n s  of t h i s  conf igura t ion  for 

keeping t h e  s p i n  a x i s  normal t o  t h e  o r b i t  plane. Wheeler (Ref. 13) and 

Renard ( R e f .  14) i nves t iga t ed  f u r t h e r  a p p l i c a t i o n s  of t h e  s i n g l e  c o i l  

c o n t r o l l e r  t o  genera l  purpose s a t e l l i t e s  i n  c i r c u l a r  o r b i t s .  

4 

2 



Vrabl ik ,  -- e t  a l e  (Ref. 151, discussed us ing  electromagnet ic  c o i l s  

w i t h  axes perpendicular  t o  t h e  s p i n  a x i s  of t h e  Lincoln Experimental 

S a t e l l i t e  (LES) 4 f o r  maintaining t h e  s p i n  a x i s  near ly  normal t o  t h e  

o r b i t  plane.  This  spacec ra f t  ope ra t e s  i n  a c i r c u l a r ,  near-synchronous 

e q u a t o r i a l  o r b i t  and con t ro l s  t h e  s p i n  a x i s  t o  poin t  t o  wi th in  2.6' of 

t h e  o r b i t  normal. F i s c h e l l  (Ref. 16) recognized t h a t  magnetic con t ro l  

could be  used f o r  r e g u l a t i n g  t h e  s p i n  speed of t h e  s a t e l l i t e .  The per -  

formance of t h i s  method was  e labora ted  upon by Mobley, e t  a l .  (Ref. 17) 

f o r  t h e  DME-A s a t e l l i t e .  
-- 

Successful  uses  of magnetic a t t i t u d e  con t ro l  systems f o r  spinning 

spacec ra f t  a r e  a l s o  represented by t h e  T i ros  s a t e l l i t e  program ( R e f .  18) 

and seve ra l  of t h e  APL s a t e l l i t e s  (Ref. 19) .  I n  a l l ,  a wealth of in for -  

mation appears  i n  t h e  l i t e r a t u r e  on s i m p l e ,  p r a c t i c a l  app l i ca t ions  of 

magnetic c o n t r o l  technique. 

Much of t h e  previous work could be d i r e c t l y  appl ied t o  t h e  design of 

a c o n t r o l  system f o r  maintaining t h e  s p i n  a x i s  of a s a t e l l i t e  normal t o  

t h e  o r b i t  plane.  

t h e  o r b i t  i s  h ighly  e c c e n t r i c  and t h e  only a t t i t u d e  e r r o r  measurements 

considered a r e  those  from horizon sensors .  The desire f o r  a new look a t  

t h e  con t ro l  requirements of t h i s  mission provides the  motivat ion f o r  

Chapter 111. 

However, b a s i c  ques t ions  remain t o  be answered when 

t 

The high-accuracy a t t i t u d e  con t ro l  of spacec ra f t  f o r  space astronomy 

has been previously s tud ied  with requirements f o r  three-axes con t ro l .  

Both Fosth and Zimmerman (Ref. 20) and Liska (Ref. 21) i nves t iga t ed  sys -  

tems f o r  achieving poin t ing  accurac ies  a s  f i n e  a s  0.01 a r c  second (equiva- 

l e n t  t o  poin t ing  a te lescope  a t  a human h a i r  one mile  away) f o r  per iods of 

up t o  an hour. Fu r the r  requirements of these systems a r e  t h a t  t h e  s a t e l -  

l i t e  be  a b l e  t o  maneuver seve ra l  degrees wi th in  a few minutes of time f o r  

a p p l i c a t i o n  on t h e  Manned Orb i t ing  Telescope. 

which i s  summarized i n  F igure  1.1, i s  t h a t  t h e  control-moment gyro repre- 

s e n t s  t he  l o g i c a l  choice  f o r  achieving such high prec is ion .  

Thei r  b a s i c  conclusion,  

Conspicuously missing from Figure  1.1 i s  t h e  prec is ion  a v a i l a b l e  

from magnetic con t ro l .  A s  w i l l  be seen,  i f  t h e  requirements of holding 

high accurac ies  f o r  up t o  one hour a r e  somewhat re laxed and no r a p i d  
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maneuvering i s  requi red ,  magnetic c o n t r o l  compares favorably  w i t h  t h e  

control-moment gyro. 

N ERTI A WHEELS~\\\\\\\\\\\\~ 

IMBALEO PLATFORM 

REACTION CONTROL  JET^\^ 

1 I I I I I THRUST V E C T ~  
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POINTING PRECISION (dag 1 

FIG. 1.1. ACHIEVABLE POINTING ACCURACIES OF 
NON-MAGNETIC CONTROL SYSTEMS. 

OUTLINE OF NEW RESULTS AND CONTRIBUTIONS 

I n  Chapter 11, t h e  a t t i t u d e  equat ions of motion of t h e  r i g i d  spin- 

ning spacec ra f t  s tud ied  i n  t h i s  research  a r e  presented. Next, s u i t a b l e  

o rb i t s  a r e  s e l e c t e d  f o r  two d i f f e r e n t  s a t e l l i t e s  which se rve  a s  interest-  

i n g  examples of systems r e q u i r i n g  p rec i s ion  a t t i t u d e  cont ro l .  From t h e  

o r b i t  and spacec ra f t  c h a r a c t e r i s t i c s ,  t h e  time h i s t o r y  of var ious environ- 

mental d i s tu rbance  torques i s  determined f o r  l a t e r  use  i n  eva lua t ing  t h e  

inves t iga t ed  con t ro l  systems. 

The a p p l i c a t i o n  of one of t h e  s a t e l l i t e s  s e l e c t e d  f o r  study--the 

drag-free geodesy s a t e l l i t e - - i s  t o  provide t h e  means f o r  measuring t h e  

unknown t e s s e r a l  harmonic c o e f f i c i e n t s  of t h e  e a r t h ' s  g r a v i t a t i o n a l  po- 

t e n t i a l .  I t  i s  t h e o r e t i c a l l y  e s t ab l i shed  t h a t  t r ack ing  f o u r  d i s t i nc t  

e c c e n t r i c  o r b i t s  of t h i s  geodesy s a t e l l i t e  can produce most of t h e  unknown 

c o e f f i c i e n t s  through degree and o rde r  15 e 

I n  Chapter 111, a technique f o r  magnet ical ly  c o n t r o l l i n g  t h e  s p i n  

a x i s  of a symmetric geodesy s a t e l l i t e  t o  poin t  nea r ly  normal t o  t h e  

o r b i t  plane is  presented.  This  con t ro l  method i s  app l i cab le  t o  s a t e l -  

l i t e s  i n  near-ear th  o r b i t s  with i n c l i n a t i o n s  between 20' and 70" and 

e c c e n t r i c i t i e s  of up t o  0 . 7 .  The technique involves  employing a Kalman . 

f i l t e r  t o  determine yaw e r r o r  and vehic le  angular  r a t e s  from horizon- 
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sensor  measurements of t h e  r o l l  error., Or i en ta t ion  and s p i n  con t ro l  are 

mechanized i n  a unique three-mode l o g i c  based upon magnitude of spin- 

speed v a r i a t i o n .  Computer s imula t ions  a r e  used t o  demonstrate t h a t  t h i s  

a t t i t u d e  con t ro l  system outperforms magnetic c o n t r o l l e r s  s tud ied  previ- 

ous ly  from t h e  s tandpoin ts  of f a s t e r  t r a n s i e n t  response and a b i l i t y  t o  

withstand d i s tu rbance  torques.  Addit ional  con t r ibu t ions  r e s u l t i n g  from 

t h e  development of t h i s  chapter  inc lude  t h e  following: 

1. 

2 .  

3. 

A sys temat ic  method f o r  ob ta in ing  t h e  a lgeb ra i c  s o l u t i o n  t o  the  

quadra t i c  mat r ix  equat ions governing t h e  optimal con t ro l  of a 

genera l  system possessing complex symmetry is developed. T h i s  

method is  u t i l i z e d  t o  determine t h e  minimum-power opt imal  con- 

t r o l  ga ins  and assoc ia ted  con t ro l  law f o r  t h e  spinning spacecraf t .  

A new mechanization scheme c o n s i s t i n g  of a s i n g l e  c o i l  skewed a t  

45' to t h e  s p i n  a x i s  used i n  conjunct ion with a pass ive  wobble 

damper i s  shown t o  be e f f e c t i v e  f o r  three-degree-of-freedom a t -  

ti tude c o n t r o l  e 

Because of t h e  time-varying magnetic f i e l d ,  t h e  con t ro l  system 

has f l u c t u a t i n g  ga ins  r e s u l t i n g  i n  ques t ionable  a t t i t u d e  s t a b i l i t y .  

A new method f o r  genera t ing  Lyapunov func t ions  i s  adapted t o  

e s t a b l i s h  t h e  bounds on t h e  damping requi red  f o r  guaranteeing 

t h a t  t h e  v e h i c l e  i s  asymptot ica l ly  s t a b l e .  

I n  Chapter I V ,  a n  al l -magnet ic  a t t i t u d e  con t ro l  s y s t e m  is  inves t i -  

gated f o r  p r e s i s e l y  poin t ing  t h e  s p i n  a x i s  of a symmet r i c  s a t e l l i t e  a t  a 

s t a r  while  maintaining s p i n  speed. It i s  demonstrated t h a t ,  t h e o r e t i c a l l y ,  

t h e  po in t ing  e r r o r  can be kept  w i th in  0.01 a r c  second o f  t he  re ference  

for more than  90 per  cen t  of the' period of a po la r  o r b i t .  

a n a l y s i s  is performed t o  determine t h e  dev ia t ion  of an ac tua l  system's  

performance from t h a t  of t h e  i d e a l .  Other con t r ibu t ions  i n  Chapter I V  

inc lude  t h e  following: 

An e r r o r  

1. An extension of t h e  Gopinath reduced-order observer  f o r  noncycl ic ,  

noncont ro l lab le  systems i s  made. 

2 .  I t  i s  shown t h a t  i n e r t i a l l y - f i x e d  and body-fixed d is turbance  

torques a c t i n g  on t h e  s a t e l l i t e  a r e  mathematically observable  

q u a n t i t i e s  and can thus  be  e f f e c t i v e l y  cancel led by  a propor- 
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t i o n a l  s i g n a l  being incorporated i n t o  t h e  con t ro l  l a w .  I n  ad- 

d i t i o n ,  i t  i s  demonstrated t h a t  t h e  pulse  d is turbance  torques 

due t o  misaligned t r a n s l a t i o n a l  con t ro l  j e t s  can be estimated 

and magnet ical ly  cancel led.  

F i n a l l y ,  i n  Chapter V, a new method of genera t ing  a continuous con- 

t r o l  law for nonsymmetric veh ic l e s  i s  developed by extending a method 

used for symmetric veh ic l e s .  The r e s u l t i n g  con t ro l  law allows t h e  de- 

s i g n e r  t o  provide t h e  system with a r b i t r a r y  dynamic response. This  

method can b e  d i r e c t l y  appl ied  t o  problems of magnet ical ly  c o n t r o l l i n g  

t h e  a t t i t u d e  of nonsymmetric spinying s a t e l l i t e s .  
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CHAPTER I1 

EQUATIONS OF MOTION AND ORBIT-DEPENDENT DISTURBANCE TORQUES 

The purpose of t h i s  chapter  i s  t o  de f ine  e x p l i c i t l y  t h e  mathematical 

dynamic models of t h e  s a t e l l i t e  systems and t h e i r  environments with which 

t h e  rest of t he  research  is  concerned. These models a r e  formulated i n  

such a way t h a t  t h e  c h a r a c t e r i s t i c s  of t h e  s a t e l l i t e  and environment 

(which determine t h e  degree of accuracy ob ta inab le  and the  type  of mag- 

n e t i c  a t t i t u d e  con t ro l  required)  a r e  evident .  

A t t i t u d e  con t ro l  is  def ined a s  maintaining the  s a t e l l i t e  i n  a given 

o r i e n t a t i o n  with r e spec t  t o  a r e fe rence  frame f i x e d  i n  i n e r t i a l  space,  

In  t h e  cases  s tud ied  here ,  t h e  des i r ed  o r i e n t a t i o n  c o n s i s t s  of d i r e c t i n g  

t h e  s p i n  a x i s  of t h e  s a t e l l i t e  toward a f i x e d  po in t  on the  c e l e s t i a l  

sphere  or a l i g n i n g  it p a r a l l e l  t o  some instantaneous a x i s  def ined i n  

space. Correc t  o r i e n t a t i o n  i s  a l s o  def ined t o  inc lude  the  maintenance 

of t h e  s a t e l l i t e  s p i n  speed wi th in  some requi red  bounds of a nominal value.  

The ques t ion  of a t t i t u d e  con t ro l  accuracy--i.e.,  how f a r  and f o r  how 

long  does t h e  a c t u a l  veh ic l e  o r i e n t a t i o n  vary from t h e  des i red  or ien ta t ion- -  

cannot be  answered % general .  

pendent, and t o  answer the  ques t ion  s p e c i f i c a l l y  depends d i r e c t l y  upon 

how much information one knows about  t h e  s a t e l l i t e .  What types of sen- 

sors a r e  a v a i l a b l e ,  what degree of e l e c t r o n i c  s o p h i s t i c a t i o n  i s  accept- 

ab le ,  and what type  of d i s tu rbance  environment w i l l  b e  encountered--all  

must be  considered. 

Any meaningful answer i s  h ighly  o r b i t  de- 

With the  above i n  mind, th i , s  research  is concerned with two q u i t e  

d i f f e r e n t  a t t i t u d e  con t ro l  problems. The f i r s t  r equ i r e s  t h a t  t h e  space- 

c r a f t  s p i n  a x i s  be  maintained almost  normal t o  t h e  o r b i t  plane.  Horizon 

sensors  mounted on t h e  spacec ra f t  produce r o l l - e r r o r  information f o r  t h e  

a t t i t u d e  con t ro l  system. The c o n t r o l l e r ' s  f u n c t i o n  is t o  maintain both 

t h e  po in t ing  e r r o r  and spin-speed e r r o r  w i th in  t h e  required to le rances .  

The second a p p l i c a t i o n  i s  one i n  which t h e  s p i n  a x i s  of t h e  veh ic l e  

is  requi red  t o  poin t  a t  a s t a r .  A s t a r  t r a c k e r  i s  t h e  primary o r i en ta t ion -  

error sensor ,  and i t  is assumed t h a t  t h i s  device  g ives  very accu ra t e  two- 

axes Car tes ian  measurements of t h e  spin-axis  angular  devia t ion .  The a t -  
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t i t u d e  c o n t r o l  s y s t e m ' s  j o b  i s  t o  keep t h i s  dev ia t ion  a s  small  a s  poss ib l e  

dur ing  each o r b i t a l  per iod while holding t h e  s p i n  speed wi th in  an accept- 

a b l e  to l e rance  of t h e  nominal value.  

I t  is assumed t h a t  both types of s a t e l l i t e s  have sur faces  with t h e  

geometr ical  shape of a r i g h t  c i r c u l a r  cy l inde r  f o r  purposes of descr ib ing  

t h e  atmospheric and r a d i a t i o n  pressure  torques.  I n  add i t ion ,  i t  i s  as- 

sumed t h a t  t h e  veh ic l e s  a r e  nominally sp inning  about t h e i r  maximum axes of 

i n e r t i a  and a re  b u i l t  wi th near  i n e r t i a l  symmetry about t h e i r  s p i n  axes.  

The continuous a t t i t u d e  con t ro l  of a nonsymmetric spinning veh ic l e  

is  a l s o  s tud ied ,  i n  which case it i s  assumed t h a t  t h e  con t ro l  axes (axes 

about which t h e  con t ro l  moments a r e  appl ied)  are  t h e  p r inc ipa l  axes. 

Having b r i e f l y  descr ibed t h e  s a t e l l i t e s  to  be considered,  t h i s  chap- 

ter proceeds t o  present  t h e  dynamic model of each s a t e l l i t e  with r e spec t  

t o  r e l evan t  r e fe rence  f r a m e s  . 
A s e c t i o n  on o r b i t  s e l e c t i o n  i s  next  descr ibed t o  enable  t h e  develop- 

ment of approximate models of t h e  d is turbance  torques.  This  s e c t i o n  con- 

t a i n s  new r e s u l t s  i n  t h e  a n a l y s i s  of geodet ic  measurements ob ta inable  

from s a t e l l i t e s .  

F i n a l l y ,  with t h e  o r b i t s  def ined,  a d e s c r i p t i o n  of t h e  major a t t i t u d e -  

per turb ing  torques i s  presented and comparisons of r e l a t i v e  dis turbance-  

to rque  sizes a r e  given as func t ions  of t h e  many o r b i t a l  and spacec ra f t  

parameters involved. 

ATTITUDE DYNAMICS OF R I G I D  SPINNING SPACECRAFT 

I n  t h i s  s ec t ion ,  equat ions r ep resen t ing  t h e  dynamics of t h e  spinning 

spacec ra f t  wi th  r e spec t  t o  r e l evan t  re ference  frames a r e  descr ibed a s  a 

means of n o t a t i o n  and coord ina te  system d e f i n i t i o n .  

Spacecraf t  Kine t ics  

From Newton's Second Law (Ref. 221, t h e  time r a t e  of change of the  

angular  momentum 

torque T, or  

TI' of a body i n  i n e r t i a l  space is equal t o  t h e  appl ied 
+ 

I d + +  - H = T ,  
d t  

(2.1) 
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where 

(2.2) 
4 
4 
I is  t h e  i n e r t i a  t enso r  of t h e  body and can be represented a s  t he  matrix: 

-I -I 
XY 

(2 .3)  
B 

xz 
+ 
-+ 

Here, I i s  coord ina t ized  i n  a body-fixed re ference  frame w i t h  orthogonal 

u n i t  vec to r s  

mass. 

(gB,FB,SB) and with i t s  o r i g i n  a t  t h e  s a t e l l i t e  cen te r  of 

43- I 4 
The vec tor  cu , or CD, i s  t h e  instantaneous angular  ve loc i ty  of 

t h e  body about i t s  cen te r  of mass w i t h  r e spec t  t o  an i n e r t i a l  re fe rence  

frame, and i t  is  coordinat ized i n  t h e  same body-fixed system a s  a=E]. B 

Applying t h e  l a w  of C o r i o l i s  y i e l d s  

(2.4) 

(2.5) 

In  t h i s  development, i t  w i l l  be  assumed t h a t  t h e  s a t e l l i t e  i s  r i g i d  so  

t h a t  t h e  time r a t e  of change of I i n  t h e  body frame i s  neg l ig ib ly  small .  
B 

Solving (2.5) f o r  ii? [with (2.111 y i e l d s  

4 

4 -1 4 

C D = I  ( T - c D X I U )  e 

% - +  4 - + - + - +  
(2 6) 

I t  i s  a l s o  assumed t h a t  t h e  body-fixed r e fe rence  axes a r e  very c lose  t o  

the  p r i n c i p a l  axes of i n e r t i a  of t h e  s a t e l l i t e , s o  t h a t  t he  cross-product- 

o f - i n e r t i a  terms I 

and Izz . I n  add i t ion ,  it i s  assumed t h a t  t h e  gB a x i s  i s  t h e  nominal 

and I a r e  much smal le r  than Ixx, I 
xy’ I X Z ’  YZ YY’ 
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s a t e l l i t e  s p i n  a x i s  and t h a t  w i s  much l a r g e r  than w and cu . Then, 

t o  f i r s t  o rde r ,  
Z X Y 

xx yz 

I 1  
Exz xx 'rl YY 

Ixy IZZ 
1 

1-1 2 - I I xy :" zz  I X X  I Z Z  B I X X  yy zz 
I 1  xx yz I 

xz YY 

(2.7) 

and 

. (2.8) 1 2 

2 

+ ( I  -I ) ( u  w Z - I  w 

+ (Izz-Ixx) ax wz + Ixz W 

-I- (Ixx-I ax LD + (Iyz 'Dx-Ixz LD "Dz 

X YY z= Y YZ 

Y 

Z YY Y Y 

T - w X I LU 
B B B B  

If t h e  terms due t o  t h e  presence of cross-products of i n e r t i a  a r e  

neglec ted ,  t h e  Eqs. (2.6) become t h e  f a m i l i a r  Euler  equations: 

& - 2 bx + (Iyy-Izz) ay Uz ' 
xx J x - I  

y I1 + (IZZ'IXX) Wz ' J 6 = -  
YY 

= 1 bz + (Ixx-I 1 ax 
&z IZZ YY Y J - 

(2.9a) 

(2.9b) 

(2 9c) 

Equations (2.9) a r e  used throughout t h i s  s tudy a s  t h e  b a s i c  k i n e t i c  equa- 

t i o n s  of t h e  sp inning  spacec ra f t .  Pe r tu rba t ions  t o  these  equat ions due t o  

the  presence of cross-product-of- iner t ia  terms a r e  considered l a t e r .  

Re la t ive  Coordinate Systems and Spacecraf t  Kinematics 

It  is  necessary t o  de f ine  some add i t iona l  t ransformations and kine- 

m a t i c  r e l a t i o n s h i p s  t o  desc r ibe  t h e  i n e r t i a l  o r i e n t a t i o n  af t h e  s a t e l l i t e .  

One can t ransform a vec to r  V coord ina t ized  i n  a r e fe rence  frame (R) to  
+ 

coord ina tes  i n  a body-fixed frame (B) 

= 'B/R B 

is  the  orthogonal  m a t r i x  

can be represented  
B/R 

where C 

two frames. 'B/R 

by t h e  t ransformation 

v ,  (2.10) 
R 

of d i r e c t i o n  cos ines  between the  

by the  nonc la s s i ca l  Euler t r ans fo r -  
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mation i l l u s t r a t e d  i n  Fig.  2.1. Again us ing  t h e  law of C o r i o l i s ,  i t  can 

be  shown t h a t  

(2.11) 

Eqs. (2.11) a r e  t h e  kinematic r e l a t i o n s h i p s  which, along with Eqs. (2 .9) ,  

a r e  used t o  determine t h e  t i m e  h i s t o r y  of t h e  a t t i t u d e  of t h e  spinning 

s p a c e c r a f t  . 

FIG, 2.1. KIN-CLASSICAL EXTLER ANGLE TRANSFORMATION FROM A RFP- 
EREXCE FRAME (R) TO A BODY-FIXED h FRAME (B) BY SUCCES- 
SIVE ROTATIONS ABOUT THE gR, yp, AND eB AXES 
THROUGH ANGLES g, 8 ,  AND 

I t  remains t o  d e f i n e  t h e  coordinate  systems which a r e  used i n  t h i s  

study. 

i n e r t i a l  r e fe rence  frame is  determined by t h e  

Vernal equinox, t h e  

f,  completing t h e  right-hand set. 

The axes of i n t e re s t  a r e  shown i n  Figs .  2.2 and 2.3. The p r i m a r y  
h 

x I a x i s  point ing t o  t h e  

a x i s  po in t ing  along t h e  e a r t h ' s  s p i n  a x i s ,  and 
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FRAME. 

FIG. 2.3. ORIENTATION OF THE STAR ("1 REFERENCE FRAME 
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11 A Figure  2.2 shows t h e  loca l "  r e fe rence  frame with x along t h e  

d i r e c t i o n  of t h e  vec to r  6 from t h e  geocenter t o  t h e  s a t e l l i t e .  The 

a x i s  z is  normal t o  t h e  o r b i t  p lane  and along t h e  o r b i t ' s  angular  L 
completes t h e  right-hand set,, The momentum vec to r  

angles  i, il, u+, and f have t h e  usua l  d e f i n i t i o n s  of i n c l i n a t i o n ,  

r i g h t  ascension of ascending node, argument of per igee,  and t r u e  anomaly, 

This  system i s  used a s  t h e  r e fe rence  set  (R) i n  t h e  s tudy of c o n t r o l l i n g  

t h e  s p i n  a x i s  t o  be  a l igned  normal t o  t h e  o r b i t  plane. 

L 

A 

3 3  -+ 
YL R X VI' and 

?I h 

Figure  2.3 shows t h e  star" r e fe rence  frame with z, poin t ing  toward 
h A 

t h e  r e fe rence  s t a r ,  y, being perpendicular  t o  t h e  plane conta in ing  z* 

and z and x* completing t h e  right-hand se t .  Here, A, and 1, a r e  

t h e  r i g h t  ascension and d e c l i n a t i o n  of t h e  s t a r .  These coordinates  a r e  

u t i l i z e d  a s  t h e  r e fe rence  s e t  (R) i n  t he  i n v e s t i g a t i o n  of prec is ion  a t -  

A A 

I' 

t i t u d e  c o n t r o l  wi th  t h e  s t a r  t r acke r .  

Linear ized Equations of Motion 

The equat ions of motion a r e  next  l i n e a r i z e d  so t h a t  they can be used 

fo r  con t ro l  l a w  development. 

F i r s t ,  cons ider  t h e  case  where i t  i s  des i r ed  t o  point  t h e  sp in  a x i s  

normal t o  t h e  o r b i t  plane. The n a t u r a l  axes about which t o  apply cont ro l  

a r e  t h e  l o c a l  axes  l a b e l l e d  (L) i n  Fig.  2.2. These correspond t o  t h e  

r e fe rence  axes (R) i n  Fig.  2.1. However, t h e  c l o s e s t  poss ib l e  pos i t i ons  

of t h e  p r i n c i p a l  axes of t h e  s a t e l l i t e  a r e  t h e  in te rmedia te  axes labeled 

(P) i n  Fig.  2.1. These axes correspond t o  a non-spinning se t  or t h e  

p o s i t i o n  of t h e  body-fixed axes a t  t h e  t i m e  when the  angle  9 equals  

zero.  Thus, con t ro l  torques can be appl ied about t h e  body-fixed axes (B) 

such t h a t  t h e  average values  correspond t o  those torques required about 

axes (P). The equat ions of motion a re  now formulated i n  t h e  (PI frame. 

Assume t h a t  t h e  angles  cp and 8 (corresponding t o  yaw and r o l l  
A h angles  about x and yp r e spec t ive ly  i n  Fig. 2 .1)  a r e  small  enough S O  

t h a t  t h e  small ang le  approximations 
R 

s i n  cp 5 cp 

s i n  8 2 0 , 
COS cp E COS e Z 1 , 
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can be made, and assume t h a t  I) = 0. Then 

comes 

P/L 
C 

-cp 1, 

The time r a t e  of (2.12) i s  

= -c X I  
cP/L P/L 

be- 
B/R 

t h e  t ransformation C 

(2.12) 

where 

B-I B-P IPI 
(w - w  ) - L o  

T p-L = c Lu 

L P L P/L 

If one de f ines  the  v a r i a b l e s  

ax = 'ox cos - w s i n  I# , 
Y 

a = w  s i n I ) + c u  c o s * ,  
Y X  Y 

then 

With 

w P B - p = ' ~ ~ ,  

and 

(2 13) 
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,- 

one o b t a i n s  

0 p-L . 
L 

Here, 6 = f + "a. Thus, 

(2 14) 

Eqs. (2.12) - (2.14) produce (assuming small  angles  Cp and e )  

i = a x + & e ,  (2.15a) 

@ = a  - o c p .  (2.15b) 
Y 

If t h e  s p i n  speed of t h e  s a t e l l i t e  i s  con t ro l l ed  t o  be nea r ly  cons tan t  

for a s a t e l l i t e  possessing a x i a l  mass symmetry ( i . e* ,  = I 1 ,  the  

equat ions of motion i n  t h e  non-spinning r e fe rence  frame (PI become 
IXX YY 

0 

0 

0 

-6 

(2.16) 

where 

and t h e  d is turbances  torques (Txl,T a r e  normalized by I Y l  xx 
Now consider  t h e  s a t e l l i t e  f o r  which the  a t t i t u d e  con t ro l  system's 

func t ion  is  t o  poin t  the  s p i n  a x i s  toward a s t a r .  A s t a r  t r acke r ,  which 

i s  assumed t o  be a l igned  with t h e  nominal s p i n  a x i s ,  h a s  two outputs  c a l l e d  
' I  s t a r - t r a c k e r  var iab les"  which a r e  computed from a s i g n a l  represent ing  

the  s t a r ' s  image on a four-quadrant l i g h t - s e n s i t i v e  head. These va r i ab le s ,  

def ined a s  rx and ry, a r e  body-fixed orthogonal components of t h e  s t a r ' s  

15 



pro jec t ion  and f o r  s m a l l  angles  a r e  a l i n e a r  measurement of t h e  misalign- 

ment e r r o r .  Phys ica l ly ,  t h e  va r i ab le s  a r e  def ined a s  

(2.17a) 

(2.17b) 

= cp cos $ + 8 s i n  v, 
= -cp s i n  + 8 cos 

Here, the  ang le s  cp and 8 represent  small  angular  r o t a t i o n s  about t h e  

axes x* and y, depicted i n  Fig.  2.3. 

rx 

TY 

h h 

For a symmetric s a t e l l i t e ,  one can w r i t e  
- 
0 -a j l  

S 
0 

as$ 0 0 0  

1 0 0 4  
(2.18) 

where aga in  i t  is  assumed t h a t  t h e  s p i n  r a t e  

by con t ro l  ac t ion .  Equations (2.18) r ep resen t  t h e  equat ions of motion f o r  

t h e  system inves t iga t ed  i n  Chapter I V .  

\.G is  held nea r ly  constant  

? ?  Wobble" Damper Analysis 

The precess ion  of a spinning body i n  t h e  absence of ex te rna l  torque 

c o n s i s t s  of a r o t a t i o n  about t h e  s p i n  a x i s  and a conica l  motion of t h i s  

a x i s  about t h e  i n e r t i a l l y - f i x e d ,  t o t a l  angular  momentum vec to r  of t h e  

body. 

cesses i n  a r i g h t  c i r c u l a r  cone with half-angle q c a l l e d  the  nu ta t ion  

angle.  For  a n  unsymmetric body, t h e  n u t a t i o n  angle  v a r i e s  pe r iod ica l ly  

i n  a motion r e fe r r ed  t o  a s  nu ta t ion .  The combined precession and nu ta t ion  

motion i s  known a s  "wobble." 

wobble from a spinning spacec ra f t .  

I f  t h e  body has  mass symmetry about t h e  s p i n  a x i s ,  t h i s  a x i s  pre- 

I n  genera l ,  it i s  d e s i r a b l e  t o  remove t h i s  

A common method of removal is  by use  of a mechanical damper of which 

seve ra l  vers ions  have been proposed i n  t h e  l i t e r a t u r e  and mechanized on 

e x i s t i n g  s a t e l l i t e s .  Typical  wobble-damper a n a l y s i s  i s  by means of t he  

energy-sink" method introduced by Yu (Ref. 23) ,  which is  ou t l ined  here .  I t  

A symmetric spinning spacec ra f t  has  t o t a l  angular  momentum 

1/2 
H =  (2,19a) 

16 



and k i n e t i c  energy 

F igure  2.4 d e p i c t s  t h e  geometry of t h e  angles  and angular  r a t e s  of t h e  

wobble process.  The body axes (xB, yB, zB) a r e  ro t a t ed  from an iner -  

t i a l l y - f i x e d  set  (2, 9, 8) through t h e  c l a s s i c a l  Euler  angles  5 ,  7, 

and (. The 8 a x i s  is  a l igned  with t h e  t o t a l  angular  momentum vec tor  

H. The r a t e s  i and \ a r e  t h e  i n e r t i a l  precession and nu ta t ion .  The 

h h h  

+ 

FIG. 2.4. GEOMETRY OF THE ANGLES AND ANGULAR RATES 
OF THE WOBBLE PROCESS. 

nu ta t ion  angle  7 is  descr ibed by 

COS 7 = I uz/H . ( 2 . 2 0 )  
zz 

Combining (2.19) - (2 .20 )  and d i f f e r e n t i a t i n g  y i e l d s ,  f o r  small  angles ,  

17 



-1 1 
(IZZ xx I u 2 = L  * 

zz z v i  1 
xx 

(2.21) 

k, t y p i c a l l y  has t h e  l i n e a r i z e d  form (See Refs. 24 and 25) 

where Kd is  a cons tan t  dependent upon veh ic l e  parameters. Then (2.21) 

can be w r i t t e n  

and 

-dp t 
7 = v 0 e  I 

-1 
where dp is  t h e  t ime cons tan t  of t he  damper and 7, is  t h e  i n i t i a l  

va lue  of t h e  n u t a t i o n  angle .  

If 4 is s m a l l  dur ing  one cyc le  of 5 ,  uz is  t h e  cons tan t  6, and 

t h e  n u t a t i o n  angle  is  approximately 

then,  by us ing  Fig. 2 .4 ,  i t  can be shown t h a t  Eqs. (2.16) modify t o  

0 

0 

0 

-n 

(2.22) 

Equations (2.22) a r e  the  l i n e a r i z e d  equat ions of motion used f o r  t h e  con- 

t r o l  system ana lys i s  of Chapter 111. For t h e  unsymmetric vehic le ,  t he  

*Equation (2.21) shows t h a t  f o r  decreas ing  k i n e t i c  energy, t h e  veh ic l e  
s p i n  a x i s  must be t h e  maximum i n e r t i a  a x i s  f o r  t h e  nu ta t ion  angle  t o  be 
decreasing.  This is  a l s o  t rue  f o r  damping due to  e l a s t i c  deformation of 
t h e  spacec ra f t .  Hence, f o r  s t a b i l i t y  i t  is  requi red  t h a t  t h e  nominal 
s p i n  a x i s  be t h e  maximum ax i s .  

18 



wobble-damping terms have a more complicated e f f e c t  on t h e  sys t em equat ions.  

The exac t  equat ions of a mechanical wobble damper a r e  genera l ly  more 

complex than has  been ind ica ted  by t h e  energy-sink procedure,and r equ i r e  

eva lua t ion  of a h ighe r  order system. However, most wobble-damper r e fe r -  

ences i n d i c a t e  t h a t  t h e  energy-sink approximation gives  reasonably c l o s e  

r e s u l t s  t o  a c t u a l  behavior.  Thus, t h e  method w i l l  be r e t a ined  r a t h e r  

than  inc reas ing  t h e  o rde r  of t h e  system equat ions which would be neces- 

s a r y  f o r  a c l o s e r  i n v e s t i g a t i o n  of t h e  e f f e c t  of a p a r t i c u l a r  type of 

damper 

ORBIT SELECTION FOR APPLICATIONS OF SPINNING DRAG-FREE SPACECPaT 

Lange (Ref. 26) developed the  concept of the  drag-free s a t e l l i t e  and 

proposed many use fu l  experiments for t h i s  s a t e l l i t e .  

s a t e l l i t e "  c o n s i s t s  of a smal l ,  s p h e r i c a l  proof-mass i n s i d e  a completely 

enclosed c a v i t y  of a l a r g e r  s a t e l l i t e .  The o u t e r  s a t e l l i t e  has a gas- je t  

t r a n s l a t i o n a l  c o n t r o l  sys t em which cen te r s  t h e  c a v i t y  about t h e  inne r  

proof-mass. I n  t h e  i d e a l  case, such a s a t e l l i t e ' s  o r b i t  w i l l  be de te r -  

mined s t r i c t l y  by g r a v i t a t i o n a l  a t t r a c t i o n s  and, thus,  i t  is drag-free." 

The "drag-free 

' I  

Two drag-free s a t e l l i t e  app l i ca t ions  i n  which s p i n  i s  d e s i r a b l e  a r e  

t h e  geodesy-measurement veh ic l e  and t h e  c a r r i e r  of t h e  unsupported gyro- 

scope experiment. The geodesy s a t e l l i t e ' s  purpose, a s  considered here ,  

i s  t o  y i e l d  measurements of t h e  unknown tessera l  harmonic c o e f f i c i e n t s  i n  

t h e  s p h e r i c a l  harmonic expansion of t h e  e a r t h ' s  g r a v i t a t i o n a l  po ten t i a l .  

These c o e f f i c i e n t s  a r e  determined most e a s i l y  by measuring t h e  in- t rack 

motion pe r tu rba t ions  of s a t e l l i t e s  which o r b i t  a t  r a t i o n a l  mu l t ip l e s  of 

t h e  e a r t h ' s  s p i n  r a t e  (resonant o r b i t s ) .  Because measurements of t h e  in- 

t r a c k  pe r tu rba t ions  t o  the  s a t e l l i t e ' s  p o s i t i o n  produce t h e  resonant  tes- 

s e r a l  c o e f f i c i e n t s '  magnitudes, i t  i s  d e s i r a b l e  t o  e l imina te  a l l  non-gra- 

v i t a t i o n a l  f o r c e s  a c t i n g  on t h e  veh ic l e  by use  of t h e  drag-free sys tem.  

To minimize (by cance l l a t ion )  in - t rack  pe r tu rba t ions  caused by the  gravi-  

t a t i o n a l  a t t r a c t i o n  between t h e  s a t e l l i t e  and proof mass, i t  is  important 

t o  s p i n  t h e  s a t e l l i t e  w i t h  t h e  s p i n  a x i s  maintained normal t o  the  o r b i t  

plane.  The degree t o  which t h i s  l a t t e r  g r a v i t a t i o n a l  a t t r a c t i o n  i s  re- 

duced depends d i r e c t l y  upon t h e  po in t ing  accuracy achievable  by t h e  a t t i -  
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tude c o n t r o l  system. 

The unsupported gyroscope experiment c o n s i s t s  of using a nea r ly  

s p h e r i c a l  r o t o r ,  sp inning  about i t s  maximum a x i s  of i n e r t i a ,  a s  t h e  proof- 

mass of t h e  drag- f ree  s a t e l l i t e .  Because it is thereby devoid of  support  

f o r c e s ,  t h i s  r o t o r  is  a gyroscope e x i s t i n g  i n  a nea r ly  torque-free envi- 

ronment. The s m a l l  motion of t h e  s p i n  a x i s  of t h i s  gryo can be monitored 

i n  the  s a t e l l i t e  by measuring t h e  r o t o r  s p i n  a x i s  dev ia t ion  from a vehic le -  

star r e fe rence  l i n e .  This experiment can produce fundamental informat ion  

about achievable  accu rac i e s  of spaceborne gyroscopic devices .  I t  i s  de- 

s i r a b l e  t o  s p i n  s t a b i l i z e  (see Ref. 26) t h e  s a t e l l i t e  which houses the  

unsupported gyroscope experiment f o r  improved a t t i t u d e  c o n t r o l ,  and t o  

e f f e c t  averaging of a number of already-small  to rques .  The experiment 

r e q u i r e s  t h e  e x i s t e n c e  of a very  accu ra t e  s t a r  t r a c k e r  a l igned w i t h  i t s  

o p t i c a l  a x i s  along t h e  s a t e l l i t e ' s  s p i n  a x i s .  The a t t i t u d e  c o n t r o l  sys-  

t e m ' s  a b i l i t y  t o  main ta in  t h i s  s p i n  a x i s  po in t ing  toward t h e  s t a r  f o r  long 

per iods of time w i t h  a ccu rac i e s  of b e t t e r  than  one arc second is a l s o  re- 

qui red .  In  order  t o  p r e d i c t  t he  d i s tu rbance  torques  a c t i n g  on t h e s e  spin-  

s t a b i l i z e d  s a t e l l i t e s  (and, hence, t h e  poin t ing  accurac ies  ach ievab le ) ,  

the  s e l e c t i o n  of f e a s i b l e  o r b i t s  for t h e s e  two missions i s  now discussed .  

The Se lec t ion  of O r b i t s  f o r  t h e  Determination of the  

T e s s e r a l  Harmonic Terms of t h e  Grav i t a t iona l  P o t e n t i a l  

From t h e  r e p o r t  by Strange,  e t  a l .  ( R e f .  271, t h e  t e s s e r a l  harmonic 

c o e f f i c i e n t s  of degree 7-15 and o rde r  3-10 a r e  a t  present  r e l a t i v e l y  un- 

known, The fol lowing a n a l y s i s  i n d i c a t e s  bow t h e s e  c o e f f i c i e n t s  can be 

obtained by p lac ing  a s e r i e s  of s a t e l l i t e s  i n t o  resonant  o r b i t s .  

Long-Period Pe r tu rba t ions  

Long-period pe r tu rba t ions  a r e  def ined a s  those  with per iods of f luc -  

t u a t i o n  of s e v e r a l  days i n  length ,  Pe r tu rba t ion  ana lys i s  is  begun by con- 

s i d e r i n g  t h e  g r a v i t a t i o n a l  p o t e n t i a l  

\ \ R .  (2.23) 

where 
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and 

= (R-2p)~  + (R-2p+q)M + m(S1-Qe-h (2.25) 
% n P q  [ P 

The q u a n t i t i e s  a ,  e, i, 0, up and M a r e  t h e  o r b i t a l  elements; p i s  

t h e  product of t h e  e a r t h  mass and t h e  un ive r sa l  g r a v i t a t i o n a l  constant ;  

R is  t h e  s a t e l l i t e  r a d i a l  d i s t a n c e  from t h e  geocenter;  

a r e  t h e  amplitude and phase angle  a s soc ia t ed  with t h e  t e s s e r a l  coe f f i -  

c i e n t s  of degree R and o r d e r  m .  The ang le  8, is t h e  hour angle  of 

Greenwich and a i s  t h e  e a r t h ' s  equa to r i a l  rad ius .  The func t ion  

F ( i ) ,  known a s  t h e  i n c l i n a t i o n  func t ion ,  r e s u l t s  from t h e  p o t e n t i a l  

being r o t a t e d  i n t o  t h e  o r b i t  plane,  I t  i s  expressed a s  (Kaula, Ref. 28) 

'Qm and 
J j m  

e 

RmP 

m 
Q- m-2, t S s i n  (2R-2t) : 

2 (a- t) F (i) = 2 
t t! (a-t) I (R-m-2t) 12 amp 

where k i s  t h e  i n t e g e r  p a r t  of (R-m)/2, t i s  summed from 0 t o  the  

lesser of p or k, and c i s  summed over  a l l  values  making t h e  binomial 

c o e f f i c i e n t  nonzero. The e c c e n t r i c i t y  func t ion  G (e) comes from con- 

v e r t i n g  r ad ius  and t r u e  anomaly i n t o  a ,  e,  and M. For (R-2p+q) f 0,  

G (e) i s  expressed a s  

R Pq 

Pq 

where 

(2.27) 



h = k + q '  f o r  q ' > O ,  

= k f o r  q' S 0 

and 

h = k  f o r  q ' > O ,  

= k - q '  f o r  q '  $ 0  . 
Here , 

p' = p , q' = q f o r  p G R/2 

The instantaneous t i m e  r a t e  of change of t h e  o r b i t a l  elements due to  

any one term i n  t h e  g r a v i t a t i o n a l  p o t e n t i a l  i s  found by us ing  t h e  Lagrange 

p l ane ta ry  equat ions (Ref. 281, which a r e  

da 2 aR,l 
d t  na ' - = -  

- cos i aR, JS aR,t, dw 
dt n a y s  s i n  i d i  

d i  

4- 2 a e '  
P- - 

ua e 

1 - - -  
dt n a 2 m  s i n  i P 

1 aRa 
x - 9  

- di-l - -  
dt .a2- s i n  i 

(2.28) 

where Ra = R given i n  Eq. (2.24) and n i s  t h e  mean o r b i t a l  r a t e .  

Approximate closed-form s o l u t i o n s  t o  t h e s e  equations a r e  found by t r e a t i n g  
JmPq 
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a s  l i n e a r  func t ions  of time (Ref. 2 8 ) .  These l i n e a r  
'Qmpq 

t h e  ang le s  

s o l u t i o n s  a l l  have t h e  r a t e  term 

i n  t h e  denominator. For example, 

These s o l u t i o n s  a r e  v a l i d  except when t h i s  r a t e  term i s  very small .  A 

sma 11 

equat ions change very slowly, allowing l a r g e  amplitude buildup. Then, 

the assumption of small  pe r tu rba t ions  l ead ing  t o  the  closed-form l i n e a r  

s o l u t i o n  is  no t  v a l i d .  The cond i t ion  where 

would mean t h a t  t h e  s i n e  and cos ine  terms i n  t h e  planetary 
+QmPq 

u = 0 occurs when ' Q m w  

T h i s  is ,  of course,  t h e  cond i t ion  of resonance where t h e  s a t e l l i t e  o r b i t s  

a t  n e a r l y  a r a t i o n a l  m u l t i p l e  of t h e  e a r t h ' s  r a t e .  

The exact  s o l u t i o n  t o  t h e  pe r tu rba t ions  of t h e  elements can only be 

found by numerical i n t e g r a t i o n  of Eqs. (2.28). For t h e  case where t h e  

number of r evo lu t ions  p e r  day equals  t h e  o r d e r  m,  (&-2p+q) = 1. Then, 

where Clo 

t i c u l a r  o r b i t .  Thus, f o r  a given o r b i t ,  t h e r e  i s  a l a r g e  s e t  of bea t  

f r equenc ie s  corresponding t o  each va lue  of t h e  index q. This ,  of course,  

implies  t h a t  t h e  o r b i t  i s  no t  i n c l i n e d  i n  t h e  c l o s e  neighborhood of t h e  

c r i t i ca l  i n c l i n a t i o n  where & = 0. For (R-Zp+q) = 2 ,  

i s  a cons t an t  depend.ent upon t h e  mean elements of t h e  par- 

P 

Hence, another  l a r g e  set  of b e a t  f r equenc ie s  e x i s t s ;  i n  f a c t ,  many o t h e r  

sets e x i s t  f o r  Clo not  equal t o  z e r o  or some m u l t i p l e  of 6 e The 

physical  reason f o r  t h e  e x i s t e n c e  of t h e  m u l t i p l e  bea t  f requencies  i s  due 
P 
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t o  t h e  combined e f f e c t  of t h e  o r b i t  e c c e n t r i c i t y  and the  slow movement of 

t he  per igee  poin t  about t h e  o r b i t .  Because of t he  mul t ip l e  bea t  frequen- 

c i e s ,  i t  i s  t h e o r e t i c a l l y  poss ib le  t o  d e t e c t  t h e  e f f e c t  of many t e s s e r a l  

harmonic c o e f f i c i e n t s  from a given resonant  o r b i t .  

The t i m e  r a t e s  of t h e  mean elements a r e  not  cons tan t ,  but  only the  .. 
a c c e l e r a t i o n  of t h e  mean anomaly, M, is  s i g n i f i c a n t  i n  t h e  resonant  

s i t u a t i o n .  From Ref. 29, t h i s  a c c e l e r a t i o n  due t o  a s i n g l e  combination of 

i nd ices  of a s i n g l e  t e s s e r a l  c o e f f i c i e n t  is  

.. 3 n g  2 
+ o(J * $  + O(JRm) M = e - -  

RmPq 2 a Rmpq Rm Rmpq 

. . . (a-m) even 

Although Eq. (2.29) i s  approximate, i t  can be used t o  determine the  r e l a -  

t i v e  magnitude of t h e  pe r tu rba t ions  t o  t h e  in- t rack  pos i t i on  of a s a t e l -  

l i t e  i n  a nea r ly  resonant  o r b i t .  The h ighes t  poss ib l e  e c c e n t r i c i t y  i s  

d e s i r a b l e  f o r  such o r b i t s  because G (e) is  propor t iona l  t o  e l q ' .  I t  

is  p r e c i s e l y  t h i s  e l q l  
b ea t  f requencies  a s soc ia t ed  with h igher  values  of 

t e c t a b l e .  

Pq 
a t t e n u a t i o n  f a c t o r  which phys ica l ly  prevents 

lql from being de- 

Resonant Analysis  Resul t s  

A genera l  s tudy was made of t h e  f e a s i b i l i t y  of measuring t h e  72 p a i r s  

of t h e  c o e f f i c i e n t s  of degree 3-10 and order  7-15 by computing t h e  magni- 

tude  of Eq. (2.29) f o r  s e v e r a l  combinations of t h e  ind ices  (R,m,p,q). 

w a s  computed as a func t ion  of  i n c l i n a t i o n ,  and The magnitude 

the  semimajor a x i s  and e c c e n t r i c i t y  were chosen so t h e  o r b i t  was resonant ,  

with t h e  a l t i t u d e  of pe r igee  being 450 km. Typical  p l o t s  of [MI vs.  i 

are shown i n  Fig. 2.5. The complete set  of t h e s e  p l o t s  f o r  o the r  combin- 

a t i o n s  of i n d i c e s  (R,m,p,q) can be found i n  Ref. 30. The hypo the t i ca l  

value of J used i n  t h e  computation of 1Ml w a s  

1 ~ 1  jmpq 

Rm 

- 
where J is  t h e  normalized approximation given by Kaula (Ref. 28) a s  Rm 
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A s  a c r i t e r i o n  f o r  choosing acceptab le  o r b i t s  f o r  t e s s e r a l  harmonic 
-5 measurement, t he  maximum value  of \MI being g r e a t e r  than 10 degree/ 

day was considered t o  r ep resen t  a s u b s t a n t i a l l y  measurable e f f e c t .  

Maximum IMl between 10 and lod5 degree/day w a s  considered t o  be 

marginal ly  de t ec t ab le .  

2 

-6 2 

Using t h i s  c r i t e r i o n  and t ak ing  advantage of t h e  mul t ip l e  bea t  f r e -  

quencies ,  o r b i t  i n c l i n a t i o n s  were found such t h a t  t he  effect  of a l l  bu t  

poss ib ly  t h r e e  of t h e  72 p a i r s  of unknown c o e f f i c i e n t s  can be measurable 

from only  f o u r  resonant  o r b i t s .  I n  t h e  f i n a l  o r b i t  s p e c i f i c a t i o n ,  i t  i s  

requi red  t h a t  i n c l i n a t i o n s  be ad jus ted  t o  i n s u r e  t h a t  t h e  r e s u l t i n g  d a t a  

is  w e l l  condi t ioned.  The magnitudes of maximum 1M1 f o r  a s e t  of f o u r  

s u i t a b l e  o r b i t s  a r e  presented i n  Table  2.1. 

The genera l  o r b i t  s e l e c t i o n  f o r  optimum tesseral harmonic determina- 

t i o n s  r equ i r e s  o r b i t s  t o  be a s  e c c e n t r i c  a s  poss ib l e  and have i n c l i n a t i o n s  

between 20° and 70".  From the  a t t i t u d e  con t ro l  s tandpoin t ,  t hese  f a c t s  

have two p e r t i n e n t  impl ica t ions .  They are :  

1. Atmosphere torques can be s i g n i f i c a n t  because of t h e  high eccen- 

t r i c i t y .  

2 .  The magnetic f i e l d  w i l l  be  favorable  (as explained l a t e r )  f o r  

i t s  u t i l i z a t i o n  a s  t h e  primary con t ro l  to rque  source.  

O r b i t  Se l ec t ion  f o r  t h e  Unsupported Gyroscope Experiment 

For the  unsupported gyroscope experiment, t h e  proof-mass of t h e  drag- 

f r e e  s a t e l l i t e  becomes a spinning s p h e r i c a l  r o t o r  with t h e  s p i n  a x i s  

pointed toward a s t a r .  For r o t o r  s t a b i l i t y ,  t he  r o t o r  s p i n  a x i s  is  de- 

signed t o  be  t h e  maximum a x i s  of i n e r t i a .  Because t h e  r o t o r  does no t  have 

s p h e r i c a l  mass symmetry, it w i l l  b e  subjec ted  t o  grav i ty-gradien t  torques 

from t h e  ea r th .  To minimize t h e s e  torques ,  t h e  s a t e l l i t e ' s  o r b i t  i s  

selected t o  be  c i r c u l a r  and po la r  with t h e  plane of t h e  o r b i t  conta in ing  

t h e  r e fe rence  s t a r .  Thus, t h e  s p i n  axes of t h e  r o t o r  and t h e  surrounding 

sp inning  s a t e l l i t e  w i l l  b e  nominally i n  t h e  o r b i t  plane. The po la r  in- 

c l i n a t i o n  prevents  t h e  o r b i t  plane from precessing.  The gravi ty-gradient  

to rque  e f f e c t  on t h e  r o t o r  is  minimized by the  averaging e f f e c t  of t h i s  
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o r b i t .  

The a l t i t u d e  of such an o r b i t  should be high enough t o  avoid l a r g e  

atmospheric drag  and y e t  low enough t o  ease  boost requirements.  The 

nominal o r b i t  a l t i t u d e  s tud ied  he re  is  700 km. 

SATELLITE ATTITUDE DISTURBANCE TORQUES 

I n  t h i s  s e c t i o n ,  a n a l y t i c a l  expressions a r e  developed for t h e  major 

per turb ing  torques  which a c t  upon a s a t e l l i t e .  There a r e  seve ra l  reasons 

f o r  i nc lud ing  t h i s  s e c t i o n  a t  t h i s  po in t .  A primary goal of t h i s  s tudy 

i s  to  examine t h e  degree of accuracy t o  which the  s p i n  a x i s  of t h e  r o t a t -  

i ng  veh ic l e  can be kept  po in t ing  t o  some given re ference .  If no d i s t u r -  

bances a r e  p re sen t ,  t h e  answer is  simple; any asymptot ica l ly  s t a b l e  reg- 

u l a t o r  w i l l  do the  job .  But t h i s  i s  n o t  t h e  case. The a b i l i t y  t o  de te r -  

mine t h e  a c t u a l  motion taken by t h e  veh ic l e  and t o  e s t a b l i s h  the  require-  

ments f o r  i t s  a t t i t u d e  con t ro l  system depend d i r e c t l y  on a thorough knowl- 

edge of t h e  torque environment which in f luences  the  s a t e l l i t e .  

When proceeding t o  design a p rec i s ion  a t t i t u d e  con t ro l  sys t em,  i t  i s  

necessary t o  know the  torque  p r o f i l e  with which t n e  system must be a b l e  

t o  cope. This  knowledge can be gained by developing a model f o r  each of 

t he  more important  to rques  which a r e  func t ions  of t h e  o r b i t ,  t he  des i r ed  

r e fe rence  t racked ,  and the  veh ic l e  design i t s e l f .  With the  torque charac- 

t e r i s t i c s  known, the  des igner  can determine t h e  time h i s t o r y  of t h e  torques 

a c t i n g  on t h e  s a t e l l i t e  dur ing  i t s  o r b i t a l  l i f e t i m e .  This  time h i s t o r y  

can e i t h e r  be formulated a s  a n a l y t i c a l  expressions which a r e  func t ions  of 

t ime o r  o r b i t a l  p o s i t i o n ,  or i t  can be determined by computer s imula t ion .  

(Computer s imula t ion  of d i s tu rbance  torques a s  func t ions  of o r b i t a l  posi- 

t i o n  can be used t o  develop approximate a n a l y t i c a l  expressions of t h e  

torque  environment. 1 
With an  adequate d e s c r i p t i o n  of t h e  d is turbances  torque h i s t o r y ,  one 

is  a b l e  t o  determine t h e  angular  momentum and power requirements of t h e  

a t t i t u d e  c o n t r o l  system. Another important motivat ion f o r  t h i s  s tudy i s  

for the  case  where a sa te l l i t e  u t i l i z e s  magnetic a t t i t u d e  c o n t r o l .  Here, 

t h e r e  a r e  po r t ions  of t h e  o r b i t  (as w i l l  be seen later)  i n  which f u l l  

a t t i t u d e  c o n t r o l  cannot be maintained. The amount t h e  s p i n  a x i s  
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d r i f t s  off t h e  r e fe rence  a t  t h e s e  times depends d i r e c t l y  on t h e  d i s t u r -  

bance torque  values .  

Disturbance torques  considered here  can be broken i n t o  t h r e e  cate-  
I t  gor i e s  e Two, r e f  e r r ed  t o  a s  i n e r t i a l l y - f  ixed" and "body-f ixed" torques ,  

a re  those  which tend t o  move t h e  s p i n  a x i s  of f  t h e  re ference  and a r e  

about t h e  v e h i c l e ' s  l a t e r a l  axes. The t h i r d  type of torque i s  about t h e  

s p i n  axis  and tends t o  change t h e  r a t e  of s p i n  speed. Disturbances duo 

t o  misapplied a t t i t u d e  con t ro l  torques (caused by system e r r o r s  such E S  

sensor  no i se ,  c o i l  misalignment, and e l e c t r o n i c s  de lays)  w i l l  not  be  con- 

s ide red  here .  Thei r  e f f e c t  w i l l  l a t e r  be  examined i n  t h e  e r r o r  analyses  

of p a r t i c u l a r  systems. The d i scuss ion  of torques due t o  nonsymmetry of 

the  spacec ra f t  w i l l  a l s o  be defer red  u n t i l  l a t e r .  

Analy t ica l  models are developed here of to rques  (averaged over one 

s a t e l l i t e  rot .at  i on )  caused by t h e  fol lowing sources :  

1. The atmosphere,  

2.  Radiat ion p r e s s u r e ,  

3. Misaligned and leaky t r a n s l a t i o n a l  con t ro l  j e t s  , 
4. Gravity-gradient e f f e c t ,  

5. Magnetic e f f e c t s ,  

6. Ref erence-frame kinematics 

Other to rque  sources  of minor importance may be present  and w i l l  be 

b r i e f l y  mentioned. I n  t h e  a n a l y s i s  it i s  gene ra l ly  assumed t h a t  t h e  s a t e l -  

l i t e  i s  c y l i n d r i c a l  i n  shape and spinning nominally about i t s  maximum 

a x i s  of i n e r t i a .  Other assumptions w i l l  be made a t  t h e  t i m e  t h a t  they a r e  

requi red  

Torques Due t o  t h e  Atmosphere 

I t  i s  gene ra l ly  assumed t h a t  spacec ra f t  i n  e a r t h  o r b i t  a r e  exposed 

t o  atmospheric d e n s i t y  low enough tha t  f r e e  molecular flow takes place.  

Free molecular flow is  defined as the l i m i t i n g  flow which e x i s t s  when 

t h e  Knudsen number ( t h e  r a t i o  of t h e  molecular mean free p a t h  t o  t h e  

g r e a t e s t  p ro jec ted  body length  perpendicular  V o  t h e  flow d i r e c t i o n )  i s  

g r e a t e r  than 10. 

Schaaf and Chambre (Ref. 31) developed t h e  exact  expression f o r  t h e  

pressure  and shear  f o r c e s  a c t i n g  on a su r face  i n  f r e e  molecular flow. 
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These expressions a r e  complicated func t ions  of t h e  r a t i o s  of su r face  tem- 

pe ra tu re  t o  environmental temperature and veh ic l e  speed t o  t h e  mean 

thermal speed of t h e  molecules. Schamberg (Ref. 32) showed t h a t  for t y p i -  

c a l  values  of t h e  l a t t e r  r a t i o  e x i s t i n g  i n  s a t e l l i t e  f l i g h t ,  t h e  normal 

and shea r  forces per  u n i t  wal l  a r e a  a r e  approximately 

and 

v cos ” r 
= p< s i n  7 i cos qi‘j - Qb cos 

1 

(2.30) 

(2.31) 

r e spec t ive ly .  Here, 

V.  = r e l a t i v e  speed of incoming molecules, 

Vr = r e l a t i v e  speed of outgoing molecules, 

“i 

“r r’ 
p = mass dens i ty ,  

Qb = beam width f a c t o r .  

1 .  

= angle  between incoming v e l o c i t y  and t h e  wal l  su r f ace ,  

= angle  between wa l l  and ? 

(See Fig. (2.61.) 

F I G .  2 .6 .  ATMOSPHERIC SURFACE FORCE GEOMETRY. 

Schamberg a l s o  shows t h a t  ab ranges from 2/3 t o  1 when re-emission 

Also, Vr/Vi g , / q  where CXa goes from t h e  d i f f u s e  t o  s p e c t r a l  regime. 

is  t h e  accommodation c o e f f i c i e n t  for t h e  p a r t i c u l a r  su r f ace  def ined a s  
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T - T  m r  m i  

TDIW m i  
aa = - T  * 

(2.32) 

and T a r e  abso lu te  temperatures of t h e  inc iden t  and 
T m i ’  T m r ’  mw Here , 

r e f l e c t e d  molecules and t h e  wal l .  The angle  ?lr is  r e l a t e d  t o  71 by 

(2.33) Y cos = (cos qi) , r 

where y ranges from 1 f o r  s p e c t r a l  r e f l e c t i o n  t o  f o r  d i f f u s e  re- 

emission. 

There e x i s t s  a wide range of accommodation c o e f f i c i e n t s  experimen- 

t a l l y  determined f o r  var ious  wa l l  m a t e r i a l s  and f l i g h t  condi t ions .  Moe 

(Ref. 33) presents  accommodation c o e f f i c i e n t s  ranging from 0.65 t o  0.95 

f o r  f l i g h t s  of Explorer  V I  and A r i e l  I1 where t h e  g r e a t e s t  percentage of 

t h e  su r face  a r e a s  a r e  coated with s o l a r  c e l l  ma te r i a l .  Schamberg pre- 

s e n t s  da t a  f o r  aluminum and i r o n  su r faces  exposed t o  gaseous n i t rogen  

with a, ranging from 0.32 to  0.50. 

For  t h e  case  of d i f f u s e  re-emission, Eqs. (2.30) and (2.31) become 

p = p.”, s i n  ’1 s i n  7 + - - i 
i I i 

i o  = pf s i n  7 cos q 
S i 

For s p e c t r a l  re-emission, they a r e  
t- 

(2.34a) 

(2.34b) 

(2 35b) 

Equations (2.34a,b) and (2.35aYb) r ep resen t  t h e  range of values  of normal 

and shea r  f o r c e s  a c t i n g  on an incremental  area of s a t e l l i t e  sur face .  

These expressions can be  in t eg ra t ed  (over t h e  su r face  of t h e  s a t e l l i t e  ex- 

posed t o  t h e  incoming ve loc i ty )  t o  f i n d  t h e  t o t a l  fo rces  a c t i n g  on the  

veh ic l e  f o r  d i f f e r e n t  o r i e n t a t i o n s  with respect t o  

i n t e g r a t i o n  over t h e  c y l i n d r i c a l  su r f ace  y i e l d s  a shear  f o r c e  of 

7.. Carrying o u t  t h i s  
1 

(2 36) 
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where it i s  assumed t h a t  a l l  elements of t h e  c y l i n d r i c a l  s h e l l  have the  

same re-emission c h a r a c t e r i s t i c s .  This  f o r c e  a c t s  a t  a d i s t ance  from the  

c e n t e r l i n e  of lsr/4. Here, 

d ica ted  i n  (2.34b) and (2.35b) and R and r a r e  t h e  length  and r ad ius  

of t he  cy l inder .  S imi l a r ly ,  t he  t o t a l  normal f o r c e  a c t i n g  on t h e  cy l inde r  

is  found by i n t e g r a t i n g  t h e  f o r c e  component on each element which i s  paral-  

l e1  t o  t h e  normal f o r c e  p a c t i n g  on t h e  element contained i n  t h e  Vi,ZB 

plane. This  y i e l d s  the  normal pressures  

ranges from 1 t o  [1 - vr/vi] a s  in- 
f T  

-+ + A  

= 2 1  r p j !  s i n  7 s i n  7 + 
1 i ( i 6 V i  

P 
CY l d i f  f us e 

and 

- gj r p ~ 2  s in2  V i ( 3  + e) V 

- 3  1 
P .  

pec t r a  1 

(2.37) 

(2.38) 

Noting t h a t  t h e  angle  which the  r e l a t i v e  v e l o c i t y  vec tor  makes with t h e  

end p l a t e  i s  ( d 2  - y i ) ,  t h e  normal and shear  f o r c e s  a c t i n g  on t h e  end 

are:  

Diffuse: 

2 
i ’  

= fir p.”, s i n  7 cos 7 
’end i 

Spect ra l :  

2 P m pv”, cos vi I end 

i ’  fir pf s i n  7 cos 7 
’end i 

(2.39) 

(2.40) 

(2.41) 

(2.42) 

where aga in  cons tan t  re-emission c h a r a c t e r i s t i c s  a r e  assumed. 

I f  t h e  v e h i c l e ’ s  c e n t e r  of mass is  removed from t h e  cen te r  of pres- 

s u r e  by an  amount 6z a long  t h e  s p i n  a x i s  and 6 r  away from t h e  center-  

l i n e ,  then t h e  average i n e r t i a l l y  f i x e d  torque a c t i n g  on t h e  s a t e l l i t e  due 
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t o  t he  above components i s  (See Fig. 2 . 7 )  

. ( a /a  + 6 z )  4- P -62 - - 
end C Y 1  

T' 
l ae ro  

3 f o r  z^ *d < 0 with vector  V t h e  r e l a t i v e  ve loc i ty  of t he  s a t e l l i t e  
B i s  i s  

and 

( a / z  - 6 z )  - P '6Z - (2.43b) 
end C Y 1  

3 

TIaero 

+ 3 
f o r  z^ * V  

torque magnitude i s  

>, 0 ,  where 2 = ẑ  X Vis/(Vxs s i n  q.). The r e s u l t i n g  body-fixed B is B 1 

= P  *6r  e (2.44) TBaero end 

F I G .  2 . 7 .  AERODYNAMIC FORCES AND TORQmS ACTING UPON THE 
CYLINDRICAL SATELLITE . 



I t  can be seen  t h a t  with 6z = 6 r  = 0,  and with a l l  su r f aces  of t h e  s a t e l -  

l i t e  having t h e  same r e f l e c t i v e  p rope r t i e s ,  these torques disappear .  

There i s  a l s o  a d is turbance  torque  from t h e  atmosphere because t h e  

s a t e l l i t e  i s  r o t a t i n g .  A s  developed by Johnson (Ref. 341, t h i s  torque 

can be wr i t ten  a s  

3- 
X / d(d X d 3 . 2 ,  (2.45) 

3 3 ++ h?r i,3 3 
T = -m*J (dd - fd-;i;)ds*V - 

pVis S i s  S 

3 
where d i s  a vec to r  from some o r i g i n  t o  t h e  incremental  a rea  of t h e  

s a t e l l i t e  s u r f a c e  ds .  I n t e g r a t i n g  t h i s  expression over  one end of t h e  

cy l inde r  and over one-half t h e  c y l i n d r i c a l  su r f ace  y i e l d s  t h e  d is turbance  

torque  

3 

1s 

+ 2 r  2 CDz - 2 ) J  
B 'is 

(2.46) 

where t h e  expression i n  t h e  f irst  se t  of bracke ts  is  t h a t  torque due to 

t h e  c y l i n d r i c a l  shel1,and t h e  expression i n  t h e  second set is  t h a t  torque 

due t o  t h e  end p l a t e .  The u n i t  vec tor  x1 i s  normal t o  z and l i e s  i n  

= 2 Xx^ . For a veh ic l e  w i t h  t h e  plane of z and tiis. The vec to r  

A A 

B 
n n 

Y1 B i  B 
and w t h i s  to rque  s im-pl i f ies  t o  

Y' 
w >> wx 
2 

3 
s i n 7  +-- i 2  

3 
T = -pis Saero 

(2.47) 

which i s  a despinning d i s tu rbance  torque. 
3 

of t h e  incoming atmosphere is found by 

adding t h e  i n e r t i a l  v e l o c i t y  of t h e  atmosphere to the  negat ive  i n e r t i a l  

v e l o c i t y  of t h e  s a t e l l i t e  or 

'i s The r e l a t i v e  v e l o c i t y  
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3 - 3  4 Vis = -VI + Vair , 
(2.48) 

with  

9 3  ? = K u ,  X R ,  
a i r  w e  (2 49) 

where 
4 
w = e a r t h  s p i n  r a t e ,  

R = r a d i u s  vec to r  from the  geocenter ,  and 

e 
-+ 

K = wind cons tan t .  
W 

The angular  v e l o c i t y  of t h e  upper atmosphere has  been determined by 

examining changes i n  i n c l i n a t i o n s  of var ious  s a t e l l i t e s  by King-Hele 

(Ref. 35). He found K, = 1.46 f o r  n ine  s a t e l l i t e s  a t  he igh t s  of 200- 

300 km. 

The l i t e r a t u r e  abounds w i t h  atmospheric dens i ty  models used f o r  

var ious  research  p r o j e c t s .  The model used here  i s  a modified vers ion  of 

t h e  Jacchia  model which has  been approximated by  a set  of polynomials f o r  

numerical use.  Its development, which is  presented i n  Appendix B, ac- 

counts  f o r  t h e  day-night e f f e c t ,  t h e  27-day s o l a r  e f f e c t ,  t h e  11-year 

s o l a r  cyc le ,  t h e  semiannual e f f e c t ,  and t h e  magnetic storm effect  f o r  

a l t i t u d e s  above 120 km. 

Radiat ion Pressure  Torques 

The f o u r  sources  of r a d i a t i o n  which cause f o r c e  and torques on s a t e l -  

l i t e s  a r e  d i r e c t  s o l a r  r a d i a t i o n ,  s o l a r  r a d i a t i o n  r e f l e c t e d  by the  e a r t h  

and i t s  atmosphere, d i r e c t  r a d i a t i o n  from t h e  ea r th ,  and r a d i a t i o n  e m i t t e d  

by t h e  s a t e l l i t e .  If one assumes geometric symmetry of t h e  s a t e l l i t e  sur- 

f a c e  ma te r i a l  and even temperature  d i s t r i b u t i o n  over  t h e  c y l i n d r i c a l  w a l l  

due t o  t h e  s a t e l l i t e ' s  r o t a t i o n ,  no i n e r t i a l l y - f i x e d  torque w i l l  r e s u l t  

due t o  t h e  l a s t  e f f e c t .  Any body-fixed torque  from end-plate emitted 

r a d i a t i o n  can be  lumped i n  w i t h  t h e  body-fixed torque due t o  atmospheric 

e f f e c t s  

Vector approximations t o  t h e  incremental  pressure caused by t h e  f i r s t  

three sources  have been developed i n  Appendix C and a r e  summarized here.  

For d i r e c t  s o l a r  r a d i a t i o n ,  
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+ -5 -1 r[ -1 Ral = -4.66 X 10 R dyne/cm2 f o r  cos ($e@) < 2 + cos 

-1 51 -1 

(ae/R) , 

= o  f o r  cos ($OR) >, - + cos (ae/R) , 

where Ra i s  t h e  incremental  s o l a r  r a d i a t i o n  pressure ,  fi is  a u n i t  
1 0 

vec to r  i n  t h e  sun d i r e c t i o n ,  and a i s  the  e a r t h  rad ius .  For e a r t h  
e 

(2.50) 0 

2 . .  
9 

+ 
emit ted r a d i a t i o n ,  t h e  pressure  Ra is 2 

2 
(2 e 51) = 7.53 x 10 -6 (ae/RI2 fi dyne/cm - + 

Ra2 

The p res su re  due t o  the ea r th - r e f l ec t ed  r a d i a t i o n  has  magnitude 

(2.52a) -5 -4 2 Ra = 1,80 X 10 exp (-3. X 10 h cos QI dyne/cm 
3 a 0 

-1 (where ha i s  t h e  a l t i t u d e  i n  km, and Q: = cos (f$-fi)) f o r  CY. < d 2 ,  

and z e r o  elsewhere; This  magnitude i s  about 37 per  cen t  of t h e  d i r e c t  

s o l a r  r a d i a t i o n ,  f o r  example, a t  an  a l t i t u d e  of 100 km above t h e  subsolar  

po in t .  This  r a d i a t i o n  vec to r  a c t s  i n  t h e  fi,f$ p lane a t  an angle  (CY.@+vn) 
r ad ians  away from a where 

0 0 

0’ 

vn = f (OI,/f 1)2’4 rad , (2.52b) 

and 

-4 
f l  = 4-89 -ha(5.82 X 10 ) rad  (2 52c) 

Eqs. (2.72 a , b , c )  were found empir ica l ly  from numerical i n t e g r a t i o n  of 

r e f l e c t e d  r a d i a t i o n  v i s i b l e  by the  s a t e l l i t e  a t  varying pos i t i ons  with 

respect t o  t h e  f? d i r e c t i o n .  
0 

According t o  Evans (Ref. 36),  t h e  p re s su re  and shear  stress components 
+ 

‘r due t o  a r a d i a t i o n  source  vec to r  Ra s t r i k i n g  a wal l  a t  an angle  

range from 

T = (Ra) s i n  5 cos fr  , (2 53b) 
S r 

f o r  d i f f u s e  r e f l e c t i o n ,  t o  
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T = (Ra)(l - p r )  s i n  5 cos fs . 
S r r 

(2 54a) 

(2 54b) 

is  t h e  su r face  r e f l e c t i v i t y .  p r  
f o r  s p e c t r a l  r e f l e c t i o n .  Here, 

I t  can be seen t h a t  Eqs. (2.53) and (2.54) have exac t ly  t h e  same 

form a s  Eqs. (2.34) and (2.35) i n  t h e  previous s e c t i o n  on aerodynamic dis-  

turbances.  Because t h e  r a d i a t i o n  pressures  have been formulated a s  vec- 

t o r s ,  t h e  r a d i a t i o n  d is turbance  torque  eva lua t ion  can be  done i n  exac t ly  

t h e  same f a s h i o n  a s  t h e  aerodynamic ana lys i s .  

T rans l a t ion  Control  Torques (Average Effec t )  

If t h e  s a t e l l i t e  i s  drag-free,  t r a n s l a t i o n a l  con t ro l  gas j e t s  a r e  

provided t o  keep t h e  o u t e r  spacec ra f t  s t r u c t u r e  fo l lowing  t h e  t r ans l a -  

t i o n a l  motion of t h e  sh ie lded  proof mass. Assume t h a t  f o r  a r o t a t i n g  

c y l i n d r i c a l  s a t e l l i t e ,  t h e r e  would be  s i x  gas j e t s  arranged with one cen- 

t e r ed  on each end and f o u r  l a t e r a l l y  spaced every 90' about t h e  c e n t r a l  

perimeter of t h e  cy l inde r .  The t w o  j e t s  on each end would f i r e  in te rmi t -  

t e n t l y  t o  counterac t  t h e  t o t a l  c y l i n d r i c a l  shea r  f o r c e  S and end- 

caused by aerodynamic and r a d i a t i o n  e f f e c t s  d i s -  p l a t e  normal f o r c e  

cussed previously,  and t o  keep t h e  proof mass centered along t h e  z di rec-  

t i o n .  Likewise, t he  f o u r  j e t s  loca ted  symmetrically about t h e  cy l inde r  

would f i r e  t o  counterac t  t h e  t o t a l  normal pressure  f o r c e s  P on t h e  

c y l i n d r i c a l  wal l  and t h e  end-plate shear  f o r c e  

l a t e r a l  cen te r ing  of t h e  proof mass. 

CY1 

'end n 

B 

C Y 1  
and t o  maintain 'end 

There a r e  two apparent  ways ' in  which t r a n s l a t i o n  con t ro l  j e t s  could 

produce d i s tu rbance  torques  on t h e  s a t e l l i t e .  One torque would occur 

due t o  any misalignment i n  the s t r u c t u r a l  mounting of t h e  j e t  ( i . e . ,  

t h e  l i n e  of f o r c e  of t h e  j e t  no t  passing through t h e  cen te r  of mass  of 

t h e  o u t e r  s t ruc tu re ) .  A l a t e r a l  j e t  skewed or misaligned toward an end- 

p l a t e  would tend t o  produce an  average i n e r t i a l  torque about an a x i s  normal 

to  t h e  plane conta in ing  t h e  n e t  aerodynamic and r a d i a t i o n  pressure  f o r c e  

a c t i n g  on t h e  veh ic l e .  The same j e t  skewed t o  one s i d e  would cause a 

spin-speed changing torque.  If a l a t e r a l  j e t  were mounted S O  t h a t  t h e  

equiva len t  moment arms' l eng ths  wi th  r e spec t  t o  t h e  cen te r  of mass were 
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6z and 6r t h e  r e s u l t i n g  torque  magnitudes would be 
j j l ’  

1 
T = -  + P  1 6 2  (2.55a) I j  4 (‘end , cy1 j ’ 

1 
- - K  (S + P  ) 6 r  . (2.55b) Tsjl- 4 Rl end c y l  j l  

T 

modeled as a d iscont inuous  body-fixed torque.  

The t e r m  K 

c o n t r o l  system. 

a c c e l e r a t e  t h e  v e h i c l e  ac ross  i t s  deadband be fo re  d rag  f o r c e  t u r n s  it 

around . 

is  an i n e r t i a l l y - f i x e d  torque  i n  the  average sense but can a l s o  be 
I j  

Tsjl is  the  s p i n  torque.  

i n  Tsjl accounts f o r  l imi t - cyc l ing  of t h e  t r a n s l a t i o n a l  

This  occurs  when c o n t r o l  j e t  f o r c e  is s t r o n g  enough t o  
R 1  

An i n t e r m i t t e n t l y  f i r i n g  end-jet  w i l l  not  cause an average i n e r t i a l l y  

f ixed  torque  but can cause a s p i n  torque  equal  t o  

T s j 2  = K J2 (S cy1 + ’end) 6r j2  (2.56) 

Here, K i s  t h e  l i m i t  cyc l e  e f f e c t  and 6r is  t h e  e f f e c t i v e  l e v e r  

and K are drag-force dependent and a r m .  The l i m i t  c y c l e  terms 

with c a r e f u l  des ign  can probably be treated as equal  t o  u n i t y .  

R2 j 2  

K R 1  R2 

The o t h e r  to rque  source  exists when a j e t  is  leaky  and misal igned.  

A la teral  j e t  wi th  e f f e c t i v e  l eak  f o r c e  P w i l l  cause a body-fixed 

t o r  que 
C 

(2.57a) 
j ’  

TBjl = Pc6Z 

and a s p i n  torque  

= P  6r . (2.57b) Tsj3 c j l  

S imi l a r ly ,  a leaky  end-nozzle wi th  f o r c e  P w i l l  cause a body-fixed 

torque  
e 

TBj2 = Pe 6r j3  Y 
(2.58a) 

38 



and a s p i n  torque  

Tsj4 = Pe 6 r j2  , (2.58b) 

and 6z a r e  appropr i a t e ly  defined l e v e r  arms 
j 

where 6rj17 6rj2, 6rj3? 

w i t h  r e s p e c t  t o  t h e  v e h i c l e  c e n t e r  of mass. Di rec t ion  of to rque  vec to r s  

depend on satel l i te  and nozzle  geometry. 

The a c t u a l  e f f e c t  o f  to rques  due t o  t r a n s l a t i o n a l  con t ro l  being d i s -  

continuous r a t h e r  than  continuous w i l l  be discussed i n  more d e t a i l  later.  

Gravi ty  Gradient Toraue 

For g r a v i t y  g rad ien t  t o rque  e f f e c t s  (See D e B r a ,  R e f .  37), one can 

assume t h e  e a r t h  i s  a body wi th  a x i a l  symmetry about its s p i n  axis. Thus 

can be w r i t t e n  as i ts  g r a v i t a t i o n a l  p o t e n t i a l  

I-1 V ( R , 8  = E 
g P 

(2.59) 1 1 - Jk(ae/Fi) k Pk(cOS 8 
. k=2 P 

p (cos e 1 = 1 ? 
0 P 

p (cos 8 ) = cos e 9 
1 P P 

P (cos 0 ) = cos 0 P (cos 0 ) - (k-1)Pk-2(cos 0 )I . 
k P k  p k-1 P P 

(2.60) 

h -1 6 n h 

0 i s  t h e  c o l a t i t u d e  cos R - z where R and z a r e  u n i t  vec to r s  

along t h e  g e o c e n t e r - s a t e l l i t e  r a d i u s  and e a r t h  spin-axis  r e spec t ive ly .  

The cons tan t  1-1 i s  t h e  m a s s  of t h e  e a r t h  t i m e s  t h e  un ive r sa l  g r a v i t a t i o n  

cons t an t .  The c o e f f i c i e n t s  

ment f o r  the earth,  and t y p i c a l  va lues  are (Kaula, Ref. 38)  

P e ’  e 

are empi r i ca l ly  determined by experi-  
Jk 
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6 
J = 1082.3 X 10- , 

2 

and 

J = -2.56 X lom6 , 
3 

J = -2.04 X . 
4 

t h e  p o t e n t i a l  (2.59) becomes 
J2 Neglect ing t e r m s  h igher  than  

The f o r c e  a t t r a c t i o n  of a p a r t i c l e  of mass m a t  a poin t  p is  t h e  

grad ien t  of (2.81) or 
P 

-+ 
f = m  VVg , 

P P 

where 

(2.62) 

(2.63) 

t h e  u n i t  vec to r  i n  t h e  d i r e c t i o n  of inc reas ing  . Thus (2.62) becomes eP 

= lmnp 

P P 

2 
A 3J2ae 
R - -   COS^^^ 

4 P e  R 
P 

(2.64) 

The p o s i t i o n  rt’ of each po in t  mass i n  t h e  s a t e l l i t e  can be w r i t t e n  
P 

(2.65) -+ - + +  
R = R + p ,  

P P 
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-+ + 
i s  the  vec tor  from 

pP 
where R is t o  t h e  sa te l l i t e  cen te r  of m a s s  and 

t h e  mass c e n t e r  t o  p. The to rque  about t h e  c e n t e r  of mass i s  

- + +  2 

P p X f  - 
T =I P 

P 
gg m 

2 
P 

R can be expanded t o  

2 - + - +  2 + 2  
P P  P P 

R = R  - R  g R ( 1 + 2 i 5 )  * R / R ) .  

(2.66) 

(2.67) 

Using (2.67) and (2.64) i n  (2.66) y i e l d s  t h e  torque  equat ion i n  inva r i an t  

form , 

(2.68) A ; f A  -3 A 1 
+ C O S @  ( R X I . 2  + G e X  I * R ) - - g  

P e 5 e  

3 
Here, I is  the moment-of-inertia dyadic of t h e  s a t e l l i t e .  

Magnetic Torques 

Magnetic d i s tu rbance  torques  a r e  p r imar i ly  caused by cu r ren t  loops 

i n  t h e  spacec ra f t  and materials sub jec t  t o  permanent or induced magnetism. 

The ins tan taneous  torque  is  the  vec to r  c r o s s  product of t h e  s p a c e c r a f t ' s  

e f f e c t i v e  d i p o l e  moment 

f i e l d  B, or 

and t h e  magnetic induct ion  of t h e  l o c a l  
MS -+ 

(2.69) 

This  is t h e  same type  of to rque  which is t o  be used f o r  con t ro l  purposes 

i n  t h i s  research, but here  M is considered t o  inc lude  a l l  but t h e  

d i p o l e  generated by t h e  con t ro l  c o i l s .  General ly ,  f o r  a spacec ra f t  which 

employs magnetic a t t i t u d e  con t ro1 ,ca re  i s  taken t o  minimize the  space- 

c ra f t - f ixed  d i p o l e  and magnetic c h a r a c t e r i s t i c s  i n  order  t o  not in f luence  

-2, 

S 
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on-board magnetometer readings .  However, s h i e l d i n g  can h ide  a c e r t a i n  

po r t ion  of  the d i p o l e ,  and spacec ra f t  magnetic c h a r a c t e r i s t i c s  can change 

between t h e  l abora to ry  and t h e  o r b i t .  Reference 39 gives an account of 

spacec ra f t  whose a t t i t u d e s  have been measurably a f f ec t ed  by t h e  d ipole .  

For a sp inning  sa te l l i t e  with d i p o l e  component M along t h e  s p i n  axis 

and 

magnitude 

Z 

ML along a la te ra l  axis, t h e  r e s u l t i n g  i n e r t i a l l y  f ixed  torque 

w i l l  be 
T I M  

(2.70) 

where BL is  t h e  la teral  component of t h e  magnetic f i e l d .  For Bz 

equal  to  t h e  component of 

w i l l  be 

B' along the s p i n  a x i s ,  t h e  body-fixed torque  

Because the  satel l i te  s p i n s  wi th  r e spec t  t o  t h e  magnetic f i e l d  

v e c t o r ,  to rques  due t o  t h e  induced c u r r e n t s  (eddy c u r r e n t s )  and the 

i r r e v e r s i b l e  magnetism of permeable m a t e r i a l s  ( h y s t e r e s i s  e f f e c t s )  must 

a l s o  be considered.  Smith (Ref. 40) developed t h e  t h e o r e t i c a l  expres- 

s i o n s  f o r  determining t h e  eddy c u r r e n t  to rques  due t o  r o t a t i n g  s h e l l s .  

For t h e  c y l i n d e r ,  t h e  se-axis is def ined  so B l ies i n  t h e  x 

plane and forms the angle  A w i t h  the z - a x i s .  The t o t a l  t o rque ,  

i n  vec to r  form, is 

+ h A  

e' 'B 
A 

m B 

-3 -2 2 A 

T = m c B w s i n  h r3 j d  (1 ' -  $ tanh (cos hmxe - s i n  h 2 B )  , e c e  Z m W 

( 2 . 7 2 )  

where oc is  t h e  e l e c t r i c  conduct iv i ty  of t h e  s h e l l  material, ca is  

t h e  speed of  l i g h t ,  and dw is  the  w a l l  th ickness .  This  torque w i l l  be 

assumed t o  approximately r ep resen t  t h a t  to rque  due t o  eddy c u r r e n t s  in-  

duced i n t o  t h e  v e h i c l e  s t r u c t u r a l  components. I t  can be seen t o  have 

both an i n e r t  i a l l y - f  ixed component and a s p i n  component. 

The energy l o s s  per  c y c l e  due t o  permeable material being r o t a t e d  

i n  a magnetic f i e l d  is 
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= V O ~  (B dBi) , 1 (2.73) 

where Vol i s  t h e  volume of m a t e r i a l  and B i s  t h e  induced magnetic 

f l u x  i n  the  material. This express ion  can be d i r e c t l y  converted t o  a 

s p i n  torque.  

i 

Kinematics of t h e  Reference Frame 

I f  t h e  s p i n  a x i s  r e fe rence  is moving, a c o n t r o l  to rque  i s  required 

t o  p recess  t h e  s p i n  axis t o  fol low t h i s  r e fe rence .  For t he  sp in  axis 

t o  p o i n t  normal t o  t h e  o r b i t  p lane ,  f o r  i n s t ance ,  con t ro l  torque must 

be provided t o  precess  t h e  s p i n  axis a t  a rate which matches t h e  preces- 

s i o n a l  rate of t h e  o r b i t  plane.  This  change i n  i n e r t i a l  o r i e n t a t i o n  of 

the reference can be thought of as an i n e r t i a l  d i s turbance  torque  precess- 

ing the  s p i n  a x i s  away 

l i t e  i n  an e a r t h  o r b i t  

p recess ion  ra te  is ,  t o  

from an i n e r t i a l l y  f ixed  re ference .  For a s a t e l -  

w i t h  i n c l i n a t i o n  i, t h e  ins tan taneous  o r b i t  

f i r s t  o r d e r ,  

(2.74) 

where 1-1 is t h e  product of the  u n i v e r s a l  g r a v i t a t i o n  cons tan t  and t h e  

earth mass, cf is  t h e  sum of t h e  o r b i t ' s  argument of per igee  and the  

t r u e  anomaly, 

earth,  and 

p o t e n t i a l  [see Eq. (2 .79) l .  This  rate is  about t h e  e a r t h  s p i n  axis z . 
When averaged over  one o r b i t ,  t h i s  rate is  approximately 

Ho i s  the o r b i t ' s  angular  momentum wi th  r e spec t  t o  t h e  

i s  t h e  f i r s t  harmonic t e r m  i n  t h e  expansion of t h e  e a r t h ' s  J2 
h 

e 

3 2 h .h = - - ~ ( a / p ) n c o s i z  , 
av e 2 2 e  e 

(2.75) 

where n i s  t h e  mean motion and p t h e  semi la tus  rectum. 

For t h e  case  where t h e  s p i n  a x i s  of t h e  s a t e l l i t e  is requi red  t o  

be kept  normal t o  the o r b i t  p lane ,  t h e  geometry can be descr ibed a s  i n  

Figure 2.8. Here 
h h x = z  x (2 x 2B)/sin i. 

k B  e The r a t e  of change +B-R w 

of the s p i n  a x i s  p o s i t i o n  w i t h  r e spec t  t o  the  moving r e fe rence  i s  
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3 B - R  = -h(cos i z h + s i n  i 2,) . 
B 

The nominal angular  momentum of the  sa te l l i t e  is  

so the  "kinematic d i s tu rbance  torque" i s  

where 

-+ 
T = n s i n i ~ w  ^y k z z  k '  

h h A 

yk = 2 x Xk B 
is along t h e  descending l i n e  of nodes. 

A 
re 

i 
A 
'k 

( 2 . 7 6 )  

( 2 . 7 6 )  

( 2 . 7 7 )  

RBlT PLANE 

\ A  
-'k 

FIG.  2 . 8 .  GEOIVIETRY OF "KINEMATIC" DISTURBANCE TORQUE. 

Other Torque Sources 

There are a mul t i t ude  of o t h e r  sources  of torques  which tend t o  

change the  a t t i t u d e  of  the satell i te.  Models of t h e s e  torques are not  

developed here  because t h e s e  torques  can be included w i t h  torque sources  

a l r eady  d i scussed ,  or the i r  e f f e c t  is  r e l a t i v e l y  small .  
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Torques s i m i l a r  i n  n a t u r e  to-aerodynamic and r a d i a t i o n  torques  a r e  

those  due t o  d u s t  c louds and e l e c t r i c  drag  on a charged s a t e l l i t e .  

Torques which resemble t r a n s l a t i o n a l  c o n t r o l  j e t  to rques  a r e  those caused 

by me teo r i t e  impact ( i n t h e  impulsive s e n s e ) ,  and t h e  vent ing ,  ou tgass ing ,  

and leakage of s y s t e m  p a r t s  ( i n  t h e  average sense). 

Addit ional  g r a v i t a t i o n a l  to rques  are caused by higher  order  terms 

of t h e  earth p o t e n t i a l ,  t he  t i d a l  bu lge ,  and t h e  moon and sun although 

t h e s e  a r e  d e f i n i t e l y  second o rde r .  Any moving p a r t s  which may e x i s t  on 

the  sa te l l i t e  must be considered as poss ib l e  torque  sources .  F i n a l l y ,  

because no sa te l l i t e  is  p e r f e c t l y  r i g i d ,  sa te l l i t e  wobble causes  s m a l l  

e l a s t i c  damping f o r c e s  which a c t  t o  decrease t h e  sa te l l i t e  energy. How- 

from these i n e r t i a l l y - f i x e d  torque  p l o t s .  Also, t h e  e f f e c t  of any param- 

e t e r  changes-on the  sa te l l i t e  (such as  increased c .p .  o f f s e t  from t h e  mass 

c e n t e r )  can be d i r e c t l y  determined. 

D i s tu rbame  Toraue Mamitudes 

A s  a means of determining t h e  t o t a l  d i s turbance  torque  a c t i n g  on a 

c y l i n d r i c a l  sp inning  s a t e l l i t e ,  a d i g i t a l  computer program w a s  w r i t t e n  

us ing  t h e  torque  express ions  developed i n  t h i s  s e c t i o n .  T h i s  program 

computes t h e  torques  as a func t ion  of t h e  parameters which change w i t h  

o r b i t a l  p o s i t i o n  of t he  sa te l l i t e .  Typical  " i n e r t i a l l y - f i x e d "  torques  

a c t i n g  on t h e  o r b i t s  descr ibed i n  t h e  previous s e c t i o n  are presented i n  

F igures  2.9-2.12. I n  both cases it i s  assumed t h a t  t h e  ends and cy l in-  

d r i c a l  w a l l  have t h e  same d i f f u s e  r e f l e c t i o n  p r o p e r t i e s .  The body-fixed 

and s p i n  torques  a l s o  a c t i n g  on t h e  s a t e l l i t e  can d i r e c t l y  be est imated 

from t h e s e  i n e r t i a l l y - f i x e d  torque  p l o t s .  Also, t h e  e f f e c t  of any 

parameter changes on the  s a t e l l i t e  (such as increased c .p .  o f f s e t  from 

the  mass c e n t e r )  can be d i r e c t l y  determined. 

The o r b i t s  selected f o r  these p l o t s  a r e  r e p r e s e n t a t i v e  of t y p i c a l  

ones f o r  t h e  drag- f ree  s a t e l l i t e  a p p l i c a t i o n s  considered.  Figures  2 .9  - 
2.10 are the  yaw and r o l l  to rques  a c t i n g  on a spinning s a t e l l i t e  i n  a 

resonant  o r b i t  of  1 5  revs/day. H e r e ,  t h e  s p i n  a x i s  i s  con t ro l l ed  t o  

po in t  normal t o  t h e  o r b i t  plane.  Per igee  a l t i t u d e  i s  300 km at  t h e  
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TRUE ANOMALY ( deg 
0 

Key: MAX - aerodynamic - l ength  of veh ic l e ,  m 

R1X - solar r a d i a t i o n  p - r e f l e c t i v i t y  

MEX - eddy cur ren t  A.C. - accommodation c o e f f i c i e n t  

F10.7 MDX - sa te l l i t e  d i p o l e  

MKX - kinematic  

- 10.7 cm dec imet r ic  f l u x  

FIG. 2.9. TYPICAL YAW-TORQUE COMPONENTS ACTING UPON A CYLINDRICAL 
GEODESY SATELLITE. H e r e ,  h = 300 km; e = 0.0394; 
i = 45O. P 
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POSITIVE 
NEGATIVE 

- 
---_ 

TRUE ANOMALY (deg) 

Key: MAY - aerodynamic MKY - kinematic 

R 1 Y  - s o l a r  r a d i a t i o n  ,4? - l ength  of  v e h i c l e ,  m 

R 2 Y  - r e f l e c t e d  r a d i a t i o n  p - r e f l e c t i v i t y  

R3Y - e a r t h  r a d i a t i o n  A.C. - accommodation c o e f f i c i e n t  

MEY - eddy cu r ren t  

MDY - s a t e l l i t e  d i p o l e  

- 10.7 cm dec ime t r i c  f l u x  
F10.7 

F I G .  2.10. TYPICAL ROLL-TORQUE COMPONENTS ACTING UPON A CYLINDRICAL 
GEODESY SATELLITE. H e r e ,  h = 300 km;  e = 0.0394; 

P i = 4 5 O .  
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Key: MAX - aerodynamic MDX - s a t e l l i t e  d ipo le  

R1X - s o l a r  r a d i a t i o n  MEX - e d d y  cu r ren t  

R2X - e a r t h  r a d i a t i o n  MGX - g r a v i t y  grad ien t  

R 3 X  - r e f l e c t e d  r a d i a t i o n  

FIG. 2.11. TYPICAL $++-AXIS INERTIALLY-FIXED DISTURBANCE TORQUES 
ACTING UPON A STAR-TRACKING SATELLITE I N  A CIRCULAR, 
POLAR ORBIT.  
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K e y :  MAY - a e r o d y n a m i c  MDY - sa t e l l i t e  d i p o l e  

R1Y - solar r a d i a t i o n  MEY - eddy cu r ren t  

R 2 Y  - earth r a d i a t i o n  MGY - g r a v i t y  grad ien t  

R 3 Y  - reflected rad ia t ion  

FIG. 2.12. TYPICAL $,-AXIS INERTIALLY-FIXED DISTURBANCE TORQUES 
ACTING UPON A STAR-TRACKING S A T E L L I T E  I N  A CIRCULAR, 
POLAR ORBIT.  
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subsolar  po in t  and i n c l i n a t i o n  is 45O. 

f ixed  l i t e r a l l y ,  but  ins tead  are f ixed  i n  t h e  l o c a l  frame of re ference .  

These torques  a r e  not i n e r t i a l l y  

F igures  2 .11-2 .12  r ep resen t  t h e  i n e r t i a l l y  f ixed  torques about a 

sp inning  s a t e l l i t e  i n  a c i rcular ,  po la r  o r b i t  with t h e  s p i n  a x i s  con- 

t r o l l e d  t o  poin t  a t  t h e  star Canopis. I t  is  assumed t h a t  t h e  o r b i t  plane 

has precessed l o o  t o  t h e  l e f t  of t he  r i g h t  ascension of Canopis. 

The b a s i c  parameters used f o r  t hese  p l o t s  a r e  

Geodesy 
Sa te1  l i t e  

Length (m) 0.5/0.75 

Radius (m) 0.5 

Spin moment of i ne r t i a  (kg-m 

Transverse Foment of i n e r t i a  (kg-m ) 

15. 

10. 

2 

2 

Spin speed ( rad /sec)  

Skin th i ckness  (cm) 

Mass center  displacement from 
c e n t e r  of p re s su re  (cm) 

Average moment arm from j e t  
misalignment (cm) 

Average s k i n  r e f l e c t i v i t y  

1. 

0.1 

0.5 

-0 .5 

0.0/1.0 

Accommodation c o e f f i c i e n t s  0.64/0.84 

Decimetric f l u x  index 100/300 

Spin axis magnetic d i p o l e  (Amprm ) 0.6 
2 

Magnetic a c t i v i t y  index 7 

S t a r  Tracking 
S a t e l l i t e  

0.5 

0.5 

18.75 

12.5 

1. 

0.2 

-1.0 

1.0 

1 . 0  

0.89 

3 00 

0.6 

7 

I t  is  noted from Figures  2 .9  - 2.10 t h a t  aerodynamic torques  a r e  

s i g n i f i c a n t  a t  per igee,and kinematic  and d ipo le  torques  are t h e  ch ief  

d i s tu rbances  throughout t h e  r e s t  of t h e  o r b i t .  From Figures  2 . 1 1 - 2 . 1 2 ,  

i t  i s  noted t h a t  'the g r a v i t y  g rad ien t  and d ipo le  torques  are t h e  l a r g e s t .  

Careful  v e h i c l e  des ign  can, of course ,  s u b s t a n t i a l l y  reduce t h e  d i s t u r -  

bance to rque  leve ls  except f o r  t h e  kinematic  and g r a v i t y  grad ien t  to rques  

where they are p e r t i n e n t .  
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CHAPTER I11 

A MAGNETIC THREE-DEGREE-OF-FREEDOM ATTITUDE CONTROL SYSTEM FOR 

AN AXISYMMFTRIC SPINNING SPACECRAFT WITH HORIZON SENSOR 

ERROR MEASUREMENT 

This  chapter  is a s tudy  of a continuous magnetic a t t i t u d e  con t ro l  

sys t em which p o i n t s  t h e  s p i n  axis of a symmetric s a t e l l i t e  normal t o  

the  o r b i t  plane of a h igh ly  e c c e n t r i c  o r b i t .  This  con t ro l  system a l s o  

maintains  near ly  constant  v e h i c l e  s p i n  speed. The a t t i t u d e  e r r o r  mea- 

surement comes s o l e l y  from a p a i r ,  o r  several p a i r s , o f  i n f r a red  horizon 

senso r s  placed upon t h e  veh ic l e .  

Horizon senso r s  mounted with t h e i r  s e n s i t i v e  axes i n  "veer' shaped 

p a i r s  as shown i n  Figure 3.1 are ab le  t o  produce a sampled measurement 

of  t h e  r o l l  e r r o r  of t h e  s a t e l l i t e .  Because t h e  v a r i a b l e s  i n  t h e  ve- 

h i c l e ' s  a t t i t u d e  motion are mathematically observable ,  it is  f e a s i b l e  

t o  bui ld  a s ta te  observer  which e s t ima tes  the  yaw error and body rates 

from t h e  horizon sensor  measurements. The sensor  s i g n a l s  a r e  no i sy ,  so 

a Kalman f i l t e r  is  u t i l i z e d  f o r  t h e  observer .  Techniques are s tudied  

f o r  processing t h e  sampled input  wi th  the  continuous f i l t e r .  

With t h e  sa te l l i t e  a t t i t u d e - e r r o r  state known, a minimum-power 

opt imal  con t ro l  l a w ,  u t i l i z i n g  a quadra t i c  func t ion  of t h e  s t a t e  ele- 

ments and c o n t r o l  e f f o r t  as t h e  performance index, is  developed t o  d r i v e  

SCANNER OPTICAL AXIS 

ORBIT PLANE 

FIG. 3.1. HORIZON SENSOR 'WEE'' CONFIGURATION THAT PRODUCES 
TWO PULSE SIGNALS WHOSE DIFFERENCE IS PROPORTIONAL 
TO THE ROLL ERROR. 
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t h e  state t o  zero .  This con t ro l  l a w  t a k e s  i n t o  account t h e  poss ib le  

ex i s t ence  o f  a pass ive  n u t a t i o n  damper as p a r t  of t he  a t t i t u d e  con t ro l  

system. Gains f o r  t h e  con t ro l  l a w  are obtained from t h e  genera l  solu- 

t i o n  of t h e  optimum r e g u l a t o r  f o r  a fourth-order  system possessing com- 

plex symmetry. This  gene ra l  s o l u t i o n  is  der ived i n  t h i s  chapter .  

Next, a s tudy  of magnet ica l ly  mechanizing t h e  des i red  con t ro l  to rques  

i s  presented .  The r e s u l t i n g  c o n t r o l l e r  has t h r e e  l o g i c  modes making pos- 

s i b l e  both po in t ing  c o n t r o l  and s p i n  speed c o n t r o l .  T h i s  i n v e s t i g a t i o n  

a l s o  demonstrates  t h a t  a s i n g l e  e lectromagnet ic  c o i l  skewed t o  the  s p i n  

a x i s  can provide both tXpes of c o n t r o l .  

To s impl i fy  the  onboard computational requirements ,  t he  c o n t r o l  

ga ins  are implemented as const a n t s  . Because of t h e  f l u c t u a t i n g  magnetic 

f i e l d ,  cons tan t  ga ins  produce time-varying c o n t r o l  to rques .  This  va r i a -  

t i o n  poses t h e  ques t ion  of how l a r g e  t h e  f l u c t u a t i o n s  can be and s t i l l  

in su re  a t t i t u d e  s t a b i l i t y .  Bounds on the  con t ro l  ga ins  which guarantee 

s t a b i l i t y  a r e  e x p l i c i t l y  e s t ab l i shed  by the  genera t ion  of s u i t a b l e  

Lyapunov func t ions  and t h e  use of averaging techniques.  System s t a b i l i t y  

bounds are e s t ab l i shed  for s a t e l l i t e s  w i t h  and without t h e  n u t a t i o n  dam- 

per.  The Lyapunov func t ions  are obtained from a genera t ing  procedure 

which is  der ived f o r  systems possessing complex symmetry. 

The las t  s e c t i o n  summarizes the  r e s u l t s  of t h e  analog and d i g i t a l  

s imula t ions  used t o  v e r i f y  and extend t h e  preceeding ana lyses .  The gen- 

e r a l  performance c a p a b i l i t i e s  of t h e  c o n t r o l  s y s t e m  dur ing  t r a n s i e n t  

response and i n  the presence of d i s tu rbance  torques  and system nonlin- 

ear i t ies  are explored.  

STATE ESTIMATION BY FILTERING HORIZON SENSOR DATA 

By proper placement of a p a i r  of i n f r a red  horizon sensors  (bolo- 

meters), i t  i s  poss ib l e  t o  measure d i r e c t l y  the  spinning s a t e l l i t e ' s  

roll e r r o r  8 .  (See Fig. 2.1.)  Because of the s t r u c t u r e  of the  s a t e l -  

l i t e P s  s ta te  equat ions ,  t he  sys t em i s  observable .  Therefore ,  a f i l t e r  

can be cons t ruc ted  which w i l l  produce estimates of t h e  o t h e r  s ta te  v a r i -  

a b l e s  from t h e  r o l l - e r r o r  measurements. To account f o r  random d i s t u r -  

bance to rques  and measurement n o i s e ,  a s t eady- s t a t e  Kalman (Wiener) 

52 



f i l t e r  i s  developed which g ives  b e s t  estimates of t h e s e  s t a t e s .  This 

sys t em is  developed i n  t h i s  s e c t i o n .  

Horizon Sensor Determination of Ro l l  Angle, Spin Speed, 

and O r b i t a l  Rate 

Rol l -e r ror  measurement can be provided by us ing  t h e  output  of two 

i n f r a r e d  bolometers arranged wi th  t h e i r  o p t i c a l  axes i n  a "Vee" config- 

u r a t i o n ,  as shown i n  Figure 3.1. The o p t i c a l  axes l i e  i n  a plane con- 

t a i n i n g  t h e  v e h i c l e  s p i n  axis. As t h e  s a t e l l i t e  s p i n s ,  t h e  o p t i c a l  axes 

sweep out  two cones i n  space.  Each sensor  p e r i o d i c a l l y  responds t o  the  

rad iance  change e x i s t i n g  between cold o u t e r  space and t h e  warmer in f r a red  

e a r t h .  

The i n t e r s e c t i o n  of t h e s e  sensor  pa ths  wi th  t h e  ear th ,and  t h e  cor- 

responding sensor  output  areshown i n  Figure 3.2. When t h e  sp in  axis  i s  

normal t o  t h e  e a r t h - s a t e l l i t e  r a d i u s  v e c t o r ,  t h e  sensor pulse  outputs  

w i l l  have t h e  same width and occur a t  t h e  same t i m e  f o r  an i d e a l  spher i -  

cal e a r t h .  I f  a r o l l  e r r o r  exis ts ,  pu lse  du ra t ion  w i l l  be d i f f e r e n t , a s  

c RIGHT 

- ORBIT 
PLANE 

I I 
I 

OUTPUT 
ROLL ERROR 

FIG. 3.2. HORIZON SENSOR OUTPUT WITH AND WITHOUT ROLL ERROR. This 
r e p r e s e n t a t i o n  i l l u s t r a t e s  looking a t  t h e  spacec ra f t  
wi th  t h e  e a r t h  behind it .  
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i l l u s t r a t e d .  A yaw e r r o r  w i l l  not be f u l l y  de tec ted  by such a sensor  

u n t i l  90° la ter  i n  t h e  o r b i t  when it becomes t h e  r o l l  e r r o r .  

The geometry of t h e  horizon sensor  scheme i s  depicted i n  Figure 3 . 3  

where 

8 = r o l l  e r r o r ,  

6 = half-vee angle ,  
V 

a = goo - 6 

Bv = s in- l (ae /R) ,  

tl = pulse  width of t h e  r i g h t  s enso r ,  

V V )  

+ = l o c a l  sp in  ra te  w - 6 ,  
Z 

ZON 

FIG. 3 . 3 .  GEOMIPRY OF THE HORIZON SENSOR SCHEME. The angles i l l u s -  
trated are: 

0 - t h e  r o l l  e r ro r ,  

- t he  angle  between t h e  g e o c e n t e r - s a t e l l i t e  l i n e  and t h e  
l i n e  j o i n i n g  t h e  sa te l l i t e  and t h e  point  where t h e  
sensor  o p t i c a l  axis c ros ses  t h e  horizon, 

@V 

a - t h e  angle  between t h e  s p i n  axis  and t h e  horizon 
V c ross ing  point,  
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The pulse  width tl f o r  an i d e a l  s p h e r i c a l  e a r t h  can be computed 

as 

(3 .1 )  
cos  B + s i n  8 s i n  6 2 V - -  

tl - \i, cos-l[ cos e cos 6 V 

Equation ( 3 . 1 )  w a s  used t o  compute the  output  c h a r a c t e r i s t i c s  of 

sensors  wi th  half-vee angles  of 3', 6', and 9' for an e l l i p t i c  o r b i t  

wi th  an a l t i t u d e  ranging from 300 km a t  per igee  t o  27559 km a t  apogee. 

O r b i t a l  r a t e  w a s  t h r e e  revs/day.  

two 9' sensor  pulse-width d i f f e r e n c e s  is shown i n  Figure 3.4 f o r  var ious  

va lues  of t he  o r b i t  rad ius  between t h e  ind ica ted  apogee and per igee .  

The r o l l - a n g l e  e r r o r  a s  a func t ion  of 

I / / 

I I I I I 
0.08 0.12 0.16 0.20 0.24 0. 3 

SENSOR PULSE TIME DIFFERENCE, 4 T  (sac) 

FIG. 3 . 4 .  ROLL ERROR VS SENSOR SIGNAL PULSE DIFFERENCE FOR 
g o  HALF-VEE ANGLE I N  A 3 REVS/DAY ORBIT. Here, 
hp  = 300 k m  and e = 0.6711.  Parameters of t h i s  
p l o t  a r e  va lues  of t h e  geocen t r i c  r ad ius  from 
pe r igee  (6678 km) t o  apogee (33937 k m ) .  Also 
ind ica ted  i s  t h e  average sensor  pulse  width. 
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H e r  e 

where t2 is t h e  pulse  width of t he  l e f t  sensor .  The r o l l  e r r o r  i s  

found by mul t ip ly ing  t h e  pulse  d i f f e r e n c e  by a ga in  (s lope of curves  

such as those  i n  Figure 3.4)  which i s  a l t i t u d e  dependent. This  ga in ,  

as a f u n c t i o n  of average pulse  width,  i s  shown i n  Figure 3 . 5  f o r  t h e  

t h r e e  sensor  angles  inves t iga t ed  here .  (The pu l se  width average r e -  

mains f a i r l y  cons tan t  a t  a given a l t i t u d e  f o r  s m a l l  va lues  of r o l l  

e r r o r . )  A s  can be seen from Eq. (3 .1) ,  t he  e r r o r  s i g n a l  i s  less sen- 

s i t i v e  wi th  a l a r g e r  half-vee angle .  However, a t rade-of f  must be made 

because l a r g e r  sensor angles  w i l l  cause t h e  sensor  t o  m i s s  t h e  e a r t h  

a t  high a l t i t u d e s  of t h e  h ighly  e c c e n t r i c  o r b i t s .  

PULSE WIDTH AVERAGE, TnvE (sac) 

FIG. 3.5. ERROR G A I N  VS PULSE WIDTH FOR DIFFERENT 
HALF-VEE ANGLES IN A 3 REVS/DAY ORBIT. 
These ga ins  are t h e  s lopes  of the  curves 
similar t o  Figure 3 . 4 .  

Because t h e  hor izon  sensors produce a pulse  t r a i n  (where t h e  pulse  

width v a r i e s  wi th  s a t e l l i t e  a l t i t u d e ) ,  t h i s  output  can a l s o  be used t o  
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g ive  a d i r e c t  measurement of t he  v e h i c l e ' s  s p i n  speed and t h e  cur ren t  

o r b i t a l  ra te  of t h e  v e h i c l e .  

Kalman F i l t e r i n g  f o r  S t a t e  Est imat ion 

The l i n e a r i z e d  s t a t e  equat ions  of t h e  symmetric spinning s a t e l l i t e  

i n  an e l l i p t i c  o r b i t ,  as presented i n  Chapter 2 ,  a r e  

- . -  a 

a 
X 

Y 

6 
6 - -  

-d 
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-d 
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-0 

6 

0 1 
Here, D = ( I  /I + and t h e  torque  components zz  xx 

1 0  

1 X 

0 0  
- 0 0  1;- Y 1  

(3.2) 

(Txl, Tyl are normal- 

ized by d iv id ing  by I * The state vec to r  of t h i s  s y s t e m ,  as coordi-  

na t ized  i n  t h e  unspinning r e f e r e n c e  frame ( R ) ;  is  
xx 

T 
R +px  a Y e ] .  (3.3) 

The d r i v i n g  +orque c o n s i s t s  of a con t ro l  component and a d i s tu rbance  com- 

ponent designated as 

T 

R R1 
= u T + v  . (3.4) 

- + - +  -+ -+ 4 

1 The v e c t o r s  x ,  u and v1 a r e  a l l  func t ions  of t i m e  where u and v 

are t h e  c o n t r o l  and d i s tu rbance  torques  r e s p e c t i v e l y .  

To bui ld  an e f f i c i e n t  a t t i t u d e  c o n t r o l l e r  f o r  t h i s  s p a c e c r a f t ,  i t  

i s  necessary t o  estimate t h e  yaw angle  e r r o r  c p .  If a c t i v e  damping i s  

t o  be provided, t h e  va lues  of t h e  v e h i c l e  rates a and a must  a l s o  
X Y 
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be provided. The state e s t ima to r  syn thes i s  is  begun by pu t t ing  the  d i f -  

f e r e n t i a l  Eqs. (3.2) i n  the  form 

-3 
y = m  + w .  (3.5) 

Here, y is  the  e l e c t r o n i c  s i g n a l  r ep resen t ing  t h e  s c a l a r  measurement 

of t h e  r o l l  e r r o r  e; it i s  corrupted by var ious  noise  sources  such as 

earth ob la t eness  e f f e c t ,  cloud cover ,  and system n o n l i n e a r i t i e s  which 

cause t h e  horizon sensor  s i g n a l  t o  d e v i a t e  from t h e  i d e a l  of Eq. (3.1). 
* T h i s  measurement no i se  is designated by t h e  s c a l a r  w. 

i s  
l 

H =  0 0 [ 
The 6ts t e r m  i n  H is  equal  t o  one 

otherwise.  The measure ent no i se  w 

func t ion .  Hence, t h e  measurement y 

n a l .  

T 

0 6 1 .  ts 

when a measurement 

i s  a l s o  mul t ip l ied  

must be treated a s  

The matr ix  H 

is made and zero  

by the  Sts 

a d i s c r e t e  sig- 

w a r e  known, 3 -+ If t h e  c o n t r o l  u ,  t he  d i s tu rbance  v and noise  1' 
3 t h e  e n t i r e  state x of the  s y s t e m  (3.5) can be e x a c t l y  recons t ruc ted  

because (F,H) form an observable  p a i r .  The c o n t r o l  u is  known be- 

cause it i s  generated as a func t ion  of t h e  state. 

3 

A s  seen i n  F igures  2 .9 -2 .10  of Chapter 2 ,  t he  major p a r t  of t h e  

" i n e r t i a l l y - f  ixed" torques  a c t i n g  on t h e  spacec ra f t  a r e  o s c i l l a t o r y  i n  

* 
The measurement e r r o r s  from the  horizon sensor  pairs can be modeled as 
b i a s e s  p lus  wh i t e  n o i s e  f o r  a simple approximation, in  which case  t h e  
order  of  t h e  sys tem i s  increased .  This is done by adding 
equat ions  

Li = 0 

f o r  e v e r y p a i r  of horizon sensors .  ( H e r e ,  bi r ep resen t s  
of t h e  ith sensor  p a i r . )  The H matr ix  must be modified 
b i a s  t o  t h e  a c t u a l  roll angle  8.  Further s o p h i s t i c a t i o n  

the  state 

t h e  b i a s  e r r o r  
t o  add t h i s  
can be incor- 

porated i n t o  t h e  measurement e r r o r  model by recognizing t h e  ex i s t ence  
of o r b i t a l  p o s i t i o n  dependent c o r r e l a t i o n  c h a r a c t e r i s t i c s .  (See 
F i tzgera ld ,Ref .  41) .  For t he  sake of system mechanization s i m p l i c i t y ,  
however, t h e  measurement e r r o r  i s  assumed t o  c o n s i s t  of s t r i c t l y  wh i t e  
no ise .  
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n a t u r e ,  with per iods  which a r e  small  i n t ege r  mul t ip l e s  of t he  o r b i t a l  

per iod .  The "body-fixed" torque a l s o  a f f e c t s  t he  veh ic l e  a t t i t u d e  e r ro r ,  

and it too  i s  a s i n u s o i d a l  d i s tu rbance  as projected i n t o  t h e  Reference 

( R )  frame. These o s c i l l a t o r y  d i s tu rbances  can be modeled a s  s t a t e s  

w i t h  d i f f e r e n t i a l  equat ions  

+ =-w v , 
x i  v i  y i  

v = w  v .  
y i  v i  x i  (3.7) 

Here, w 

o s c i l l a t i n g  d i s tu rbance  w i t h  r e spec t  t o  the  (R) frame. Each p a i r  of 

t h e  components of o s c i l l a t i n g  d i s tu rbances  v w i t h  unique frequency 

w can be incorporated i n t o  t h e  system mat r ix  F of Eq. (3.5). The 

r e s u l t i n g  p a i r  ( F , H )  w i l l  s t i l l  be observable  i n  the  mathematical sense.  

However, s imula t ion  has  shown t h a t  poor r e s u l t s  are obtained when attempt- 

ing t o  bui ld  a f i l t e r  t o  ob ta in  t h e s e  d is turbances  i s  add i t ion  t o  t h e  

unknown a t t i t u d e  components. (Th i s  is  t r u e  because the  o b s e r v a b i l i t y  of 

t he  system is dependent upon t h e  presence of t h e  o r b i t a l  cross-coupl ing 

t e r m  n (or 6) which is q u i t e  s m a l l  compared t o  t h e  speed of dynamic 

change governed by the parameter D . )  The inc lus ion  of d i s tu rbance  

to rques  i n  t h e  s ta te  equat ions a l s o  inc reases  t h e  complexity of t h e  re-  

s u l t i n g  f i l t e r .  

is the frequency of change of t he  ith component of t h e  t o t a l  v i  

-+ 
1 

v i  

With t h e  foregoing i n  mind, it is assumed t h a t  t he  d is turbance  

torques  v t o  t h e  system and t h e  measurement noise  w are s t a t i o n a r y  

w h i t e  no i se  w i t h  s ta t is t ics  

4 

1 

(3.8) 
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2 
Again, the expected va lue  of w ( t)  is  a d i s c r e t e  func t ion .  Q1 i s  a 

cons tan t  p o s i t i v e  d e f i n i t e  mat r ix  and 

The i n i t i a l  s ta te  g(0) 

processes  G1(t) and w ( t ) .  

R1 i s  a p o s i t i v e  s c a l a r  cons tan t .  

is assumed t o  be independent of t he  s t o c h a s t i c  

I t  is  d e s i r e d  t h a t  a f i l t e r  be mechanized which w i l l  produce a con- 

t inuous e s t ima te  of t h e  unknown a t t i t u d e  e r r o r s  so that  t h e s e  q u a n t i t i e s  

can be u t i l i z e d  i n  a continuous c o n t r o l  law. Some form of t h e  Kalman 

f i l t e r  (Ref. 42) which w i l l  minimize the  square of t he  d i f f e r e n c e  between 

the  a c t u a l  x and the  est imated x seems t o  be a l o g i c a l  choice f o r  t h e  

s t a t e  e s t ima to r .  

4 h 

For power opt imal  c o n t r o l  it w i l l  be seen t h a t  some a c t i v e  damping 

is  a l w a y s  requi red .  Hence, t h e  mechanization of t h e  complete f i l t e r  

which e s t ima tes  v e h i c l e  rates i n  a d d i t i o n  t o  a l t i t u d e  e r r o r s  i s  considered 

w i t h  t h e  assumption t h a t  an adequate sampling rate is a v a i l a b l e .  

method which can be used t o  process  t h e  sampled input  f o r  t h e  f i l t e r  i s  

t o  hold t h i s  input  between samples and use the  r e g u l a r  continuous f i l t e r  

One 

(3.9) 
T -1 2 = F;; + GG + c ( t>  H R~ (es - 0) . 

Here, t h e  6 i s  t h e  sampled-and-held measurement of 6 and t h e  6 

is replaced by 1 .0  i n  H. The mat r ix  L ( t )  is t h e  covariance matr ix  

of t h e  e r r o r  

S t s  

(2 - 2) and s a t i s f i e s  t h e  matr ix  Riccati equat ion 

(3.10) 

For convenience i n  t h e  immediate d i scuss ion ,  it i s  assumed t h a t  t h e  or- 

b i t a l  r a t e  6 i n  Eqs .  ( 3 . 2 )  can be replaced by t h e  cons tan t  n so t h e  

syn thes i s  can be appl ied t o  a constant  s y s t e m .  The e f f e c t  of t h e  t i m e -  

varying a' w i l l  be discussed s h o r t l y .  With a cons tan t  system, the  l i m i t  

C e x i s t s ,  where 
W 
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. .  
and is  found by s e t t i n g  C ( t >  = 0 and so lv ing  (3.10). The r e s u l t i n g  

cons tan t  c o e f f i c i e n t  f i l t e r  (which i s  equiva len t  t o  t h e  Wiener f i l t e r  

of Ref. 43) is 

h h T -1 
x = M + G Z +  C 00 H R 1  ( e s - $ ) .  (3.11) 

Because t h e  s a t e l l i t e  a t t i t u d e  c o n t r o l  problem of concern he re  i s  a long- 

l i f e  r egu la to r  problem, t h e  i n i t i a l  t r a n s i e n t  performance d i f f e r e n c e  of 

employing a cons tan t  c o e f f i c i e n t  f i l t e r  CEq. (3 .11)l  as opposed t o  a 

time-varying f i l t e r  governed by Eqs. (3.9) and (3.10) is of l i t t l e  con- 

cern.  The mechanization advantages of t h e  constant  c o e f f i c i e n t  f i l t e r  

are obvious.  

By d i v i d i n g  Eq. (3.10) by R1, it can be seen t h a t  t h e  s o l u t i o n  
A 

C ( t )  depends s o l e l y  upon t h e  matrix Q1/R1. The c o n t r o l  vec to r  u of 

(3 .9)  and (3.11)  is  the  i d e a l  va lue  of t he  c o n t r o l  torque which w i l l  

d i f f e r  from t h e  a c t u a l  2 by unknown mechanization e r r o r s .  In  t h i s  

a p p l i c a t i o n ,  t h e  ma t r i ces  G and L1 a r e  i d e n t i c a l .  

I t  was assumed t h a t  Q1/R1 w a s  of t he  form 

Equations (3.10) w e r e  solved by numerical i n t e g r a t i o n  €or a . w i d e  r angeof  

t h e  r a t i o  of va r i ances  q1 f o r  an example s a t e l l i t e .  This  example used 

t h e  parameters D = 1 . 5  s e c  and n = 1 .09  X 10 sec  which corre-  

sponds t o  t h e  mean o r b i t a l  r a t e  of  f i f t e e n  revs/day. The s t eady- s t a t e  

r e s u l t s  a r e  presented i n  Figure 3.6a with 

-1 -3 -1 

r 
[K1 Kz K3 K41 = 

being the  ga in  matrix of t h e  continuous f i l t e r .  
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FIG. 3.6a. KALMAN FILTER GAINS VS NOISE VARIANCE RATIO FOR 
SPINNING SATELLITE WITH APPROXIMATION OF CONTINUOUS 
ROLL ERROR MEASUREMENT OF THE SPINNING SATELLITE. 
The parameters D and n of the  s t a t e  equations 
have va lues  of 1.5 sec-' and 1.09 X sec-'. 
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FIG. 3.6b.  DISCRETE KALMAN FILTER GAINS VS NOISE VARIANCE RATIO 
FOR SPINNING SATELLITE WITH ROLL ERROR MEASUREMENTS 
TAKEN FOUR TIMES PER SATELLITE ROTATION. Vehicle 
parameters are the same as in Fig. 3.6a .  
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-1 
Changing t h e  parameter n t o  2.10  X s e c  , corresponding t o  

an o r b i t a l  ra te  of  3 revs/day, changed t h e  s t eady- s t a t e  ga ins  by l e s s  

than 2%. Thus, r ep lac ing  t h e  time-varying o r b i t a l  rate term 6 by the  

cons tan t  n i s  a j u s t i f i a b l e  s i m p l i f i c a t i o n  from t h e  f i l t e r  design 

s tandpoin t  . 
If es is  a piecewise cons tan t  input  and 8 is  cont inuously vary- 

A A 

ing i n  Eq. (3 .12 ) ,  t h e  estimated r a t e s  CX and a l ag  t h e  a c t u a l  r a t e s  

a and a . T h i s  must be compensated f o r  i n  t h e  con t ro l  l a w  mechaniza- 

t i o n  because of sys t em e f f i c i e n c y  and s t a b i l i t y  reasons ,  and is  discussed 

i n  t h e  last  s e c t i o n  of t h i s  chapter  on s imula t ion  r e s u l t s .  I f  t h e  esti-  

and t h i s  sampled m a t e d  r o l l  e r r o r  8 is  synchronously sampled w i t h  

va lue  i s  used i n  (3 .12) ,no l a g  problem arises. 

Y X 

X Y 

@S 

I t  w a s  determined by analog and d i g i t a l  s imula t ion  t h a t  t h e  sampling 

r a t e  requi red  by t h e  continuous f i l t e r  (3.9) t o  ob ta in  accura te  e s t ima tes  

of veh ic l e  rates seemed t o  b e ' t h e  Nyquist rate d i c t a t e d  by t h e  sampling 

theorem ( R e f .  44) .  The f i l t e r  must r econs t ruc t  motion which i n  i t s  un- 

con t ro l l ed  form is  

a = a cos  D t  - a s i n  D t ,  
X xo YO 

a 
xo 

D +  0 
c p =  'CQ, cos &t -I- eo s i n  &t + II ( s i n  3t + s i n  D t )  

a - -  yo (COS ?t - COS D t )  , 
D +  b 

a 
xo 0 = cpo s i n  &t + eo cos &t + - (COS 3t - COS D t )  

D +  5 

a 
+-  yo ( s i n  &t + s i n  D t )  . 

D +  b 

and 0 a r e  a r b i t r a r y  i n i t i a l  condi t ions.  Thus, 
0 

Here, a a 
it is necessary t h a t  t h e  roll angle  0 be sampled a t  l e a s t  2D t imes 

and a o s c i l l a t e  per s a t e l l i t e  r o t a t i o n  because t h e  rate terms 

with t h e  r a t e  D. For a spacec ra f t  sp inning  about i t s  maximum a x i s ,  one 

p a i r  of horizon sensors  can provide ample sampling speed f o r  sp in  r a t e s  

xo' yo' 'pop 

Y 
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-1 up t o  0.5 rad/sec. For D g r e a t e r  t han  0.5 s e c  , t h e  horizon sensor  

head must e i t h e r  be spun a t  least a t  the  rate 2D sec  ? o r  t h e  number of 

horizon-sensor p a i r s  used must be g r e a t e r  t han  or equal t o  2D. 

-1 

A simple way t o  a l l e v i a t e  having t o  provide more than one horizon 

sensor  p a i r  f o r  t h e  spacec ra f t  i s  t o  provide an a c t i v e  con t ro l  torque 

based upon r o l l  and yaw e r r o r s  on ly  ( i .e .  provide only a c t i v e  "pos i t ion"  

c o n t r o l ) .  The a t t i t u d e  e r r o r  e s t ima tes  CP and 8 from t h e  Kalman f i l -  

ter  would be c o r r e c t  i n  t h e  average sense a f t e r  t h e  r a t e  terms have been 

dampened away by a pass ive  n u t a t i o n  damper. 

h h 

With a small  amount of c i r c u i t  l o g i c ,  a s t a t i s t i c a l l y  supe r io r  means 

of implementing t h e  Kalman f i l t e r  e x i s t s .  T h i s  c o n s i s t s  of modeling 

a continuous f i l t e r  between sampling i n t e r v a l s  and a d i s c r e t e  f i l t e r  a t  

t h e  t i m e  o f . h o r i z o n  sensor  inpu t .  That i s ,  between samples, the  equat ions 

h 

x = F $ + G ~ ,  

): = F c + CFT + LIQL1 T 

(3.12a) 

(3.12b) 

h 
are in t eg ra t ed  t o  produce t h e  estimate x. A t  t h e  t i m e  o f  measuring the  

r o l l  e r r o r  t h e  s t a t e  i s  updated by t h e  equat ion % 
h 

s ( t  ) = $(t - ) + K(Bs - 0 )  , ( 3 . 1 2 ~ )  + 

where t h e  ga in  matr ix  K is 

(3.12d) 

The covariance is  updated by 

Here, (t ) and (t+) i n d i c a t e  the  in s t ances  before  and a f t e r  t h e  

sampling po in t .  
- 
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For t h e  symmetric spinning spacec ra f t  w i t h  a constant  sampling in- 

t e r v a l ,  the  ga in  K a l s o  achieves a s t eady- s t a t e  v a l u e  so t h a t  only 

Eqs. (3.12a) and ( 3 . 1 2 ~ )  r e q u i r e  mechanization. The va lues  of t h e  ga in  

elements of t h e  same s a t e l l i t e  s tud ied  i n  Figure 3.6a were found from 

Eqs. (3.12b,d, and e) wi th  t h e  sampling r a t e  set a t  four  times per  s a t e l -  
-6 -4 l i t e  r o t a t i o n .  The d r i v i n g  noise  var iance  used was 0.25 X 10 s e c  . 

Values of t h e  measurement no i se  var iance  w e r e  var ied  w i t h  t he  resu l t s  

presented i n  Figure 3.6b i n  t e r m s  of t h e  var iance  r a t i o s .  

A remarkable s i m i l a r i t y  e x i s t s  between t h e  p l o t s  i n  Figures  3.6a-b 

i n  t h a t  t h e  ga ins  of Figure 3.6b a r e  about t h e  same a s  those of Figure 

3.6a a t  approximately two ordersof  magnitude lower var iance  ra t io .  In 

f a c t ,  computer r e s u l t s  showed t h a t  i nc reas ing  t h e  sampling r a t e  moved 

t h e  r e s u l t i n g  f i l t e r  ga ins  c l o s e r  t o  those  of t he  continuous f i l t e r  of 

Figure 3.6a. T h i s  is expected because i n  t h e  l i m i t  (as t h e  sampling in-  

t e r v a l  becomes very  s m a l l )  t h e  d i s c r e t e  Kalman f i l t e r  becomes t h e  con- 

t inuous  f i l t e r .  I t  can be hypothesized t h a t  t h e  s teady  s t a t e  ga in  curves 

assoc ia ted  w i t h  any sampling r a t e  can be approximated by those of t h e  

continuous f i l t e r  s h i f t e d  t o  some lower var iance  r a t i o .  

The a d d i t i o n a l  advantage of  t h e  h y b r i d  mechanization of t h e  f i l t e r  

[Eqs. (3.1211 is t h a t  on ly  one sample of t h e  r o l l  e r r o r  needs t o  be taken 

per s a t e l l i t e  r o t a t i o n  i n  order  t o  provide an adequate e s t ima te  of t he  

four  elements of t h e  e r r o r  state.  The only r e s t r i c t i o n  is t h a t  t h e  prod- 

u c t  of t h e  s p i n  period (2d;) and t h e  parameter D not be c l o s e  t o  an 

i n t e g e r  m u l t i p l e  of fl. 

THE MINIMUM POWER CONTROLLER 

Magnetic con t ro l  to rque  i s  created by passing cu r ren t  through c o i l s  

of wi re  f ixed  on t h e  spacec ra f t .  It i s  d e s i r a b l e  t h a t  a t t i t u d e  con t ro l  

ga ins  be provided which minimize t h e  power used by such a sys tem,  i n  a d d i -  

t i o n  t o  providing t h e  requi red  response c h a r a c t e r i s t i c s .  I f  more than  

one c o i l  of w i r e  i s  used f o r  c o n t r o l  a c t u a t i o n ,  minimum power is obtained 

by minimizing t h e  t i m e  i n t e g r a l  o f  t h e  sum of t h e  power used by each c o i l  

wi th  some c o n s t r a i n t  placed upon t.he a t t i t u d e  e r r o r .  Time extends over 

t h e  period requi red  t o  d r i v e  t h e  a t t i t u d e  t o  the  required o r i e n t a t i o n .  
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Such a power optimum con t ro l l e r ,wh ich  maintains  t h e  sp in  a x i s  normal t o  

t h e  o r b i t  plane, is now developed. 

The m t i m a l  Regulator Problem 

A s  def ined i n  Ref. 45,  a r e g u l a t o r  is  a feedback c o n t r o l l e r  designed 

t o  keep a s t a t i o n a r y  sys t em wi th in  an acceptab le  dev ia t ion  from a r e f e r -  

ence condi t ion  us ing  acceptab le  amounts of c o n t r o l .  T h i s  con t ro l  can be 

provided by choosing a con t ro l  l a w  which minimizes t h e  performance index 

(3.13) 

Here, Q2 i s  a p o s i t i v e  semide f in i t e  matrix, R2 i s  p o s i t i v e  d e f i n i t e ,  

and u r e p r e s e n t s  t h e  c o n t r o l  e f f o r t .  -+ 

For t h e  case  of magnetic c o n t r o l ,  t h e  magnetic moment m of a wire 
2 

c o i l ,  i n  Weber-m , i s  

m ; : N A i  c c '  

where N is t h e  number of t u r n s  of w i r e ,  A is t h e  c o i l  area, and i 
C C 

is  t h e  c u r r e n t .  Thus, the c o n t r o l  e f f o r t  i s  propor t iona l  t o  t h e  cu r ren t  

i n  (3.13) repre- i n  t h e  w i r e ;  minimization of t he  performance index 

sen ts  a power minimization because it is  quadra t i c  i n  u (and t h e r e f o r e  
3 

Jf 

Reference 45 shows tha t  the  opt imal  s o l u t i o n  of con t ro l  f o r  t h e  

- t = -w and f ind ing  t h e  s t eady- s t a t e  
t f  0 

r e g u l a t o r  i s  found by s e t t i n g  

s o l u t i o n  t o  t h e  R i c c a t i  equat ion 

T h = - PF - F P + PGRil GT-p - '2 ' 

w i t h  P ( t f )  = 0. The  opt imal  con t ro l  l a w  is 

(3.14) 

(3.15) 
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where 

-1 T 
C = R  G P ,  

0 2 W 

and 

P = P(-w) . 
W 

The c o s t  of d r i v i n g  an i n i t i a l  s t a t e  z(0) t o  t he  o r i g i n  is 

1 -+T - - x (0) Jfmin - 2 

% Because t h e  p a i r  (F,Q2) is completely 

PW2(O) . (3.16) 

observable ,  t he  symmetric matr ix  

P is  p o s i t i v e  d e f i n i t e ,  and t h e  r e s u l t i n g  system is  s t a b l e .  
m 

One method of so lv ing  t h e  mat r ix  R i c c a t i  Eq. (3.14) is by numer- 

i c a l l y  i n t e g r a t i n g  backwards i n  t i m e  u n t i l  a s t eady- s t a t e  s o l u t i o n  

i s  achieved. T h i s  method is p e r f e c t l y  acceptab le  and r e s u l t s  i n  t h e  

c o r r e c t  s o l u t i o n  f o r  P , i f  one e x i s t s .  However, it i s  a t i m e  consum- 

ing  procedure on t h e  computer, and must be repeated for changes t o  t h e  

s y s t e m  parameters.  Because t h e  sp inning  s a t e l l i t e  s tudied here  has t h e  

proper ty  of complex symmetry, an a l g e b r a i c  method is a v a i l a b l e  which 

can be used t o  so lve  t h e  s teady-s ta te  s o l u t i o n  of Eq. (3.14). T h i s  

method is  now presented.  

m 

* 

The Algebraic  So lu t ion  t o  t he  Quadrat ic  Matrix Equation Governing 

the Optimal Regulator of a General System Possessing Complex 

Svmmetrv 

This  a n a l y s i s  w i l l  be d i r e c t e d  t o  f o u r t h  order  systems because of 

the  immediate a p p l i c a t i o n  and s i m p l i f i c a t i o n  of p re sen ta t ion .  I t  is, 

however, app l i cab le  t o  a l l  higher  order  complex symmetric systems and 

the  ex tens ion  t o  these  cases is obvious.  

~~ ~ - ~~ * 
Complex symmetry i s  defined as t h e  proper ty  i n  which a s y s t e m  of order  
2n real s t a t e  elements can be reduced t o  one of order  n complex 
s t a t e  elements.  This  should not be confused with t h e  idea  of t he  
symmetric mat r ix  i n  which a mat r ix  A = AT. 
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The genera l  equat ions  of motion of a fou r th  order  s y s t e m  possessing 

complex symmetry are 

x l + a  2 - b  k + a , x  - b  x = u  1s 1 1s 2 s 1  o s 2  1 

.. 
2 

x + a 2 + blskl + a + b  x = U  
2 1s 2 0sx2  o s  1 

In  mat r ix  form, Eqs. (3.17) a r e  

c 

X 

X 
1 

X :I 2 = 

- 
a b bls os  -a 

-bls -a 

1s 

0 

0 

os -b 

1 0 0 

0 1 0 

1s 

- 
Define 

n 
2 ’  

2 ’  

x = x  + j x  1 

u = u  + j u  1 
n 

+ j b  
n = a  

n 
A1 s 1s 1s 

Bls - - a O s  + jbOs 

Then (3.18) becomes 

or 

- t .  

1 

2 

1 

X 

i 

X 

X 
- 2  

1 

- 
0 

1 

0 

0 - 

+ - + +  X = F X + G U  

which a r e  complex s ta te  equat ions .  

(3.17) 

(3 .‘19a) 

(3.19b) 

( 3 . 1 9 ~ )  

(3 I 19d) 

(3.20) 

(3.21) 
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The opt imal  c o n t r o l  ga ins  f o r  a r e g u l a t o r  system i n  which t h e  de- 

sired f i n a l  s t a t e  x ( t  ) = 0 are found from t h e  s teady  s t a t e  so lu t ion  

( a t  t i m e  t = -m) t o  E q s .  (3.14). 
f 

0 

For t h e  complex s ta te  equat ions ,  t h e  matrix R i c c a t i  equat ion (3.14) 

must be formulated i n  Hermi t ian  form 

(3.22) * -1 * A = S F - F S - Q + S G R  G S ,  

* 
where t h e  n o t a t i o n  F r e f e r s  t o  t h e  complex conjugate  of t h e  t ranspose  

of F. The mat r ix  S has  the  proper ty  t h a t  S = S. 
* 

The steady-state s o l u t i o n  t o  (3.22) is def ined as 

n 
S(-m) = sw , 

and t h e  s t a t e s  are def ined  as 

1 X 

A +  
= z ,  

~~ 

The c o s t  t o  b r ing  t h e  i n i t i a l  complex state ?(to) t o  ze ro  i s  

1 4  * 
J f 2  = - x ( t o )  Sm2(to) . 

(3 .23)  

(3.24a) 

(3.2413) 

(3.25) 

Noting t h a t  
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4 x =  

P =  1 

1 

0 

12 - j  sll S -3 s12 S 
11 
- - 

22 j s22 s 12  Js12 S 

0 

1 

where T i s  t h e  ind ica t ed  t r ans fo rma t ion ,  Eq. (3.25) becomes 

1 +T 
2 = - (to> P 

Define 

a *  
P1 = T S,T . 

With 

1s $12 S 

s =  

w i., s 2 ~  ) 

- 
(where s is t h e  complex conjugate  of s12) P1 becomes 12  

Because t h e  c o s t  Jf i s  a q u a d r a t i c  form, (3.26) becomes 

(3.26) 

(3.27) 

(3.28) 

(3.29) 
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so 

1 T 
2 1 

P = -  ‘P1 + P )  , 

0 
11 S 

11 
0 S 

- 
R e ( s  -Im(s 

Im(s12) Re(s12) 

1 2  12 

0 
22 

S 

0 S 
- 22 

(3.30) 

which has  t h e  r equ i r ed  real  symmetric form. Instead of  solving f o r  t e n  

unknowns by i n t e g r a t i n g  t h e  ten  equat ions of (3.141,only four  unknowns 

e x i s t .  The equat ions o f  (3.14) can be manipulated,so a l g e b r a i c  s o l u t i o n s  

of t h e s e  f o u r  unknowns are obvious. Because of t h e  c o n t r o l  l a w  (3 .15) ,  

t h e  v a r i a b l e  s can be  eliminated from cons ide ra t ion .  Define 
22 

n 
11 Kv = s 

K + j K  4 s  P l  p2 12 

Using t h e  system and d i s t r i b u t i o n  matrices F and G defined by Eqs. 

(3.19)-(3.211, Eq. (3.22) can be formulated.  For optimizing t h e  per- 

f ormance index 

t 

J = I * ([G: + &E]ql + b: + xz]q2 + [u: + ui]) d t  , 
-m 

f 2  

(3.31) 

t h e  matrices Q2 and R2 become 

Q2 = 

92 O I  

R2 = [ 1 ) .  
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Employing (3.22) and s e t t i n g  ,$ = 0 r e s u l t s  i n  t h e  equations 

2 
2(K p l  - a K ) -  1 v K v + q 1 = 0  Y 

- a K  - a K  - b K  + s  - K K  = O  
0 v 1 p l  1 p2 22 v p l  

- b K  + b K  - K K  = o ,  
0 v 1 p l  - "lKp2 v p2 

- 2 ( a  K + boKp2) - Kpl 2 - Kp2 2 f 92 = o  
0 Pl 

Algebraic manipulations of  t h e s e  equat ions r e s u l t  i n  

2 2 2 
2K3 + (bl + al + 4ao + q )K 

P l  1 P l  

2 2 + 2(a b b + alao - bo - q2 + aoql>Kpl 1 1 0  

2 2 - a1q2 + bogl + q1q2) = 0 Y 

Pl ' 

K = - b - 2 / b 2 + q 2 - K  2 - 2 a K  . 
P2 0 0 PI 0 Pl 

(3.32) 

(3.33) 

(3.34) 

The cubic  Eq. (3.32) has a closed form s o l u t i o n  of which t h e  c o r r e c t  

r o o t  i s  chosen on t h e  b a s i s  t h a t  a l l  elementsof S are real. With 

K known, Eqs. (3.331, (3.34) can be solved fo r  

optimal c o n t r o l  l a w  w i l l  be 

m 

and K and t h e  
KV P P l  

u = - K %  - K . x  - K  x 
1 v l  p l 1  p 2 2 '  

2 v 2  p 2 1  p 1 2  
u = - K k  + K  x - K  X . 

(3.35a) 

(3.3513) 
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Control  of t h e  SDining. S a t e l l i t e  

A s  an immediate app l i ca t ion  of t h e  foregoing method, consider  Eqs. 

(3.2) which are t h e  equat ions of motion of a symmetric spinning s a t e l l i t e  

-d -D+n -Dn d 
P P 

D-n -d -d n -Dn 
P P 

1 0 0 0 

0 1 0 0 - I: + 

(3.36) 

where cons tan t  n i s  s u b s t i t u t e d  for b. Comparing (3.36) wi th  (3.18) 

t h e  fol lowing ana logies  are apparent :  

a = Dn 
0 

b = d n  
O P  

1 P  
a = d  

b = -D+n 1 

Thus, Eq. (3.32) becomes 

3 2 2 2 
P l  P 1 P l  

2K + (D + 2Dn + n2 + ' d  + q )K + 2(Dnql - q2)Kpl 

and (3.33) and (3.34) a r e  

V 

2 K = -d n - &d n)  + q2 - K2 - 2DnK a 

P2 P P Pl P l  

(3.37) 

(3.38) 

(3.39) 

74 



Solu t ions  t o  (3.37) - (3.39) as u t i l i z e d  i n  Eqs. (3.35a-b) r ep resen t  

t h e  optimum power c o n t r o l  l a w  from t h e  s tandpoin t  of minimizing t h e  

index (3.31 1. 
A s  an example of t h i s  method, s o l u t i o n s  t o  (3.37) - (3.39) were 

found f o r  a spacec ra f t  wi th  t h e  product of t h e  moment-of-inertia r a t i o  

and s p i n  rate D = 1.5.  Values of t h e  damping c o e f f i c i e n t  d P  ranged 

from 1 0  t o  10-1 sec . The mean o r b i t a l  rate n w a s  set t o  va lues  

of 1 .09  X sec and 2.18 X 1 0  sec . The ' r e su l t s  a r e  de l inea ted  

i n  F igure  3.7. Here t h e  parameter 

given t h e  f i v e  values shown. The d i f f e r e n c e s  i n  t h e  optimal ga ins  due 

t o  v a r i a t i o n  of t h e  mean o r b i t a l  ra te  n were undis t inguishable .  

-4 -1 

-1 -4 -1 

w a s  s e t  t o  zero  and q2 w a s  q1 

Using t h i s  a l g e b r a i c  s o l u t i o n  t o  o b t a i n  a l l  t h e  d a t a  required t o  

produce Figure 3.7 requi red  about 2 percent  of t h e  computer time re- 

quired t o  f i n d  s o l u t i o n s  t o  t h e  matr ix  R i c c a t i  eq.uation by numerical 

i n t e g r a t i o n  f o r  one s e t  of va lues  of t h e  parameters d and ql. The 

cubic  equat ion  (3.27) w a s  e a s i l y  solved by s y n t h e t i c  d i v i s i o n .  
P 

The choice of which p a r t i c u l a r  set of ga ins  t o  use  from Figure 3.7 

dependsuponthe  d e s i g n e r ' s  choice of t h e  n u t a t i o n  damper. To ob ta in  the  

response des i red  involves  t h e  choice of t h e  damping c o e f f i c i e n t  d and 

t h e  parameter q2. 

K i s  r e l a t i v e l y  small  compared t o  K 

mechanical damping term d does not  cause Kv t o  markedly decrease .  

The c o n t r o l  ga ins  obtained above a r e  based on state v a r i a b l e s  

(@, i ,cp,Q).  Replacing ( @ , 6 )  by (aX,Qy) ,  t h e  con t ro l  law (3.35) be- 

comes 

P 
A s  can be seen from Figure 3 .7 ,  t h e  p o s i t i o n  ga in  

A l s o ,  t h e  inc rease  of t h e  
P2 * P I  

P 

u = - K a  + (K - n K ) c p - K  6 .  
Y V Y  P2 V P l  

(3.40a) 

(3.40b) 

I t  i s  e s s e n t i a l  t o  r e a l i z e  t h a t  mechanization of t h i s  optimum con- 

t r o l  assumes t h e  presence of  a f i l t e r  f o r  e s t ima t ing  va lues  of t he  system 

state.  The combined sys t em is opt imal  by t h e  c e r t a i n t y  equivalence 

p r i n c i p l e .  
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xu 

0.3~ 10-5' 
loo4 L 

- 
\q2=0.3X Icr5 

t 

= 1.5 x 10-5 

IO? I .2 10-5 
0.9 10-5 
V." fi  I" 

0.3 x 

F I G .  3.7. OPTIMUM GAINS OF THE CONTROL LAW (3.40) FOR POWER MINIMIZA- 
T I O N  O F  A MAGNETICALLY CONTROLLED S P I N N I N G  SATELLITE A S  A 
FUNCTION O F  DAMPING. The parameter q2 is  chosen t o  
achieve the d e s i r e d  response. 

76 



In t h e  fo l lowing  development, Eqs. (3.40) a r e  not mechanized ex- 

a c t l y .  However, t h e s e  equat ions do serve  as a b a s i s  for choosing con- 

t r o l  gains which opt imize a magnetic con t ro l  s y s t e m ' s  power requirements 

as averaged over an o r b i t a l  per iod.  

MAGNETIC IMPLEMENTATION OF THE CONTROL LAW 

So f a r ,  t h e  d i scuss ion  has  been mainly concerned with the  continuous 

a p p l i c a t i o n  of an optimum c o n t r o l  l a w  based upon a quadra t i c  performance 

index and upon input  from a Kalman f i l t e r .  This  c o n t r o l l e r  could be 

mechanized by any continuous method and provides  only the  poin t ing  con- 

trol s i g n a l  requi red  by t h e  a t t i t u d e  c o n t r o l  system. I t  is now necessary 

t o  consider  how t h i s  c o n t r o l  w i l l  be implemented magnet ica l ly ,  and t o  be 

cognizant  of t h e  s p i n  con t ro l  requirement.  

Magnetic t o rqu ing  is  made poss ib l e  by applying a vol tage  t o  a c o i l  

of w i r e  f ixed  i n  t h e  spacec ra f t .  The cur ren t  i n  t h e  wire  causes a h r e n t z  

f o r c e  t o  e x i s t  between each element of moving charge and t h e  l o c a l  mag- 

n e t i c  f i e l d  of  t h e  e a r t h  (This  phenomenon is discussed i n  Ref. 46 ) .  

The e f f e c t  of t h e  t o t a l  f o r c e  r e s u l t s  i n  a torque T being applied upon 

t h e  spacec ra f t  which can be expressed a s  

2. 
4 

+ - +  4 
T = m  X B .  ( 3 . 4 1 )  

4 Here, m is  t h e  generated magnetic d ipo le  moment of t h e  vehicle-f ixed 

c o i l ;  it is d i r e c t e d  normal t o  t h e  plane of t h e  c o i l  and obeys t h e  r i g h t -  

hand r u l e  with r e s p e c t  t o  cu r ren t  flow d i r e c t i o n .  The magnitude of m 

i s  

4 

-9 Iml  = N A ~  ic , (3.42) 

is  t h e  planar  where N i s  t h e  number of tu rns  of wi re  i n  t h e  c o i l ,  

a r e a  of t h e  c o i l ,  and i is t h e  c o i l  c u r r e n t .  By having t h r e e  orthog- 

ona l  c o i l s  on t h e  sa te l l i t e ,  t h e  magnetic moment m may be d i r ec t ed  i n  

any o r i e n t a t i o n  (except t h a t ,  of course ,  no r e s u l t i n g  torque  can be 

produced p a r a l l e l  t o  3. 

A C  

C 
4 
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In  t h e  previous s e c t i o n  on minimum-power optimal c o n t r o l ,  two 

idealized express ions  CEqs. (3.4011 were derived f o r  applying con t ro l  

torque components about t h e  v e h i c l e  yaw (sp) and r o l l  axes. 

For f u l l  a t t i t u d e  c o n t r o l ,  t h e  c a p a b i l i t y  of applying another  to rque  

component about the s p i n  a x i s  (2,) a l s o  needs t o  be implemented. How- 

e v e r ,  f o r  t h i s  s tudy ,  t h e  a c t i v e  con t ro l  appl ied is  r e s t r i c t e d  t o  be 

magnetic. Thus, a means must be provided f o r  us ing  Eq. (3.41) t o  achieve 

the  f u l l  to rque  !? requi red  ( a t  least i n  an average sense ) .  But, i t  

i s  only  a r a r e  occasion dur ing  any o r b i t  when the  l o c a l  value B of the  

magnetic f i e l d  is so or ien ted  t h a t  a magnetic moment m can be generated 

which w i l l  produce a l l  three components of t h e  required 

+ 
-+ 

5'. 
I t  is u s u a l l y  not  necessary  t o  main ta in  t h e  exact  con t ro l  on t h e  

s p i n  speed as t h a t  requi red  f o r  po in t ing  the s p i n  axis of t h e  s a t e l l i t e .  

The spin-speed t o l e r a n c e  must be maintained only  t o  t h e  extent tha t  t h e  

mechanized poin t ing  c o n t r o l  (based upon nominal s p i n  speed)  works c o r r e c t  

l y .  Therefore ,  i n  t h i s  s e c t i o n ,  concent ra t ion  is f i r s t  d i r ec t ed  toward 

achieving magnetic po in t ing  contro1,and the  s p i n  component of t h e  d e s i r e d  

c o n t r o l  is  ignored. I t  i s  assumed t h a t  t h e  s p i n  speed is nea r ly  a t  i t s  

nominal va lue .  

A po in t ing  c o n t r o l  scheme is  def ined which uses  only two or thogonal  

c o i l s  w i th  axes perpendicular  t o  the  s p i n  a x i s .  T h i s  scheme is  r e f e r r e d  

t o  as Mode 1 con t ro l .  During t h i s  mode of c o n t r o l ,  a s p i n  component of 

magnetic to rque  e x i s t s  which may not be  i n  t h e  d e s i r e d  d i r e c t i o n .  

I t  is necessary  t o  have t h e  a b i l i t y  t o  apply con t ro l  which main- 

t a i n s  t h e  s p i n  speed wi th in  some t o l e r a n c e ,  so l o g i c  i s  developed f o r  

us ing  another  mode (Mode 2 )  of magnetic con t ro l  which removes t h e  spin- 

speed  e r r o r .  This  mode s i m p l y  r e v e r t s  back t o  Mode 1 con t ro l  i f  Mode 

1's s p i n  component of torque  is correctly d i r e c t e d .  I f  t h e  Mode 1 d i r ec -  

t i o n  is  i n c o r r e c t ,  po in t ing  con t ro l  is  supplied by t h e  Z-axis c o i l  which 

does not  produce a s p i n  component of torque.  

A t h i r d  mode of con t ro l  (Mode 3) is  provided t o  c o r r e c t l y  i n i t i a l i z e  
f 

t h e  s p i n  speed and t o  s e r v e  as a backup i n  case  s p i n  speed cont inues  t o  

d e v i a t e  beyond some bounding t o l e r a n c e .  The mechanization l o g i c  f o r  

combining t h e s e  modes is  s p e c i f i e d .  

7 8  



F i n a l l y ,  i n  t h i s  s e c t i o n ,  it i s  shown t h a t  t h e  t h r e e  c o i l s  required 

t o  mechanize t h e  f u l l  three-mode con t ro l  can be replaced by a s i n g l e  

c o i l  (with i t s  a x i s  skewed t o  t h e  s p i n  a x i s )  and a nu ta t ion  damper. 

Poin t ing  Control  

Equations (3.40) express  t h e  optimum c o n t r o l  torque requi red  along 
h t h e  x^ and yp axes of  t h e  body's nonspinning re ference  frame. These 

components are used t o  de f ine  t h e  d e s i r e d  po in t ing  con t ro l  to rque  

which i s  

P 
?' 

D 

+ 
T = T  x^ + T  ^y . 

D Dx P DY P 

+ From (3.40) t h e  r e s u l t i n g  torque  !? due t o  an appl ied m must 

l i e  i n  a plane which i s  perpendicular  t o  t h e  f i e l d  vec tor  B. For power 

e f f i c i e n c y ,  it is a l s o  d e s i r a b l e  t h a t  t h e  magnetic moment m l i es  i n  

t h i s  plane.  The vec to r  geometry involved he re  is de l inea ted  i n  Figure 

3.8. The d i r e c t i o n  of m i s  chosen such t h a t  t h e  l a t e r a l  component of 
+ -+ . This  is accomplished by so lv ing  t h e  T co inc ides  wi th  t h e  d e s i r e d  

equat ions  

-+ 
+ 

+ 

TD 

T D x = m B  - m B  , 
Y Z  = Y  

T = m B  - m B  9 Dy z x x z  

4 - 3  
m . B = O ,  

-3 
for t h e  components of m. The s o l u t i o n s  t o  (3.43) are 

m = (T B - T B ) / B ~  , 
Z Dy x Dx y 

m Y = (mZBy + TDx>/Bz . 

(3.43) 

(3.44) 
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VECTOR GEOMETRY OF MASNETIC TORQUING WHERE 3 I S  
THE MAGNETIC FIELD, m IS THE GENERATED MAGNETIC 
MOMENT, AND !$D I S  THE DESIRED TORQUE. 

Equations (3.44) are fundamental t o  t h e  mechanization of magnetic a t t i -  

tude con t ro l  and have been used i n  many vers ions  s ince  appearing i n  

Ref. 2 (White, e t .  a l . )  

Mechanization of Eqs. (3.44) w i l l  r e s u l t  i n  a torque which has a 

component along t h e  sp in  a x i s ,  which is  apparent from Figure 3.8. 

sp in  component's magnitude w i l l  be 

This 

T = m B  - m B  . = X Y  Y X  
(3.45) 

Because of t h e  random nature  of  t h e  d e s i r e d  con t ro l  torques and the  

change i n  d i r e c t i o n  of t h e  magnetic f i e l d  component i n  t h e  s a t e l l i t e ' s  

la teral  plane,  t h e  o r b i t a l  average of (3.45) should be zero.  
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2 Notice t h a t  Eqs. (3.44) r e q u i r e  t h e  d i v i s i o n  of terms by B and 

. The magnetic f i e l d  of t h e  e a r t h  is  roughly an ear th-centered d ipo le  
BZ 
(See Appendix A) and for conceptual  purposes can be approximated as a 

simple d i p o l e  wi th  axis a n t i p a r a l l e l  t o  t h e  e a r t h ' s  s p i n  a x i s  i n  t h e  

time-average sense. (See Figure 3.9.) I n  t h i s  s t u d y ,  t h e  o r b i t  i nc l ina -  

t i o n s  considered are between 20° and 70' and t h e  s a t e l l i t e  s p i n  axis po in t s  

toward t h e  nor thern  s i d e  of t he  o r b i t  plane.  A s  a consequence, t he  s a t e l -  

of t h e  magnetic f i e l d  w i l l  a l w a y s  be posi- l i t e ' s  sp in-axis  component 

t i v e .  Thus, t h e r e  i s  no problem of s i g n  reversal  and t h e  d i v i s o r  going 

t o  ze ro  i n  (3.44). 

BZ 

FIG. 3.9. ORBIT PASSAGE THROUGH THE EARTH MAGNETIC DIPOLE 
FIELD. 

On t h e  o t h e r  hand, t h e  actual d i v i s i o n  process  requi red  by Eqs. 

(3.44) i s  not i n  i t s e l f  d e s i r a b l e .  Figure 3.10 i n d i c a t e s  t h e  v a r i a t i o n  

of t h e  r e fe rence  axis (R) components of B" over t h r e e  o r b i t s  of t y p i c a l  
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FOR 3 REVS/DAY AND 1 5  REVS/DAY ORBITS 
INCLINED AT 45' WITH 300 km ALTITUDE OF 
PERIGEE. 

resonant satel l i tes .  The magntidue of BZ f l u c t u a t e s  over two o r d e r s  

of magnitude for t h e  3 revs/day o r b i t .  

One method previous ly  employed (See Refs. 13 and 14) to  s impl i fy  

Eqs. (3.44) (which gene ra t e  t h e  magnetic moment) f o r  satell i tes i n  c i r -  

cular  o r b i t s  has  been t o  use  j u s t  a s i n g l e  spin-axis  c o i l .  Over t h e  c i r -  

cular o r b i t ,  131 varies by about ,  a t  most, a f a c t o r  of two; so (1/B2) 

was replaced by a cons tan t  KoB, which r e s u l t e d  i n  adequate con t ro l  to rque .  
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The magnetic s i g n a l  f o r  t h i s  s i n g l e - c o i l  c o n t r o l l e r  is  

m = K  (B T - 
z OB x Dy B T )  

Y Dx 
(3.45) 

from the  f i r s t  of Eqs. (3.44). Equation (3.45) a l s o  r e s u l t s  from c ross ing  

B 

the  most common mechanization of magnetic a t t i t u d e  con t ro l  of spinning 

spacec ra f t  s tud ied  and appl ied t o  d a t e .  

-+ 
i n t o  TD which is a permutation of (3.41 1. This  equat ion r ep resen t s  

Use i s  made of Eq. (3.45) l a t e r ,  as a p a r t  of t h e  o v e r a l l  a t t i t u d e  

c o n t r o l  mechanization. The e f f e c t  of us ing  t h e  cons tan t  K over a 

h igh ly  e c c e n t r i c  o r b i t  is a l s o  explored.  
OB 

The advantage of us ing  (3.45) f o r  t h e  con t ro l  l a w  mechanization is 

t h a t  no unwanted s p i n  component t o  t h e  torque  e x i s t s ,  and sp in  modulation 

of t h e  appl ied  vo l t ages  i s  not r equ i r ed .  The ch ief  disadvantages a r e  

t h a t  such a c o n t r o l  mechanization o f f e r s  no means of c o n t r o l l i n g  s p i n  

speed and t h a t  t h e  a c t u a l  r e s u l t a n t  to rque  i s  not i n  the  d i r e c t i o n  of 

spec i f i ed  by (3.40). Because t h e  goa l  of t h i s  research  i s  t o  f ind 

a system which provides  both p r e c i s i o n  c o n t r o l  and spin-speed c o r r e c t i o n ,  

use of a s i n g l e  sp in-axis  c o i l  a lone  is  not  s a t i s f a c t o r y .  

"'D 

The ?3 c o i l  used t h e  l a t e r a l  component (normal t o  t h e  s p i n  a x i s )  of 

magnetic f i e l d  t o  produce torque .  This  component is seldom al igned i n  

t h e  proper d i r e c t i o n  t o  produce a torque p a r a l l e l  t o  t h e  d e s i r e d  

For p r e c i s i o n  c o n t r o l ,  t h e  a l t e r n a t i v e  is  t o  use two orthogonal c o i l s  

(X and Y c o i l s )  with d i p o l e  axes i n  t h e  lateral  plane.  This  allows 

producing two magnetic moments.which react with t h e  sp in  component of 

t h e  magnetic f i e l d  (B ) such t h a t  t h e  poin t ing  torque  is p a r a l l e l  t o  

FD. 
t h i s  chapter .  The i d e a l  magnetic moments along the  x and yL ax is 

for such c o n t r o l  are found by s e t t i n g  m t o  zero  i n  Eqs. (3.44). 

-3 

TD* 

z 
This  is  t h e  primary mode of  sp in-axis  o r i e n t a t i o n  considered i n  

A A 

L 

Z 

The i d e a l  c o n t r o l  required t o  produce 5$ s t i l l  n e c e s s i t a t e s  d iv id-  D 
ing  by . For mechanization s i m p l i c i t y ,  i t  is  assumed t h a t  t h i s  d i v i -  

s i o n  process  can be el iminated by r ep lac ing  (1/B ) by the  constant  KBz 

which i s  t h e  o r b i t a l  average va lue .  (An approximation t o  t h i s  average 

value can be obtained from Figure A.2 i n  Appendix A ) .  The r e s u l t i n g  

torque  components found from Eqs. (3.44) and (3.41) a r e  

BZ 

z 
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= K  B T Tx Bz z Dx ’ (3.46a) 

B T  Ty = KBz z Dy ’ (3.46b) 

= - K  ( B T  + B T  ) .  
TZ Bz y Dy x Dx ( 3 . 4 6 ~ )  

shou I d  aver age 
TZ 

Again, under such a scheme, the  spin- torque component 

t o  ze ro  over  s e v e r a l  o r b i t s  i f  no d i s tu rbance  torques  a r e  present .  

raises two KBz Replacing the f a c t o r  (1/B by t h e  cons tan t  
Z 

ques t ions .  F i r s t  of a l l ,  t h e  a c t u a l  po in t ing  con t ro l  torque components 

under such a scheme are d i r e c t l y  propor t iona l  but  seldom equal t o  t h e  

d e s i r e d  components because they  have t h e  time-varying f a c t o r  BZ i n  

them. A s  is seen,  t h i s  appl ied torque  is no longer  always opt imal  ( i n  

t h e  minimum-power sense ) .  Thus, t h e r e  i s  no longer  a reason t o  conclude 

that  t h e  c o n t r o l  sys t em i s  always s t a b l e .  

The second ques t ion  i s  whether c o n t r o l  to rque  of such time-varying 

magnitude can d r i v e  t h e  a t t i t u d e  e r r o r  t o  zero  and maintain i t  there i n  

the  presence of d i s tu rbances .  These two ques t ions  a r e  inves t iga t ed  a f t e r  

t h e  o v e r a l l  magnetic mechanization of  t he  c o n t r o l  system is  completely 

def ined  . 
The magnetic moments requi red  f o r  implementing (3.46) a r e  

KBz TDy ’ m = -  
x 

m =  y KBz TDx ’ 

m = 0 ,  (3.47) 
Z 

and T are s p e c i f i e d  along t h e  nonspinning r e fe rence  axes. 
TDX DY 

where 

Because of v e h i c l e  s p i n , t h e  a c t u a l  vo l t ages  appl ied t o  t h e  orthogonal 

X and Y c o i l s  must be propor t iona l  t o  

m ’  = m cos  jrt + m s i n  $t , 
X X Y 

m ’  = -m s i n  +t + m cos $t 
Y X Y 

(3.48) 

Y 
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where m and m are a s  given i n  (3.47). Equations (3.47) t o  (3.48) 

r ep resen t  Mode 1 (primary) c o n t r o l .  
X Y 

N o  measurements of t h e  magnetic f i e l d  a r e  necessary t o  a c t u a t e  the  

c o n t r o l l e r  as is  seen from equat ions  (3.47) because only those  o r b i t s  

a r e  considered which always have a p o s i t i v e  va lue  of However, i t  

is necessary  t o  have a Z - a x i s  s e n s i t i v e  magnetometer for such a system 

i n  o rde r  t h a t  c o r r e c t  con t ro l  e s t ima tes  be p u t  i n t o  t h e  Kalman f i l t e r .  

B Z .  

The primary mode of magnetic sp in-axis  o r i e n t a t i o n  defined by Eqs .  

(3.47) seems t o  provide b e t t e r  po in t ing  accuracy than many o the r  a l l -  

magnetic c o n t r o l  systems s tudied  previous ly .  T h i s  po in t  is discussed 

la ter  i n  the  s e c t i o n  on system performance. I n  a d d i t i o n ,  t h e  X-Y c o i l  

s y s t e m  provides  a means f o r  s p i n  c o n t r o l  which is now developed. 

Spin Control  

I f  t he  s p i n  speed d e v i a t e s  away from t h e  nominal va lue ,  t h i s  w i l l  

be de t ec t ed  by v a r i a t i o n s  i n  t h e  pe r iod ic  s i g n a l  coming from the  horizon 

sensors .  The des i r ed  c o n t r o l  to rque  t o  c o r r e c t  such a dev ia t ion  A@ 
might be e i t h e r  

or 

(3.49a) 

(3.49b) 

when [A;] exceeds some deadband value.  There a r e  two ways i n  which 

a similar s p i n  c o n t r o l  can be ac tua ted .  

The f i r s t  type  of s p i n  c o n t r o l  occurs  due t o  t h e  poin t ing  con t ro l  

E q s .  (3.46). One can s e e  from ( 3 . 4 6 ~ )  t h a t  a s p i n  torque w i l l  u sua l ly  

e x i s t  from a p p l i c a t i o n  of t h i s  primary poin t ing  con t ro l .  Thus, one can 

inco rpora t e  l o g i c  i n t o  t h e  c o n t r o l  system such t h a t  po in t ing  c o n t r o l  

by Eqs. (3.46) i s  actuated only  when the r e s u l t i n g  s p i n  torque  is  i n  

t h e  d e s i r e d  d i r e c t i o n .  T h i s  is done here  when t h e  spin-speed dev ia t ion  

IC$l 

primary means of s p i n  c o n t r o l  and is labe led  Mode 2.  

exceeds some th re sho ld ;  t h i s  mechanization is considered a s  t h e  
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The o t h e r  way t h a t  s p i n  con t ro l  can be enacted is by applying 

vo l t age  to t h e  X and Y coils i n  such a way t h a t  t h e  r e s u l t i n g  mag- 

n e t i c  moment i s  normal t o  t h e  component of t h e  magnetic f i e l d  i n  t h e  X-Y 

plane.  That is  

m = KZ B sgn A@ , 
X Y 

m = -KZ Bx sgn A@ . 
Y 

(3.50a) 

(3.50b) 

Applying (3.50a-b) w i l l  r e s u l t  i n  a po in t ing  d is turbance .  I t  i s  

t h e r e f o r e  d e s i r a b l e  t o  use  t h e  second method of s p i n  con t ro l  only i n  

t h e  event t h a t  spin-speed d e v i a t i o n  approaches t h e  point  where s e r i o u s  

degrada t ion  t o  po in t ing  con t ro l  w i l l  occur. Use of t h i s  s p i n  con t ro l  

is  implemented by l o g i c  known as Mode 3. 

P a r t i a l  po in t ing  c o n t r o l  can be maintained dur ing  spin-speed con t ro l  

by use  of a sp in-axis  c o i l  and t h e  c o n t r o l  l a w  (3.45). A philosophy is 

taken i n  which t h e  X and Y c o i l s  a r e  used f o r  p o s i t i o n  con t ro l  dur ing  

normal ope ra t ions ,  (i.e. po r t ions  of t h e  o r b i t s  where t h e  s p i n  speed is 

adequately c lose  t o  t h e  nominal va lue . )  During those  per iods  when the  

X and Y c o i l s  cannot be used f o r  po in t ing  c o n t r o l ,  t he  Z c o i l  is  used 

f o r  p a r t i a l  c o n t r o l .  

During ope ra t ion  of  t h e  Z c o i l  f o r  po in t ing  con t ro l  and dur ing  an 

X-P s p i n  c o n t r o l  phase, t he  s y s t e m  must measure both the  yaw and r o l l  

component s (Bx and B ) of t h e  magnetic f i e l d .  Measurements can be 

taken by a magnetometer with a s i n g l e  s e n s i t i v e  axis l y i n g  i n  t h e  plane 

of t h e  Z co i l  (perpendicular  t o  both c o i l  and s p i n  axes) .  The magneto- 

meter output  needs t o  be sampled and he ld  twice  per  s p i n  r evo lu t ion  f o r  

ob ta in ing  both Bx and B . During s p i n  c o n t r o l  us ing  (3.50a-b) or 

(3.46c) ,  t he  magnetic moment which i s  al igned w i t h  t h e  s e n s i t i v e  mag- 

netometer a x i s  needs t o  be zeroed dur ing  sampling per iods t o  prevent 

i n t e r f e r e n c e  from t h e  generated magnetic moment. 

Y 

Y 

Because a p p l i c a t i o n  of s p i n  con t ro l  by (3.50a-b) r e s u l t s  i n  poin t ing  

d e v i a t i o n ,  it is necessary t o  i n v e s t i g a t e  how t h i s  dev ia t ion  can be mini- 

mized. For con t ro l  e f f i c i e n c y ,  it is d e s i r a b l e  t h a t  t h i s  con t ro l  a c t i o n  
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be centered around t h e  pe r igee  p o s i t i o n  of t h e  o r b i t  where the  average 

l a t e r a l  magnet ic-f ie ld  component w i l l  be l a r g e s t .  

The magnet ic-f ie ld  vec to r  2 can be thought of a s  roughly desc r ib ing  
h 

a cone around t h e  x a x i s  of t h e  l o c a l  frame once per o r b i t .  Thus ,  i f  

t h e  magnetic moment 

component of B f o r  s p i n  c o n t r o l ,  t h e  r e s u l t i n g  l a t e r a l  to rques  due t o  

t h e  presence of BZ w i l l  be of t h e  form 

L 
-3 m is  constrained t o  be gooout of phase w i t h  l a t e r a l  

3 

T = T cos (n t  + a , 
X P 

T = T s i n ( n t  + CY. 1, 
Y P 

Here , 

T =  r-. m + m  B . 

For no f u r t h e r  control-induced d i s tu rbance  

the  phase angle  CY. equal  t o  ze ro  and T 
P 

(3.51) 

to rques  or damping, and f o r  

a cons t an t ,  t he  r e s u l t i n g  

va lues  of roll and yaw e r r o r  are found by so lv ing  Eqs. (3.2) w i t h  (3.51) 

s u b s t i t u t e d  f o r  T and T . This  r e s u l t s  i n  t h e  yaw and roll angles  
X Y 

m 
1 v =  2 2 [cos n t  - cos D t l  , 

D - n  

I .  DT js innnt  - s i n  DT 
2 D e =  

D - n  
(3.52) 

Here, the  f l u c t u a t i o n  of 0 is  s u b s t a n t i a l  because of t h e  small  d i v i s o r  

n. Therefore ,  t o  minimize t h e  genera l  po in t ing  dev ia t ions  ( i n  the  average 

s e n s e ) ,  t h e  appl ied  s p i n  c o n t r o l  torque should be appl ied over a 180' 

segment of t h e  o r b i t  centered about t h e  per igee  po in t ,  The point  i n  t h e  

o r b i t  where t h i s  c o n t r o l  is enacted can be based upon t h e  value of o r b i t a l  

r a t e  obtained from t h e  horizon senso r s .  
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Combined Control  wi th  System Logic 

I t  i s  now necessary  t o  formulate  a means of combining the  previously 

developed po in t ing  and s p i n  c o n t r o l  l a w s  i n t o  a sin.gle c o n t r o l l e r  t h a t  

can be mechanized wi th  appropr i a t e  l o g i c .  T h i s  can be done by de f in ing  

two cons tan t  s 

assoc ia ted  w i t h  t h e  s p i n  speed $. L e t  Cdl be  t h e  va lue  of s p i n  speed 

d e v i a t i o n  

and Cd2 which r ep resen t  boundaries of deadbands 
'd 1 

IA$l beyond one should provide some s o r t  of s p i n  con t ro l .  L e t  

Cd2 be t h e  va lue  of In$/, beyond which it is mandatory t h a t  s p i n  c o n t r o l  

a c t i o n  be taken.  Le t  C be t h e  va lue  of o r b i t a l  r a t e  b which ind i -  

c a t e s  t h e  spacec ra f t  is  w i t h i n  90' of t h e  per igee  po in t .  Then,sui table  
P 

l o g i c  governing t h e  v o l t a g e s  appl ied t o  t h r e e  or thogonal  c o i l s  would be: 

Mode 1 (-Cdl _< A$ - < Cdl): 

m = O .  
Z 

a. I f  sgn(TZ) z sgn (B T - B T ) = -sgn(&),  x Dy y Dx 

use  Mode 1. 

b. I f  sgn(TZ) = sgn(&), 

m = 0 ,  

m = 0 ,  

m = K  ( B T  - B T  ) .  

X 

Y 

Z OB X ~y y DX 

(3.47) 

(3.45) 
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a. I f  < C use  Mode 2 .  
P' 

m X = KZ By sgn(A$) 

m = -KZ Bx sgn(A$) 
Y 

(3.50) 

m = K  ( B T  - B T  1 .  (3.45) z OB x Dy y Dx 

Once Mode 3b is  entered, t h e  c o n t r o l  is constrained t o  remain i n  

t h i s  mode u n t i l  t h e  point  where b = C is  again reached. The constant  

KZ 
wi th in  t h e  Mode 2 range. Large angle  e r r o r  bui ldup i s  prevented by  s i m -  

u l taneous  use  of t h e  Z c o i l .  

P 
is chosen so t h a t  a p p l i c a t i o n  of Mode 3b d r i v e s  t h e  s p i n  speed wel l  

I f  t he  ga ins  a r e  s e t  p roper ly  and ca re  i s  exercised dur ing  des ign  

and cons t ruc t ion  of t h e  s a t e l l i t e s ,  Mode 3 w i l l  not  be requi red  dur ing  

normal ope ra t ion .  However, it should be mechanized f o r  u s e  during i n i t i a l  

spin-up or f o r  t h e  case where s p i n  speed changes but  no poin t ing  e r r o r  

accumulates.  

Measurement of t he  t h r e e  magnetic f i e l d  components dur ing  Mode 3 

can  be made w i t h  a three-axes f l u x g a t e  magnetometer descr ibed i n  Ref. 47. 

The magnetometer's s e n s i t i v e  axes must be mounted so t h a t  no i n t e r f e r e n c e  

is c rea t ed  from t h e  magnetic f i e l d  produced by t h e  con t ro l  c o i l .  When 

t h e  magnetic components m and m a r e  both being genera ted ,  t h i s  in- 

t e r f e r e n c e  can b e s t  be prevented by a t ime-sharing procedure. Here, t h e  

c o i l  c u r r e n t s  a r e  c u t  o f f  momentarily once or twice each cyc le  of space 

c r a f t  s p i n .  A t  t h i s  t i m e  t h e  magnetic f i e l d  measurements a r e  sampled and 

held du r ing  the con t ro l l ed  po r t ion  of t h e  cyc le .  Care i n  v e h i c l e  design 

must be taken t o  i n s u r e  tha t  e r r o r s  due t o  ferromagnet ic  m a t e r i a l s  on t h e  

v e h i c l e  a r e  acceptab ly  s m a l l .  

X Y 
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A New Method of Magnetic Control A m l i c a t i o n  - t he  Skewed Coi l  

I t  is  poss ib l e  t o  s impl i fy  t o  a g r e a t  ex ten t  t h e  mechanization of 

t he  c o n t r o l  system suggested i n  t h e  previous s e c t i o n .  This  can be done 

by r ep lac ing  t h e  t h r e e  Co i l s  wi th  a s i n g l e  c o i l  skewed a t  45O 

t o  t h e  s p i n  axis a s  shown i n  Figure 3.11a. A f u r t h e r  s i m p l i f i c a t i o n  is 

(for example) 

A 
'B 

!-NOMINAL SPIN AXIS 

I / 4 5 O  

MAGNETOMETER 
SENSITIVE 

AXIS 

FIG. 3.11a. GEOMETRY OF SKEWED COIL I N  A SPINNING 
SPACECRAFT. The magnetometer s e n s i t i v e  
ax is  l ies  i n  t h e  plane of t h e  c o i l .  

AVERAGE 
M AGN ET I C 
MOMENT 

FIG. 3.11b. PATH OF MAGNETIC MOMENT VECTOR 2 
FOR ROTATING SKEWED COIL WITH CURRENT 
DIRECTION SWITCHED EVERY 180°. 
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t o  u se  only one magnetometer w i t h  i t s  s e n s i t i v e  a x i s  i n  t h e  plane of t h e  

c o i l  a s  i nd ica t ed .  For such a sys t em,  i f  t h e  c o i l  cu r ren t  magnitude and 

d i r e c t i o n  a r e  constant, an average magnetic d i p o l e  moment i s  generated 

along t h e  s p i n  a x i s .  I f  a cons tan t  cu r ren t  has  i t s  d i r e c t i o n  reversed 

every 180° ,  t h e  average magnetic moment i s  i n  t h e  X-Y plane poin t ing  i n  

the  d i r e c t i o n  90' from the  switch points, a s  is de l inea ted  i n  Figure 3.11b. 

Thus, one has  t h e  a b i l i t y  t o  genera te  a l l  t h r e e  components of t h e  d e s i r e d  

magnetic d i p o l e  m averaged over a s p i n  cyc le  of t he  s a t e l l i t e .  
+ 

For minimum power i n  t h e  skewed c o i l  dur ing  Mode 1 c o n t r o l ,  i t  is  

necessary t o  apply a vo l t age  s i g n a l  which i s  not  a f u l l  square wave,but 

a pu lse  t r a i n .  The t o t a l  cu r ren t  i n  t h e  c o i l  for genera t ing  t h e  d ipo le s  

m and m is t h e  sum of two pulse  t r a ins  shown i n  Figure 3.12. The 

va lue  o f c u r r e n t  i i n  t h e  c o i l  t o  produce a magnetic moment m along 

the  yaw a x i s  is 

X Y 

X X 

X-SIGNAL 

I I I 

Y - SIGNAL 
CI 

v) n - I 
." 5 i y -  TIME 

w a a 

iuE 
FIG. 3.12. TOTAL SKEWED-COIL CURRENT TO ACHIEVE AN 

AVERAGE mx AND AN AVERAGE m DURING SPIN. 
Y 
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for t he  c o i l  skewed a t  45'. Here t h e  angle  c0$ corresponds t o  t h e  

product of one-half the  off period of t h e  pulse  t r a i n  and t h e  s p i n  r a t e .  

O the r  skew-angles can,  of course ,  be used depending upon the  amount of 

use  which i s  made of t h e  Z-component c a p a b i l i t y .  To minimize i re- 

q u i r e s  t h a t  

2 
X 

which has a s o l u t i o n  of It can be shown t h a t  minimization 

of the  t o t a l  power of  t h e  appl ied vo l t age  ind ica ted  i n  Fig.  3.12 again 

E,$ E 23' e 

2 2  
X Y X Y 

r e q u i r e s  minimization of i + i , where i and i a r e  t h e  two 

c u r r e n t s  passed through the  same c o i l .  Thus, t h e  previous a n a l y s i s  of 

t he  minimum-power opt imal  c o n t r o l l e r  for t he  orthogonal c o i l s  is a l s o  

v a l i d  for t h e  skewed c o i l .  

It i s  i l l u s t r a t i v e  t o  compare t h e  power requirements of three 

orthogonal  c o i l s  andone skewed c o i l .  Assume that  t h e  t o t a l  weights of 

t h e  c o i l  systems are t h e  same, t h a t  t h e  a r e a s  (Ac) of each are equal ,  

and t h a t  each c o i l  of t h e  th ree -co i l  system has one-third t h e  number of 

t u r n s  N and e l e c t r i c a l  r e s i s t a n c e  (rc) as that  of t h e  skewed c o i l .  

Then the  power P required by t h e  two la teral  c o i l s  t o  genera te  a con- 

s t a n t  l a t e r a l  moment m i s  
W 

2 2 
Pw = 6 m r C / (NAc)  Watts. 

The power requi red  by t h e  skewed c o i l  averaged over a s p i n  period i s  

For of 23', t h i s  last  express ion  is  about 

2 2 
Pw 6.9 m rc / (NAc)  Watts. 

Hence, t h e  skewed c o i l  r e q u i r e s  about 15 percent  more power when i n  

Mode 1 opera t ion .  
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A On t h e  o t h e r  hand, i f  t h e  moment is des i red  along t h e  z a x i s ,  
B 

t h e  skewed c o i l ' s  power is 

= 2m 2 r /(NAc) 2 Watts. 
pW C 

The power consumed by t h e  smal le r  Z c o i l  i s  

= 3 m  2 r / ( N A c )  2 Watts, 
pW C 

or 50 percent  g r e a t e r  f o r  Mode 2.b ope ra t ion .  

A disadvantage of t h e  skewed-coil arrangement is t h a t  it tends  t o  

genera te  t h e  requi red  magnetic components i n  t h e  X and Y d i r e c t i o n s  

averaged over one sp in  cyc le .  I t  has poor a b i l i t y  t o  genera te  c o n t r o l  

to rques  which f l u c t u a t e  f a s t e r  t han  s p i n  rate such a s  t h e  wobble-damping 

t e r m s .  Therefore ,  t h e  skewed-coil probably r e q u i r e s  a mechanical nuta- 

t ion  damper. (Typica l ly ,  magnetic c o n t r o l l e r s  a r e  so supplemented any- 

way. )  However, t he  packaging advantages of a s i n g l e  c o i l  and s ing le -ax i s  

magnetometer s e e m  t o  make t h i s  a system worthy of cons idera t ion .  

CONTROL SYSTEM STABILITY 

I n  the  previous two s e c t i o n s ,  a con t ro l  system has been described 

which removes the spinning s a t e l l i t e ' s  e r r o r  s t a t e ,  w i t h  t h e  r e s u l t i n g  

appl ied torque  being opt imal  (minimum power usage) i n  a t i m e  average 

sense.  I t  remains t o  determine,what  condi t ions  guarantee t h a t  t h i s  con- 

t r o l  sys t em w i l l  be asymptot ica l ly  s t a b l e  f o r  a l l  time over t h e  e n t i r e  

magnetic f i e l d  environment of t h e  o r b i t .  

I t  is known from t h e  theory  of  opt imal  c o n t r o l  t h a t  i f  t he  ga ins  

a r e  chosen so tha t  t h e  appl ied torque  i s  always opt imal ,  t h e  r e s u l t i n g  

system i s  asymptot ica l ly  s t a b l e .  However, f o r  t h e  s i m p l i f i e d  magnetic 

implementation considered here, t h e  appl ied torques  vary d i r e c t l y  w i t h  

t h e  magnitude of the magnetic f i e l d .  T h i s  magnitude v a r i e s  by  more than 

two o r d e r s  of magnitude f o r  t h e  h igh ly  e c c e n t r i c  o r b i t s  considered i n  

t h i s  thesis.  (Refer again t o  Figure 3.10.)  Thus, one cannot conclude 

s t a b i l i t y  over the e n t i r e  o r b i t .  
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Three  control torque  conf igu ra t ions  r e q u i r e  cons idera t ion  here. 

One might c l a s s i f y  these a s  sa te l l i tes  w i t h  pure a c t i v e  damping ( i a e . ,  

no mechanical damper), pure  pass ive  damping, or a combination of damping 

methods. The pure pas s ive  damping case  inc ludes  t h e  skewed-coil con- 

t r o l l e r  where t h e  appl ied magnetic to rque  i s  f o r  angular  pos i t i on  con t ro l  

only e 

There are a l s o  two methods of applying poin t ing  con t ro l  which 

have been developed i n  t h e  previous s e c t i o n .  These methods inc lude  

us ing  the X and Y magnetic moments as i n  Mode 1 c o n t r o l ,  and us ing  t h e  

Z magnetic moment as i n  Modes 2b and 3b. I f  s t a b i l i t y  can be e s t ab l i shed  

f o r  each of  t hese  c o n t r o l  modes i n d i v i d u a l l y ,  then  s t a b i l i t y  of t h e  en- 

t i r e  system can be concluded. 

The fol lowing s e c t i o n  provides  the  a n a l y t i c a l  means for ob ta in ing  

a t  least the necessary cond i t ions  required f o r  s y s t e m  s t a b i l i t y .  The 

s t a b i l i t y  a n a l y s i s  methods of Lyapunov and Kryloff-Bogoliuboff a r e  em- 

ployed f o r  t h i s  task. The two c o n t r o l  modes are inves t iga t ed  ind iv idua l ly .  

X-Y Coi l  Control  

The l i m i t s  on t h e  al lowable ga in  v a r i a t i o n s  i n  t he  mechanization 

of the  X-Y c o n t r o l  mode can be e s t ab l i shed  by t h e  u s e  of t h e  Lyapunov 

"second method". Before t h i s  theory  is app l i ed ,  however, some of i ts  

theorems a r e  presented which are of d i r e c t  use.  

Lyapunov S t a b i l i t y  

A scalar energy-l ike func t ion  V R ( z , t )  i s  a Lyapunov func t ion  

i f  i t  s a t i s f i e s  t h e  fol lowing cond i t ions  i n  an open r eg ion  R about 

t he  o r i g i n :  
r 

+ 
for a l l  t > 0;  1) Va(x , t )  is  def ined i n  'r - 

2 )  V R ( O , t )  = 0,  f o r  t 2 0; 

3) V @,t) dominates a cer ta in  p o s i t i v e  d e f i n i t e  W l ( x i ) ;  t ha t  

For * =  F(? , t ) ,  ( x , t )  = &/at + 4) .ir (2,t) < - o i n  fire 

a -3 
is ,  W1(@ <, Va(x , t )  f o r  a l l  2 i n  R and a l l  t - > 0 ;  

r +  
R a 

g r a d  V.F. 
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The fol lowing theorems ( R e f .  48) are assoc ia ted  w i t h  t h e  Lyapunov func- 

t ion .  

Theorem 3 . 1 .  I f  there e x i s t s  i n  some neighborhood .Q of t h e  o r i g i n  
r 

a Lyapunov func t ion  V ( ? , t ) ,  

o r i g i n .  I 
t hen  t h e  system is s t a b l e  a t  t h e  

Theorem 3 . 2 .  I f  $ (2,t) < 0 i n  fir f o r  a l l  t > 0 ,  then t h e  s t a b i l i t y  - a 
is  asymptotic provided t h a t  

p o s i t i v e  d e f i n i t e  func t ion .  If W1 (3 approaches i n f i n i t y  as 

121 
c a l l y  s t a b l e  i n  t h e  l a r g e  (ASIL).l 

Va@, t )  < - W2(a where W2(a is another  

approaches i n f i n i t y ,  then  t h e  system is s a i d  t o  be asymptoti- 

Theorem 3 . 3 .  I f  V (2,t) w i t h  V ( 0 , t )  have continuous first p a r t i a l s  a 
w i t h  r e spec t  t o  each element of x i n  f i r ,  ca(z,t) is p o s i t i v e  

d e f i n i t e ,  and Va(") ' t)  i s  ab le  t o  assume p o s i t i v e  va lues  a rb i -  

t r a r i l y  near t h e  o r i g i n ,  then  t h e  system is uns t ab le  a t  t h e  o r ig in . (  

T h i s  t heo ry  can be appl ied t o  l i n e a r  systems as i s  s t a t e d  i n  t h e  

fo l lowing  theorem ( R e f .  49) .  

+ Theorem 3.4.  The equi l ibr ium s ta te  x = 0 of a continuous-time, f r e e ,  
+ +  

F a r e  l e s s  than  some constant  

l i n e a r ,  s t a t i o n a r y  dynamic system x = Fx is asymptot ica l ly  s t a b l e  

and the eigenvalues  of t h e  matr ix  

pl, if, and on ly  i f ,  g iven any symmetric, p o s i t i v e - d e f i n i t e  matr ix  

Q,, t h e r e  e x i s t s  a symmetric, p o s i t i v e - d e f i n i t e  mat r ix  M which 

i s  t h e  unique s o l u t i o n  of 
r 

+T and pl 5 0. Moreover, x M 2 i s  a Lyapunov func t ion  for t h i s  

dynamic sys t em.  I 
r 

This theorem has  r e c e n t l y  been extended by Moore and Anderson 

(Ref. 50) and used t o  gene ra l i ze  t h e  " c i r c l e  c r i t e r i o n "  f o r  e s t a b l i s h i n g  
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t h e  s t a b i l i t y  of l i n e a r  systems wi th  t ime-varying feedback elements .  An 

adapta t ion  of  t h i s  new method (presented here  f o r  t h e  f i r s t  t i m e )  begins 

by s t a t i n g  t h e  fol lowing theorem. 

Theorem 3.5. Consider t h e  s y s t e m  wi th  s ta te  equat ions 

-+ where 1-1 i s  the input  veceor governed by t h e  t ime-varying ga in  

mat r ix  K ( t )  and i s  expressed as 
g 

The ma t r i ces  (F,G,H) are cons tan t ,  

The ma t r ix  K ( t )  = diag .  { k l ( t ) ,  k z ( t ) ,  ..., kp(t)} s a t i s f i e s  

t h e  cond i t ion  K1 ,< Kg(t) Kz f o r  a l l  t > 0 where K1 = d i a g  

1 a r e  

cons tan t  and Kz - K1 > 0 ,  i .e.  p o s i t i v e  d e f i n i t e .  Now, i f  a 

bounded, symmetric, pos’ikive def ini te  mat r ix  Mr can be found 

which s a t i s f i e s  t h e  equat ions 

g 

ZP* {kll, kI2Y * * * Y  kl& and K2 = d i a g  p21t kZZ? ’ . . ?  k 

(3.54a) T T T  T 
r r r  M ( F - I J ~ I - G K ~ H )  + (F  -%I-H K ~ G  ) M ~  = -N N 

M G = H T /2 - NrPr (3..54b) 
r 

(3.54c) T -1 
PrPr = (Kz - K1) 

where pl ,< 0, ‘then t h e  system i s  s t a b l e  i n  t h e  large. If pl<O,  

t he  system is asymptot ica l ly  s t a b l e  i n  t h e  l a r g e .  

Proof. 

Consider t h e  Lyapunov func t ion  
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which is  bounded and p o s i t i v e  d e f i n i t e .  I ts  t i m e  d e r i v a t i v e  i s  

-%T + -+T C = X  M r X + x  M ?  Q r 

+T T T T = X (F -H K ( t ) G  )Mr?+ ZTM (F - GK (t)H)? 
g r g 

From (3.54a),  

T T  +T T = x (-NrNr + 2UlMr + M GKIH i- H KIG M 12 Q r r 

-+T T T -x ( H  K ( t )G Mr + MrGK ( t )H)? .  
g g 

S u b s t i t u t i n g  (.3.54b), 

Completing t h e  squa re ,  t h i s  becomes 

+T T + 
-X H (K ( t )  - K1)IIx + 2p1?TM ? 

g r 

S u b s t i t u t i n g  ( 3 . 5 4 ~ )  i n t o  t h e  l a s t  t e r m  produces 

This expression is always a t  least nega t ive  semide f in i t e  f o r  

% < 0,  i t  i s  always negat ive d e f i n i t e .  Thus, t h e  func t ion  V(?) of 

( 3 . 5 5 )  s a t i s f i e s  t h e  requirements f o r  a Lyapunov func t ion  and t h e  s o l u t i o n  

'"1 5 0. For 
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s a t i s f y i n g  Eqs .  (3.54) in su res  t h a t  t h e  system i s  
, Mr f o r  a s u i t a b l e  

s t a b l e  .I 

Corol la ry  3.6. Let i t  be given t h a t  a system i s  descibed by Eq. (3.54) 

wi th  

Then t h e  system is uns t ab le  by Theorem 3.3.1 
Mr 

and t h a t  Eq.(3.54) can be solved f o r  a p o s i t i v e  d e f i n i t e  

t h e  cons tan t  pl >' 0.  

This  powerful theorem provides  a means by which t h e ' s t a b i l i t y  of a 

l inear  cons tan t  system wi th  t i m e  varying ga ins  may be inves t iga t ed .  The 

establ ishment  of system s t a b i l i t y  r e q u i r e s  t h e  s o l u t i o n  of Eqs. (3.54) f o r  

a bounded symmetric p o s i t i v e  d e f i n i t e  

bined t o  y i e l d  
Mr. Equations (3.54) can be com- 

T T T M (F-I-O.SG(K 2 1  +K )H) + (F-plI-0.5H (K2+K1)G )Mr r 

T T + MrG(K2-K1)G M r + 0.25H (K 2 1  -K )H = 0 , 

(3.56) 

which is a matrix quadra t i c  equat ion.  

The use  of Theorem 3.5 and t h e  s o l u t i o n  t o  E q .  (3.56) can be applied 

r igo rous ly  t o  determine s t a b i l i t y  of  a system i n  which t h e  ma t r i ces  

G,H) are cons tan t .  However, i f  elements of t h e  system matr ix  F are 

t i m e  vary ing ,  t h e  system can s t i l l  be c o r r e c t l y  analyzed us ing  the  above 

theory  under c e r t a i n  circumstances.  These condi t ions  a r e  t h a t  t h e  t i m e -  

varying elements may be removed' from t h e  F matr ix  and be included i n  t h e  

GK ( t )H  mat r ix ;  i . e . ,  t hese  dynamic elements can be t r e a t e d  as time-vary- 

i ng  c o n t r o l  ga ins  adhering t o  t h e  form given i n  Theorem 3.5. This  is 

t r u e  i n  p a r t i c u l a r  for time-varying elements i n  a system possessing com- 

plex symmetry. For t h e  axisymmetric s a t e l l i t e  i n  e l l i p t i c  o r b i t  s tudied 

he re ,  t h i s  technique may be used t o  handle t h e  time-varying o r b i t a l  r a t e  

6 

(F, 

g 

appearing i n  t h e  F matrix. 

Range of  Time-Variable G a i n  f o r  Mode 1 S t a b i l i t y  

Consider t h e  skewed-coil c o n t r o l l e r  with pass ive  damping. Here, 

t he  damping terms of Eq. (3.40) a r e  lumped i n  wi th  the  nu ta t ion  damper 
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so t h a t  t h e  des i r ed  magnetic t o rques  are 

From (3.46) t h e  a c t u a l  p o s i t i o n  c o n t r o l  gains  are 

(3.57) 

(3.58a) 

(3.58b) 

where k l ( t )  = s z B z ( t ) .  L e t  t h e  o r b i t a l  ra te  be defined as 

6 = nl + k 2 ( t )  n2 . (3.59) 

If nl i s  t h e  apogee value of  6 and (nl + n2) i s  t h e  perigee value,  

then k ( t )  v a r i e s  between 0 and 1 i n  value.  Thus, t h e  mat r ix ,  

(F-GK ( t )H) may be w r i t t e n  from Eq. (3.2) as (with G = I )  
2 

g 

F-GK ( t ) H  = 
g 

-D 

-d 

0 
P 

1 

0 

9 
0 

-n 1 

Therefore ,  
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- 
-d -D 

P 

D -d 
P 

1 0  

0 1  -n -k (tin, 1 2  

The t i m e  varying ga ins  k l ( t )  and k (t) are bounded by 2 

0 5 k 2 ( t )  - < 1 . 

. (3.61) 

(3.62a) 

(3.6213) 

km The problem then is t o  determine t h e  m a x i m u m  va lue  of t h e  constant  

i n  Eq.(3.62a) f o r  which a p o s i t i v e  d e f i n i t e  ex i s t s  which s a t i s f i e s  

(3 .56) .  I f  such an Mr can be found, then t h e  s y s t e m  (3.61) is s t a b l e  

for a l l  t i m e  and f o r  any time h i s t o r i e s  of k l ( t )  and k 2 ( t )  a s  bounded 

by (3.62). 

Mr 

The s o l u t i o n  of (3.56) for Mr can be found by us ing  t h e  method 

of P o t t e r  (Ref. 1 1 ) .  Consider t h e  matrix quadra t i c  equat ion 

* 
M C M  + B M  + M B  + A r = O ,  r r r  r r  r r  

is  a square matr ix .  Br and Cr are symmetric and Ar where 

the  mat r ix  

(3.63) 

Define 

(3.64) 

-1 
Assume Tr i s  a matrix which produces Tr P3Tr i n  Jordan canonical  

form. Then one can w r i t e  
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I f  T3 i s  nons ingular ,  a s o l u t i o n  t o  (3.63) i s  

-1 
M = T T  (3.66) r 1 3  

-1 
be asso- 

Ja  The cond i t ion  which guarantees  t h a t  T3 e x i s t s  i s  t h a t  

c i a t ed  wi th  t h e  eigenvalues  of P3 with p o s i t i v e  real p a r t s .  

As can be envis ioned,  t h i s  method of s o l u t i o n  as appl ied t o  (3.56) 

i s  somewhat involved. Some e f f o r t  i s  saved by r e a l i z i n g  t h a t  t h e  mat r ices  

of (3.56) come from a s y s t e m  wi th  complex symmetry so  t h a t  (3.56) may be 

reduced t o  a 2 X 2 H e r m i t e  form. 

A s  a p r a c t i c a l  matter, t h e  problem of so lv ing  f o r  an Mr which 

s a t i s f i e s  (3.56) can be g r e a t l y  reduced because it  can be shown t h a t  

t h e  t ime-varying element 6 of  (3.59) has an i n s i g n i f i c a n t  e f f e c t  upon 

t h e  s t a b i l i t y  of t he  sys t em (3.61). This  is  demonstrated by presuming 

i t ,  t e n t a t i v e l y ,  and then  performing numerical checks. I f  & is  set t o  

a cons tan t  n ,  t hen  t h e  matrix product GK2H becomes 

. G K  H = 2 

By s e t t i n g  pl = 0 and 

the  proper ty  of complex 

O K  K 
P l  P2 

P2 P l  
K 0 -K 

1 0  

0 1  

0 0  

(3.67) 

us ing  t h e  matrices def ined by (3.67) i n  (3.561, 

symmetry provides  t h e  s o l u t i o n  of Mr from t h e  

fo l lowing  a l g e b r a i c  express ions :  

2 
2(-m d + m2) + k m = 0 I P  m l  

- 0.5 k K m - d m - (D+n)m + m4 + k m m = 0 , m p l l  p 2  3 m 1 2  

- 0.5 k K m + (D+n)m2 - d m + k m m = 0 , m p2 1 p 3  m 1 3  
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2 2 2 2  - K  m - K  m +0 .25 (K + K  ) + m 2 + m 3 = 0 .  
p l  2 p2 3 Pl  P2 

(3 .68)  

H e r e ,  Mr has t h e  form 

a M =  r 

2 rn O m  1 

0 m -m 1 3  

m -m m 2 3 4  

m O  
3 2  

m 
- 

is  p o s i t i v e  d e f i n i t e  i f  'r 

m > 0 ,  1 

2 2 
3 

m m  > m  + m  
1 4  2 

e. 

3 m 

2 

0 

m 

4 
m - 

(3.69) 

A sys temat ic  way is  thus  e s t ab l i shed  €or determining t h e  l i m i t  of  posi-  

t i o n  g a i n  v a r i a t i o n  t h a t  a s su res  s t a b i l i t y  of  t h e  spinning s a t e l l i t e  due 

t o  t i m e  v a r i a t i o n s  of t h e  magnetic f i e l d .  The cons tan t  km is raised 

i n  magnitude i n  Eqs. (3 .86)  u n t i l  a s o l u t i o n  can no longer  be found which 

s a t i s f i e s  Eqs. (3 .69) .  

a1 lowable km As an example of  t h i s  method, t h e  maximum value. of 

f o r  a sa te l l i t e  wi th  parameters 

-1 D = 1 . 5  s e c  , 
-2 -1 

d = 1.26 X 10 sec , 
P 

-3 -1 n = 1 .09  x 10 s e c  , (a t y p i c a l  per igee  va lue)  

K = 2.85 X 10 -5 sec -2 , 
P l  

-3 -2 
K = 3.5  X 10 sec , 
P2 
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was determined t o  be 5.398. I f  the  o r b i t a l  r a t e  n is set t o  2.18 
-1 

becomes 5.392. km 
s e c  ( a  t y p i c a l  apogee va lue ) ,  t he  l i m i t  on 

These va lues  of k a r e  so c l o s e  that  t h e  slow v a r i a t i o n  of 6 between 

pe r igee  and apogee va lues  can be seen t o  be unconsequent ia l .  The assump- 

t i o n  of cons tan t  6 i s  thus  a v a l i d  one. 

km 

m 

f o r  t h i s  system can be approximated by use of 

P2 

The l i m i t  on 

Routh's c r i t e r i o n .  Refer r ing  t o  Figure 3.7 it can be seen t h a t  K 

i s  more than  an o rde r  of magnitude l a r g e r  than  K f o r  most va lues  of 

t h e  damping t e r m  d . Thus, i f  K is  set t o  ze ro ,  kl( t )Kp2 is s e t  

t o  K ,  and n1 + k2( t )n2  is set t o  n i n  (3.611, t he  condi t ions  fo r  

s t a b i l i t y  are 

P l  

P P l  

4 
2d > o ,  

P 

(D2 + d 2 )d /(D-n) > K , 
P P  

and 
[(D-n)d (D 2 2 2  + d  - n  ) + 2nd3]/[(D-nI2 + d2] > K . 

P P , P  P 

From these, the  bound on K is approximately 

Dd > K = k K  , (3.70) 
P m P2 

which agrees  very  c l o s e l y  with t h e  r e s u l t s  of the  Lyapunov test  i n  t h e  

example. This  i s  q u i t e  remarkable when cons ider ing  t h a t  BZ can vary  

over a l a r g e  range i n  any manner. S t a b i l i t y  can be assured i n  such a 

s y s t e m  by maintaining K small enough w i t h  r e spec t  t o  t h e  v a r i a b l e  

B or by inc reas ing  ' t he  n u t a t i o n  damper c o e f f i c i e n t  d f o r  h ighly  

e c c e n t r i c  o r b i t s .  

P2 

2 P * 

-x I t  is  i n t e r e s t i n g  t o  note  tha t  t h e  f o u r t h  o rde r  system s tudied  he re  
( w i t h  5 = n)  
equat ions  which have been ex tens ive ly  discussed i n  t h e  l i t e r a t u r e  
(see Ref. 52) .  Defining t h e  complex v a r i a b l e s  (21 = + jO$ and 

can be reduced t o  two second order  coupled H i l l ' s  

= 'p+ j e  produces t h e  complex equat ion 

+ j(n-D)] fl + [nD + jnD + K ( t %  - j K  )] rl = 0 a 

P P l  P2 
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This  method can a l s o  be appl ied t o  t h e  s a t e l l i t e  which i s  a c t i v e l y  

dampened. 

In  t h i s  case, t h e  mat r ix  H is 

and no n u t a t i o n  damper t e r m  d is  present .  The r e s u l t i n g  four  alge- 

b r a i c  equat ions  [which are modi f ica t ions  of (3.68)] a r e  
P 

2 2 2(-3K K m + rn,) + K m + 0.25 K4K = 0 ) 

3 v l  4 1  V 

- K K m - K K m - (D+n)m3 +m4 +I( m m +0 .25  K K K = 0 , 3 p l l  3 v 2  4 1 2  4 v p l  

- K K m + (D+n)-K K rn + K  m m + K  m m +0 .25K K K = 0, 
3 p2 1 3 v 3  4 1 3  4 1 3  4 v p2 

2 2  2 2 - 2K (K m + K  m >+K4(m2+rn3) +0.25K (K + K = 0 ,  
3 p1 2 p2 3 4 P l  P2 

w i t h  

and 

K3 = (kl + k2)/2 ) 

K4 = k2 - kl . 

and K extrap-  
Kv ) bl' P2 

Examples u s i n g  t h e s e  equat ions  wi th  ga ins  

o l a t ed  from Figure 3.9 i n d i c a t e  t h a t  t h e  system is  a lways  s t a b l e  f o r  t he  

lower bound kl nonnegative.  Thus, t h e  upper bound can approach an 

-clt 
and c = - + j(n-D)]/2 ) 

1 P 
Then wi th  w = r,e 
t h i s  becomes 

1 

2 

w +  + K(t)(K - j K p 2  
.. 
1 Pl  

Fur the r ,  by l e t t i n g  w 1  = x + j y ,  t h i s  equat ion resu l t s  i n  t h e  two 
coupled H i l l ' s  equa t ions  wi th  K(t)  pe r iod ic .  Modeling t h e  v a r i a t i o n  
of t h e  magnetic f i e l d  as a s inusoid  resu l t s  i n  two coupled Mathieu 
equat ions .  
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i n f i n i t e  magnitude with t h e  s y s t e m  remaining s t a b l e .  This seems rea- 

sonable because t h e  a c t u a l  damping torque inc reases  p ropor t iona l ly  w i t h  

t h e  inc rease  i n  the  p o s i t i o n  torques.  

One can con jec tu re  from t h e  above i n v e s t i g a t i o n  t h a t  a s a t e l l i t e  

which u t i l i z e s  a combination of passive and a c t i v e  damping w i l l  be s table  

over the  same regime of magnetic f i e l d s  as a s a t e l l i t e  which is  t o t a l l y  

a c t i v e l y  dampened. 

Z-Coil Control 

During Mode 2 and 3 c o n t r o l ,  t he  magnetic moment applied t o  t h e  

Z c o i l  (or i n  t h e  average Z d i r e c t i o n )  is  

m = K  ( B T  - B T  1 .  (3.45) 
z OB x Dy Y Dx 

For t he  satel l i te  w i t h  a c t i v e  damping , the  r e s u l t i n g  k i n e t i c  equat ions 

of the  v e h i c l e  rates are 

a = D a  + i n B  Y X Z X ,  

(-K a + K cp - ~ ~ ~ e )  x v y  p2 

(3.71b) 

These a r e  obtained from (3.40) and (3.41) w i t h  K used f o r  (Kp2-nKv). 

As can be r e a d i l y  seen,  Eqs .  (3.71) d o n o t  possess complex symmetry on 

which the  Lyapunov func t ion  gene ra t ing  procedure used i n  t h e  preceding 

s e c t i o n  r e l i e d  for a s t ra ightforward a l g e b r a i c  s o l u t i o n .  

P2 
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Kryloff-Bogoliuboff Method of Averaging 

The main d i f f i c u l t y ,  of course ,  w i t h  us ing  t h e  Lyapunov technique 

is  the problem of f i n d i n g  a s u i t a b l e  func t ion .  For t h e  Z-coil  con t ro l  

l a w ,  t h i s  problem w a s  indeed t h e  s i t u a t i o n ( e x c e p t  f o r  a s p e c i a l  case 

which w i l l  be ind ica ted  s h o r t l y ) .  For t h i s  con t ro l  mode, a d i f f e r e n t  

approach is  used which e s t a b l i s h e s  t he  necessary condi t ions  f o r  system 

s t a b i l i t y .  This  approach, known as the  method of averaging,  w a s  used 

by Wheeler (Ref. 13) t o  p red ic t  t h e  response c h a r a c t e r i s t i c s  of h i s  Z- 

c o i l  c o n t r o l l e r  and c o n t r o l  l a w .  The method i s  formulated as a modifica- 

t i o n  of t h e  procedure e s t ab l i shed  by Kryloff and Bogoliuboff (Ref. 53) 

and c o n s i s t s  e s s e n t i a l l y  of t h e  fol lowing s t e p s :  

1. 

2. 

3 .  

4. 

5 .  

Find t h e  s o l u t i o n  t o  the  uncontrol led equat ions of motion. 

Take the t i m e  d e r i v a t i v e  of these  equat ions .  From t h e s e  

d e r i v a t i v e  equat ions ,  so lve  f o r  t he  t i m e  d e r i v a t i v e s  of t h e  

amplitudes (or parameters) which appear i n  the  uncontrol led 

equat ions .  These d e r i v a t i v e s  w i l l  be func t ions  of t h e  f irst  

t i m e  d e r i v a t i v e  of t h e  system s t a t e s .  

S u b s t i t u t e  t h e  a c t u a l  cont ro l led  s ta te  equat ions ( the  first 

order  d i f f e r e n t i a l  equat ions)  i n t o  t h e  above equat ions.  

Determine t h e  t i m e  average of the  r e s u l t i n g  equat ions by in te -  

g r a t i n g  them over the s h o r t e s t  pe r iod ic  func t ion ' s  t i m e  per iod.  

This is  e s p e c i a l l y  v a l i d  i f  t h e  c o n t r o l  torques are r e l a t i v e l y  

weak and a r e  long-period func t ions  so t h a t  over the  sho r t  period 

inves t iga t ed  they  can be t r e a t e d  as cons t an t s -  For magnetic 

c o n t r o l ,  t h i s  i s  t h e  case.  

By in spec t ion ,  determine i f  t h e  r e s u l t i n g  average t i m e  r a t e  of 

change of t h e  parameters i nves t iga t ed  a r e  decreasing f o r  s tab-  

i l i t y .  

The analogy between t h i s  procedure and t h e  Kryloff-Bogoliuboff averaging 

technique for i n v e s t i g a t i n g  s t a b i l i t y  of an equat ion of t h e  type  

2 
x + w x + Ef(X,k , t ,E)  = 0 

is  ev iden t .  

106 



Necessary Conditions f o r  S t a b i l i t y  

The method is now appl ied t o  the  system wi th  r a t e  E q s .  (3.71a-b). 

Define the  angles  

q1 = n t  + 7 
0 ’  

5 = n t  - tjo , 1 

where 5, and a r e  phase angles  based on i n i t i a l  condi t ions .  Then 

t h e  uncont ro l led  motion of the  sp inning  s a t e l l i t e  descr ibed by E q s .  (3.2) 

(with d = 0)  is descr ibed by 
P 

a = A COS 5 (3.72a) 
x a  1 

a = A  s i n e  , (3.72b) 
Y a  1 

[ s i n  5, + s i n  cll , ( 3 . 7 2 ~ )  Aa 
( P = B  C O S T  + -  a 1 Dcn 

8 = B s i n  7 + - [-COS F, + cos  $I . (3.72d) a 1 D+n 1 

I t  i s  d e s i r e d  t o  determine t h e  t ime response of t h e  amplitude parameters 

A, and Ba f o r  t he  cont ro l led  s i t u a t i o n .  ’Faking t h e  t i m e  d e r i v a t i v e  

of (3.72a-b) and so lv ing  for A, y i e l d s  

1 ’  li = 6 cos 5 + & s i n  5 
a x  Y .  

= ( - ~ a  + Tx) cos 6, + (Dax + T 1 s i n  5,  , 
Y Y 

= mZ(Bx s i n  F, - B cos 5,) . (3.73) 
1 Y  

and T from (3.4011 
TxD YD 

The va lue  of m from (3.45) [with v a l u e s  of 

and va lues  of ax, aY, ~ p ,  and e from (3.72) a r e  a l l  s u b s t i t u t e d  i n t o  
Z 
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(3.73). The r e s u l t i n g  equat ion is  averaged over t he  sho r t  period 2n/D 

holding 17 and 

t i m e  ra te  change 
1 

T h i s  equat ion  i s  

5, as cons tan ts .  This procedure r e s u l t s  i n  t h e  average 

of t h e  amplitude Aa which i s  

- - - KOB (Kv - $) (Bx 2 + B 2 A K 

*-ve - 2  y m v e  

> 0 and Kv > K /(D+n). 
KOB P2 

s t a b l e  f o r  

(3.74) 

Now a t t e n t i o n  is turned t o  determining t h e  t i m e  r a t e  of change of 

t h e  parameter B,. 

change of 

Repeating t h e  procedure above, t h e  time ra te  of 

is Ba 

1 '  * 
= cp cos ql - - ( a  + .i s i n  < + A n cos $1 cos 7, Ba D+n y 1 a 

+ i, s i n  q1 - - 1 (-& + A~ cos rl - A$ s i n  5,) s i n  q1- D+n x 

(3.75) 

S u b s t i t u t i o n s  are made for t h e  con t ro l l ed  

again t h e  r e s u l t i n g  express ion  is averaged over  t h e  sho r t  period 

The r e s u l t i n g  t i m e  average rate of  

(ax,a ,cp,8) a s  be fo re ,  and 
Y 

2 d D .  

is 
Bmve 

2 2 
7 1) K (B cos  vl + B s i n  7 ( s i n  7 - cos KOB 

1 
- - -  - 

Bmve  D+n mve[  p2 x Y 1 

2 2  + (Bx - B ) s i n  q1 cos 7 + f(A A 1 a 

Y 1 a 
(3.76) 

Here, f(A,,A,) is l inear  i n  A, and A,, and it d isappears .  A s  can 

be seen i n  (3.76) t h e  q u a n t i t y  i n  braces  mul t ip l i ed  by K does not  

c o n s i s t e n t l y  c o n t r i b u t e  t o  the  s t a b i l i t y  of 

i n s t a b i l i t y  for  c e r t a i n  t r a j e c t o r i e s  through the magnetic f i e l d .  Thus, 

dur ing  Z-coil  c o n t r o l  one should set K = 0. Therefore ,  t h e  necessary 

cond i t ions  for s t a b l e  Z-coil c o n t r o l  w i t h  a c t i v e  damping are 

P l  

B,; i n  f a c t ,  it may produce 

P l  
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K > K /(D+n> 
v P2 

K , = O .  

(3.77) 

(3.78) 
PL 

The r e s u l t i n g  c o n t r o l  law (3.45) 

m = X (E? [-IC a + 
Z OB x v y  

which is  e s s e n t i a l l y  t h e  c o n t r o i  

is 

K Cp) + E? (K a + K 8)]  
P2 Y v x  P2 

l a w  used by Wheeler. 

(3.79) 

With t h i s  h inds igh t ,  a Lyapunov func t ion  can be formulated for t h e  

r e s u l t i n g  system. This is  

(3. SO) 

2 
wi th  V'= -m . VR is  a l w a y s  p o s i t i v e  d e f i n i t e  by t h e  c o n s t r a i n t  (3 .77) .  

This  func t ion  i s  a simple modi f ica t ion  of t h e  one used by Wheeler t o  

e s t a b l i s h  s t a b i l i t y  of h i s  c o n t r o l  l a w  f o r  a s a t e l l i t e  i n  a c i r c u l a r  

o r b i t .  Thus, wi th  t h e  ga in  cons tan t  K = 0,  su f f i c i ency  condi t ions  

a r e  produced which in su re  s t a b i l i t y  of t h e  a c t i v e l y  dampened s y s t e m .  A l -  

though asymptotic s t a b i l i t y  cannot be concluded because t h e r e  may be 

t r a j e c t o r i e s  f o r  which m is  i d e n t i c a l l y  z e r o ,  it seems r a t h e r  doubt fu l  

t h a t  such a cond i t ion  could e x i s t  f o r  any length  of time because of t he  

complexity of t h e  a c t u a l  magnetic f i e l d .  (See Appendix A ) .  

z 

I 

P l  

z 

Using t h e  averaging method on the  pas s ive ly  dampened s y s t e m  leads  

t o  t h e  cond i t ion  t h a t  

(3.81) 

There can be noted a marked s i m i l a r i t y  between t h e  s t a b i l i t y  c o n s t r a i n t  

which is  inherent  i n  t h i s  equat ion  (3.81) and the  c o n s t r a i n t  (3.70) placed 

upon t h e  ga in  v a r i a t i o n  f o r  t h e  pass ive ly  dampened caseofMode1.  The ac- 

t u a l  c o n s t r a i n t  is  formalized as 
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2 
d (D+n> > KOBKp2Bo/2 

P 
(3.82) 

2 2 2 
0 X Y  

f o r  s y s t e m  s t a b i l i t y ,  where B = max(B + B 1 encountered dur ing  t h e  

o r b i t .  

The response of the parameter B, f o r  t he  pass ive ly  dampened case 

is  t h e  same as t h a t  f o r  t h e  a c t i v e l y  dampened case  (3.76). 

I n  summary, t h e  special case i n  which damping is done e n t i r e l y  

a c t i v e l y  has a l e g i t i m a t e  Lyapunov func t ion  f o r  guaranteeing s t a b i l i t y .  

Necessary cond i t ions  are provided f o r  t h e  s t a b i l i t y  of pass ive ly  dampened 

satell i tes by averaging. Su f f i c i ency  condi t ions  must r e l y  upon adequate 

computer s imula t ion .  

GENERAL SYSTEM PERFORMANCE 

Having now defined a magnetic a t t i t u d e  c o n t r o l  s y s t e m  and having 

spec i f i ed  t h e  l i m i t s  of s t a b i l i t y  f o r  t h a t  sys t em,  i t  remains t o  eva lua te  

the general sa te l l i t e  c o n t r o l  performance f o r  a v a r i e t y  of s i t u a t i o n s  

which would be encountered i n  t h e  a c t u a l  environment. The satel l i te  con- 

t r o l l e r - e s t i m a t o r  and dynamics have e i g h t  states, a r e  sub jec t  t o  a time- 

varying magnetic f i e l d ,  con t ro l  t o rque ,  and d i s tu rbance  torque ,  and have 

a sampled r o l l  e r r o r  measurement. Because of t h e  complexity involved 

then ,  t h i s  performance e v a l u a t i o n g e n e r a l l y  has t o  be conducted by use  of 

both analog and d i g i t a l  computer s imula t ions .  The r e s u l t s  of these s i m -  

u l a t i o n s  and t h e  accompanying a n a l y s i s  are d e s c r i b e d  i n  t h i s  s ec t ion .  

In  t h e  d i g i t a l  s imula t ion ,  t h e  f u l l  n inth-order  s p h e r i c a l  harmonic 

model of the e a r t h ' s  magnetic f i e l d  descr ibed i n  Appendix A w a s  u t i l i z e d .  

The nonl inear  e f f e c t s  o f  o r b i t  e c c e n t r i c i t y  and time-varying s p i n  rate 

w e r e  a l s o  included.  The simulated d is turbances  were those  environmental 

to rques  descr ibed i n  Chapter 2. A l l  t h r e e  modes of magnetic c o n t r o l  

prev ious ly  discussed w e r e  i nves t iga t ed .  

The analog s imula t ion  concentrated upon performance s t u d i e s  of t h e  
A 

system i n  Mode 1 c o n t r o l .  Here, t h e  zB component of t h e  magnetic f i e l d  

w a s  assumed t o  be cons t an t .  The t ime-varying due t o  o r b i t a l  eccen- 

t r i c i t y  w a s  approximated as a constant-plus-s inusoidal  t e r m .  Disturbance 
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to rques  w e r e  a l s o  approximated as cons tan ts  and s inuso ida l  t e r m s .  The 

Z-coi l  po r t ion  of t h e  c o n t r o l l e r  used i n  Modes 2 and 3 were not simulated 

on the  analog computer because it i s  e s s e n t i a l l y  t h e  same as t h e  system 

s tudied  by Wheeler ( R e f .  13). This re fe rence  conta ins  a complete analog 

eva lua t ion  of t h e  Z-coil  c o n t r o l l e r  used f o r  a s a t e l l i t e  i n  a c i r c u l a r  

o r b i t .  

Trans ien t  Response With and Without t h e  State Estimator 

The a t t i t u d e  c o n t r o l  system which has been considered has  been based 

upon t h e  presence of  an optimum s t a t e  e s t ima to r  from which t h e  v e h i c l e  

rates and the  yaw e r r o r  are determined. An a l t e r n a t e  c o n t r o l l e r  could 

be one i n  which t h e  magnetic c o n t r o l  law is based upon t h e  r o l l  e r r o r  

measurements 8 on ly ,  i . e .  
S 

T = - K  8 
X P2 s 

(3.83) 

The body rates would be con t ro l l ed  by t h e  passive nu ta t ion  damper .  Such 

a c o n t r o l  is  descr ibed  and evaluated by Sonnebend i n  Reference 9. 

The Mode 1 c o n t r o l  l a w  (3.40) developed he re  w a s  compared d i r e c t l y  

w i t h  tha t  of (3.83) i n  t h e  t r a n s i e n t  s i t u a t i o n  w i t h  no d is turbance  t o r -  

ques. The comparison w a s  made on an analog computer by measuring t h e  

response t i m e  requi red  t o  d r i v e  t h e  s p i n  a x i s  t o  wi th in  0.1' of t he  

nominal from va r ious  sets of i n i t i a l  cond i t ions .  The t r a j e c t o r i e s  i n  t h e  

(p-0 plane f o r  such comparisons are shown i n  Figures  3.13 and 3.14. 

A s  w a s  mentioned be fo re ,  a roll d i s tu rbance  torque  is mathematically 

observable  f o r  t he  s a t e l l i t e  u s ing  horizon sensor  e r r o r  measurements. 

Therefore ,  an eva lua t ion  of t h e  system t r y i n g  t o  es t imate  roll torque w a s  

a l s o  made a t  t h i s  po in t .  T h i s  involved mechanizing a f i v e - s t a t e  e s t i -  

mator (Kalman f i l t e r ) .  

Figure 3.13 i n d i c a t e s  t he  t r a n s i e n t  response t r a j e c t o r i e s  of systems 

w i t h  a f i v e - s t a t e  e s t i m a t o r ,  a f o u r - s t a t e  es t imatoq  and no e s t ima to r  f o r  

i n i t i a l  cond i t ions  of (p = 8 = 0.15 r a d i a n s ,  a = .05 r a d h e c ,  and a = 

0. I t  can be seen t h a t  t h e  t r a j e c t o r i e s  r e s u l t i n g  from s t a t e  es t imat ion  

go more d i r e c t l y  t o  t h e  o r i g i n  than  one without t he  e s t ima to r .  

X Y 
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ROLL 

DNlTtAL 
STAT E 

ROW 8 

- FIVE-STATE ESTIMATOR 

FIG. 3.13. TRANSIENT RESPONSE OF THE POINTING ERROR FOR THE SATEL- 
LITE WITH AND WITHOUT A STATE ESTIMATOR AS PART O F  THE 
CONTROL SYSTEM. The f i v e - s t a t e  es t imator  a l s o  d e t e r -  
mines t h e  r o l l  d i s tu rbance  torque .  

I t  can also be seen t h a t  t h e  t r a j e c t o r y  of t h e  f i v e - s t a t e  esti- 

mator has  a l a r g e  amount of f l u c t u a t i o n  as compared t o  t h e  f o u r - s t a t e  

e s t ima to r .  This  e r r a t i c  behavior w a s  gene ra l ly  t h e  case f o r  a r b i t r a r y  

sets of i n i t i a l  condi t ions .  I t  was observed from monitoring t h e  out- 

p u t s  of t h e  f i v e - s t a t e  e s t ima to r  t h a t  t h i s  mechanization i s  extremely 

s e n s i t i v e  t o  ga in  s e t t i n g  dev ia t ions .  Small dev ia t ions  caused l a r g e  

f l u c t u a t i o n s  i n  the  t r a n s i e n t  response of t h e  e s t ima te  of t h e  r o l l  d i s -  

turbance.  This a f f ec t ed  t h e  response of t he  rest of t h e  state v a r i a b l e s  

as seen i n  Fig. 3.13. This  degree of s e n s i t i v i t y  i s ,  of course ,  u n d e s i r  

ab l e .  The constant  r o l l  to rque  e s t ima t ion  is  not t h a t  important t o  t h e  
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ROLL ERROR 8 
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1 
\ 

- ESTIMATOR 
NO ESTIMATOR -- 

FIG. 3.14. TRANSIENT RESPONSE OF THE SATELLITE POINTING 
ERROR TO VARIOUS INITIAL CONDITIONS. Response 
wi th  and without t h e  s ta te  es t imator  i n  t h e  
c o n t r o l  s y s t e m  is compared. 

type  of s a t e l l i t e  s tud ied  here .  It  is a l s o  d e s i r a b l e  t o  be ab le  t o  

mechanize t h e  c o n t r o l  system and i ts  assoc ia ted  f i l t e r  us ing  mostly 

analog c i r c u i t r y  wi th  components which may have some dev ia t ion  from 

nominal values .  Therefore ,  t h e  rest of t he  s tudy  i s  concerned with 

only the  f o u r - s t a t e  e s t ima to r .  

The s e n s i t i v i t y  of t h e  f i v e - s t a t e  e s t ima to r  is p a r t i a l l y  due t o  the  

weak o r b i t a l  cross coupl ing which e x i s t s  between t h e  r o l l  and yaw 
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channels  of t he  Kalman f i l t e r .  The noisy horizon sensor  measurepents 

could a l s o  compound t h e  problem. 

A s  would be suspec ted ,  t h e  t r a n s i e n t  response time of t he  system 

wi th  the  state estimator w a s  s i g n i f i c a n t l y  supe r io r  t o  t h a t  of t h e  sys- 

t e m  wi th  no e s t ima to r .  The t r a n s i e n t  t i m e s  of a sa te l l i t e  w i t h  param- 

eters 

D = Izz+/IXx = 1.6 s e c  -1 , 

-3 -1 
n = 1.16 X 10 s e c  , 

2 I = 1 0 k g - m  , 
xx 

and the nonoptimal g a i n s  

-2 K = 0.03 - 0.1 sec  , 
P2 

-1 K = 0.1  s e c  , 
V 

were simulated.  A comparison of response t i m e s  for four  s e t s  of i n i t i a l  

cond i t ions  wi th  and without t h e  e s t ima to r  is  presented i n  Table 3.1. 

The improvement from estimator a p p l i c a t i o n  is  evident .  Response trajec- 

t o r i e s  from Runs 1 through 4 a r e  shown i n  Figure 3.14. 

Rapid response is  important f o r  two reasons.  Because d is turbance  

torques  are going t o  move t h e  sa te l l i t e  s p i n  a x i s  away from normal t o  

t h e  o r b i t  plane,  f a s t  response means t h a t  t h e  average d e v i a t i o n  is less. 

Also, because t h e  c o n t r o l  to rque  depends upon t h e  magnetic f i e l d  ava i l -  

ab l e  (which f l u c t u a t e s  cons iderably  i n  e c c e n t r i c  o r b i t s ) ,  i t  is d e s i r a b l e  

to  apply f u l l  c o n t r o l  whenever the  magnetic f i e l d  s t r e n g t h  is s u f f i c i e n t l y  

high.  However,  wi thout  an e s t i m a t o r ,  d e t e c t i o n  of t h e  f u l l  e r r o r  ( i . ea ,  

a t  t h a t  reg ion  of t h e  o r b i t  where t h e  e r r o r  i s  mostly i n  r o l l )  might 

conceivably occur only  when t h e  magnetic f i e l d  s t r e n g t h  is  low. Thus, 

without an  e s t ima to r  (which se rves  as a memory of t h e  e r r o r ) ,  i t  could 

t ake  much longer t o  d r i v e  t h e  sys t em t o  t h e  n u l l  p o s i t i o n ,  and t h e  aver- 

age s teady  s ta te  e r r o r  could be larger. 
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Table 3.1. COMPARISON OF TRANSIENT RESPONSE TIMES FOR DRIVING THE 
POINTING ERROR OF THE SATELLITE TO ZERO. D i rec t ly  compared are 
t i m e s  of a system wi th  and without a s t a t e  es t imator  (Kalman 
f i l t e r ) .  D i f f e ren t  i n i t i a l  condi t ions  are used. Magnitude of 
t h e  p o s i t i o n  g a i n  i n  t h e  c o n t r o l  l a w  i s  a l s o  var ied .  

Run 
Number 

1 

2 

3 

4 
- 
5 

6 

7 

8 

I n i t i a l  
Conditions 

( rad)  

0 
8 

0 
cp 

0.18 0 

0.18 0.15 

0 0.15 

-0.18 0.15 

0.18 0 

0.18 0.15 

0 0.15 

-0.18 0.15 

Time-to-Origin 
( sec)  

Pos i t  ion 
Gain K 

D2 
(sec-2; With Without 

Estimator Estimator 

0.03 1700 6300 

0.03 1100 7300 

0.03 700 6400 

0.03 1200 3200 

0.1 800 700 

0.1 1100 > 18000 
0.1 1100 > 18000 
0.1 900 > 18000 

Steady Performance i n  t h e  Presence of Disturbance Torques 

Probably t h e  most important c r i t e r i o n  upon which t o  judge t h e  

merits of an a t t i t u d e  con t ro l  system such as t h e  one s t u d i e d  here  i s  

its s t eady- s t a t e  or average performance i n  t h e  presence of environmental 

and v e h i c l e  a t t i t u d e - d i s t u r b a n c e  torques .  By performance is  meant t h e  

average poin t ing  accuracy achievable ,or  t h e  s p a c e c r a f t ' s  a b i l i t y  t o  s t a n d  

o f f  t h e s e  d i s tu rbance  torques. .  Unfortunately,  t h i s  performance measure- 

ment is  d i f f i c u l t  t o  assess proper ly  i n  t h e  presence of  t he  complex en- 

vironment of  t h e  sa te l l i t e  i n  t h e  highly e c c e n t r i c  o r b i t .  The only way 

v a l i d  p red ic t ion  of  p rec i se  performance can be made i s  by use  of exten- 

s i v e  d i g i t a l  computer s imula t ions  covering a w i d e  spectrum of o r b i t s  

and s a t e l l i t e  parameters.  The c o s t  of such an undertaking is  prohib- 

i t i v e l y  high f o r  a s tudy such as t h i s ,  so a d i f f e r e n t  t a c t i c  w a s  pursued. 

I t  w a s  f e l t  t h a t  i f  worst-case environmental torques could be de-  

f i n e d ,  then  an upper bound on t h e  poin t ing  accurac ies  achievable  from 

t h i s  s a t e l l i t e  a t t i t u d e  c o n t r o l  system could be made d i r e c t l y .  Because 

t h e  s p i n  component of t h e  magnetic f i e l d  (B ) i s  time-varying, a n a t u r a l  
z 
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q u e s t i o n  arises as t o  where the  r a t i o  of t h e  d i s tu rbance  torque magni- 

t udes  t o  t h e  a v a i l a b l e  c o n t r o l  torque is  worst .  

Figures  3.15a-b are p l o t s  of t h e  worst yaw and roll components of 

d i s tu rbance  torques a c t i n g  upon t h e  sa te l l i t e .  Also p lo t t ed  on t h e s e  

I o - ~  

IO+ 

10-9 

Key: MAX, MAY - aerodynamic torque 
MKX, MKY - kinematic torque 
MMX, MMY - sa te l l i t e  d i p o l e  torque 

- s p i n  component of magnetic f i e l d  
BZ 

FIG. 3.15. PRIMARY TORQUES ACTING ON A SPINNING SATELLITE IN AN 

TUDE OF 300 km. Also shown i s  t h e  s p i n  component of 
t h e  magnetic f i e l d .  (a) Yaw torques;  (b) Roll torques.  

ECCENTRIC 3 REVS/DAY RESONANT ORBIT WITH PERIGEE ALTI- 
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curves i s  t h e  magnetic f i e l d  component B . Parameters of t h e  s a t e l l i t e  

and environment are t h e  same as those  used t o  genera te  Figures  2.9 - 2.10 

of Chapter 2 ,  except  t h a t  the  o r b i t  has an  e c c e n t r i c i t y  of  3.6367 corre-  

sponding t o  a resonant  o r b i t  of three r evo lu t ions  per d a y .  A s  can be 

r e a d i l y  seen,  (and is  not unexpected) t h e  d is turbance  torques seem t o  

decrease i n  magnitude p ropor t iona l ly  t o  t h e  decrease i n  magnitude of B . 
Thus, it seems as v a l i d  t o  check t h e  performance with respect t o  per igee 

to rques  (or for t h a t  matter, torques of a c i rcu lar  o r b i t  a t  per igee  al-  

t i t u d e )  as t o  any o t h e r  po in t  o n t h e o r b i t .  The approach taken is t o  assume 

t h a t  the  s a t e l l i t e  i s  i n  a 16 rev/day o r b i t  w i t h  each ind iv idua l  to rque  

component a t  i t s  worst  va lue  i n  r e l a t i o n s h i p  t o  t h e  B magnitude. 

z 

z 

z 
The torques  which are of most concern are the  aerodynamic torques ,  

t h e  torques  due t o  a magnetic d ipo le  f ixed along t h e  sp in  a x i s ,  and t h e  

kinematic to rque  due t o  t h e  r e fe rence  a x i s  moving because of  o r b i t  plane 

precession.  These torques  can be modeled as 

= C1 + C cos n t .  
'AX 2 Aerodynamic : 

Magnetic d i p o l e :  % = C3 cos n t  , 

%y = C 4 
s i n  n t  . 

Kinematic: Mwr = C cos n t  , 5 

= -C s i n  n t  . 
MKY 5 

Values of  t he  cons t an t s  used for s imula t ion  were 

-4 
C1 = -10 N-m , 

-4 
C = -10 N-m ) 2 

= -4 X 10 -5  N-m ) 

c3 

c4 
-5 = -8 X 10 N-m , 

-5 c5 = 2 x 10 

The cons t an t s  C1 t o  C4 r ep resen t  a 

5 c m  (at 300 km)  and a magnetic d ipo le  

both q u i t e  conserva t ive .  

N-m ) 

center-of-mass o f f s e t  of about 

of about 2 . 5  AMP-m , which  are  
2 

Again runs  were made w i t h  and without an e s t ima to r .  Gains used 

w e r e  K = 0.003 and d = 0.01. The l a r g e s t  f l u c t u a t i o n s  w e r e  i n  t h e  
P2 P 
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2 
= 10 kg-m 

IXX 
yaw e r r o r  cp, and a r e  presented i n  Table 3.2 ( w i t h  

and D = 1 .6  s e c  ) .  
-1 

The four t y p e s  of d i s tu rbance  torques  simulated were: 

1. The t o t a l  aerodynamic, magnetic,  d i p o l e ,  and kinematic t o rques ;  

2. Magnetic d i p o l e  p lus  kinematic t o rques ;  

3. Dipole torque  on ly ;  and 

4.  Kinematic to rque  only.  

Resu l t s  are presented i n  t h a t  order. 

A s  would be expected,  a l a r g e  s teady  yaw torque tends t o  produce 

t h e  l a r g e s t  yaw e r r o r .  Because t h i s  type of to rque  i s  mathematically 

unobservable,  i t  seems reasonable  t h a t  t h e  c o n t r o l  system would be l e s s  

adapted t o  cope w i t h  t h e  yaw to rque ' s  presence than some o t h e r  to rque  

source.  

Also seen i n  Table 3.2 is  t h e  f a c t  that  l a r g e  s teady  yaw torques  

tend t o  produce l a r g e r  yaw f l u c t u a t i o n s  f o r  t h e  system w i t h  t h e  s t a t e  

e s t ima to r .  However, i f  cons tan t  yaw torques  are reduced by b e t t e r  

v e h i c l e  cons t ruc t ion ,  t h e  yaw f l u c t u a t i o n s  a r e  decreased by using the  

s t a t e  e s t ima to r .  

The s t eady- s t a t e  va lue  of a yaw e r r o r  due t o  a constant  yaw torque  

can be found by applying t h e  F i n a l  Value Theorem t o  the  t r a n s f e r  func t ion  

between yaw torque input  and yaw angle  output .  With no s ta te  e s t ima to r ,  

t h e  steady-state va lue  of the yaw e r r o r  i s  

DnTx 
- - 

'ne n2(d: + D2) - d n K . 
P P2 

With t h e  f o u r - s t a t e  e s t ima to r  t h i s  becomes 

X 
2 a =  

n 2 ( d i  + D ) + K 2  -2d nK 
P2 P P2 

' e  

X 

2 2 (-KIDn-K d n + K  K - K  K D - K  d n-K4D 

1 P  

2 p  2 p 2  3 p 2  4 p  
2 2 2  2 

P P 3  2 

Dn + K 
(d2n2 - d K n + D n - K3D n + K Dn - K d n )  P2 
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H e r e  K1, K2, K3, and 

is  is  set t o  zero .  

steady-state va lues  are 
TX 

K4 are t h e  es t imator  ga ins  and t h e  ga in  K 

t h e  magnitude of t h e  d i s tu rbance  torque .  

approximately 

P l  
These 

2 For t y p i c a l  va lues  of ga in  K [ t h a t  i s ,  Dn << K /(Dn) 1 t h e s e  two 
P2 P2 

a r e  e s s e n t i a l l y  equal .  To reduce the  s t eady- s t a t e  yaw e r r o r  due t o  con- 

s t a n t  yaw torques  r e q u i r e s  e i t h e r  reducing the yaw torque i t s e l f  by 

b e t t e r  v e h i c l e  des ign  or inc reas ing  the  v e h i c l e  angular  momentum. 

Performance During Mode 3 Control 

I t  w a s  d e s i r e d  t o  determine i f  a poin t ing  angle  e r r o r  is decreased 

by us ing  a magnetic moment a long the s p i n  a x i s  dur ing  Mode 3 s p i n  con- 

t r o l .  Reca l l  t h a t  du r ing  Mode 3, t h e  la teral  magnetic moment is  con- 

s t r a i n e d  t o  be normal t o  the  la teral  component of t h e  magnetic f i e l d  for 

s p i n  speed adjustment.  This g ives  r ise  t o  a po in t ing  d i s tu rbance  torque  

To s tudy  performance dur ing  Mode 3 c o n t r o l ,  a d i g i t a l  computer pro- 

gram w a s  developed which contained t h e  Euler equat ions  of motion, t he  

e s t i m a t o r ,  and t h e  complete c o n t r o l  l o g i c .  Also included were the  n in th  

order  magnetic f i e l d  model developed i n  Appendix A and t h e  e n t i r e  d i s -  

turbance torque  program as developed i n  Chapter 11. 

Severa l  s imula t ions  w e r e  made w i t h  t h i s  program wi th  d i f f e r e n t  

i n i t i a l  condi t ions  and t h e  c o n t r o l  l a w  

5 m = -10 B .+gn(&) , 
X Y 

Y 

Z X Y 

m = IO 5 B~ sgn(&) , 

6 m = 3 . 5  X 10 (E 9 + B 6 )  , 
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2 dur ing  Mode 3. H e r e ,  t he  magnetic moments are measured i n  Amp-m and 

t h e  magnetic f i e l d  components are measured i n  Wb/m . The parameters 
-1 -1 d and D were 0.0126 sec and 1.5 sec . Mode boundaries were 

Cdl = 0.01 rad/sec and Cd2 = 0.02 rad/sec.  

i s  shown i n  Figure 3.16 where t h e  c o n t r o l  goes from Mode 2 t o  Mode 3 t o  

Mode 1. 

2 

P 
A t y p i c a l  response p l o t  

0.02 

0.01 

0- 

-3- a 

- 

- .. 

0 
W 
W a 
m 
I 

3 * 0 h A W  ANGLE ERROR 

FIG. 3.16. TYPICAL RESPONSE OF SPIN SPEED, ROLL, AND YAW ERRORS DURING 
MODE 3 CONTROL. 

In a l l  cases r u n ,  t h e  t o t a l  po in t ing  e r r o r  never grew l a r g e r  during 

Mode 3 c o n t r o l .  I t  appeared t h a t  t h e  s p i n  speed could be con t ro l l ed  

w i t h i n  0.03 rad/sec.  of t h e  nominal va lue ,  or 3 percent .  This s p i n  con- 

t r o l  w a s  dependent, of course,  upon t h e  a b i l i t y  of t h e  horizon sensor t o  

measure s p i n  speed t h a t  accurately.  

Miscellaneous Simulation Studies  

Some o t h e r  p o i n t s  were also s tudied on t h e  analog computer involving 

t h e  s t a b i l i t y  of t h e  c o n t r o l  system. A determinat ion was made of t h e  
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e f f e c t  of a sampled r o l l  e r r o r  being used as t h e  input  t o  a continuous 

f i l t e r .  Some s t u d i e s  were made of t h e  s t a b i l i t y  e f f e c t s  due t o  the  

con t ro l  to rques  of Mode 1 being sub jec t  t o  s a t u r a t i o n  and deadband non- 

l i nea r i t i e s  e F i n a l l y ,  an i n v e s t i g a t i o n  w a s  conducted concerning t h e  

e f f e c t  o f  modeling t h e  o r b i t a l  rate 6 as a cons tan t  i n  the  f i l t e r .  

Each of t h e s e  s t u d i e s  w i l l  be discussed i n  t u r n .  

The E s t i m a t e  Lag Problem Due t o  Rol l  Er ror  Sampling 

I f  t h e  sampled r o l l  error is fed i n t o  t h e  continuous es t imator  

( f i l t e r ) ,  then the  est imated v e h i c l e  rates 

rates a and cX . I f  t he  damping po r t ion  

ponen t s 
X Y 

T = - K  CX , 
DY V Y  

and â l a g  t h e  a c t u a l  

of t he  con t ro l  law has com- 
X Y 

(3.84) 

poor damping c h a r a c t e r i s t i c s  r e s u l t .  In the  case  where t h e  parameter 

D was equal  t o  1 . 5  Sec wi th  three samples per  veh ic l e  r o t a t i o n ,  in- 

s t a b i l i t y  a c t u a l l y  occurred.  T h i s  l a g  problem could be cor rec ted  by 

-1 

A 

e i t h e r  sampling t h e  e s t i m a t e d  r o l l  e r r o r  8 befo re  comparing i t  with 

the  sampled measurement 8 or  by in t roducing  a lead angle  A i n t o  

t h e  damping c o n t r o l  l a w ,  i .e .  
S a 

A 

T = -K (3  s i n  A + a cos  n 1 .  
DY v x  J Y  R 

(3 .85 )  

Figure 3 . 1 7  shows the r e s u l t s  of damping on a us ing  Eqs. (3.85) in- 

stead of (3.81) i n  t h e  c o n t r o l  law for a sys t em which samples the r o l l  

rate four  t i m e s  per  r o t a t i o n .  Here t h e  l e a d  angle  

improvement is  obvious e 

X 

i s  60'. The % 

The Inc lus ion  of Sa tu ra t ion  and Deadband i n  t h e  Control  Feedback 

During Mode 1 c o n t r o l ,  i t  may be  d e s i r a b l e  t o  p lace  a deadband 

about t h e  nominal s p i n  ax is  a t t i t u d e  so t h a t  power requirements might 
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0 40 80 I20 I60 
TIME (sec) 

a. Actual ra te  ax with  no lead i n  con t ro l .  Rate 

b. E s t i m a t e d  ra te  4 with  no lead i n  c o n t r o l .  

c .  Actual ra te  ax with  60° lead i n  con t ro l .  

d .  E s t i m a t e d  r a t e  wi th  60° lead i n  con t ro l .  

on ly  p a r t i a l l y  dampens. 

F I G .  3.17. TIME PLOTS SHOWING THE SAMPLING EFFECT ON 
ACTIVE RATE DAMPING. Here, t h e  sample rate is 
4 t i m e s  per sa te l l i te  s p i n  period. With no lead 
angle  i n  t h e  a c t i v e  c o n t r o l ,  t h e  rates are only 
p a r t i a l l y  dampened e 
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be f u r t h e r  lowered. Also, because there w i l l  always be power l i m i t a t i o n s  

upon each c o i l  of wi re  of t h e  con t ro l  system, each feedback channel of 

c o n t r o l  is s u b j e c t  t o  s a t u r a t i o n .  The ques t ion  arises a s  t o  what e f f e c t  

t h e s e  n o n l i n e a r i t i e s  would have upon the  s t a b i l i t y  of t h e  s y s t e m .  

I t  has  been shown (Ref. 54) tha t  any l i n e a r  s y s t e m  which has a nor- 

m a l  opt imal  feedback con t ro l  l a w  based upon a quadra t i c  l o s s  func t ion  

can have a g r e a t  d e a l  of n o n l i n e a r i t y  i n  t h e  c o n t r o l  mechanization. 

Using a mul t iva r i ab le  Popov c r i t e r i o n ,  it has been shown t h a t  t h e  a c t u a l  

mechanized c o n t r o l  of each channel can be anywhere wi th in  t h e  shaded 

po r t ion  o f  Figure 3.18a and s t i l l  r e s u l t  i n  a s t a b l e  system. Thus, types 

of l i n e a r i t i e s  which au tomat ica l ly  r e s u l t  i n  systems t h a t  a r e  s t i l l  

s t a b l e  inc lude  those  conta in ing  s a t u r a t i o n  or r e l a y  con t ro l  w i t h  dead- 

band a s  shown i n  F igures  3 . lb -c .  

Po r t ions  of t he  saturation-plus-deadband n o n l i n e a r i t y  considered 

here  (Figure 3 . 1 8 d )  do not  l i e  above t h e  l i n e  w i t h  s lope  fr .  
computer i n v e s t i g a t i o n s  were made of t he  s a t e l l i t e  system w i t h  d i f f e r e n t  

v a l u e s  of t h e  parameters 

Therefore ,  

and s of Figure 3.18d. The deadband 
db a - 

db on t h e  

t i o n  l e v e l  

system w a s  

i g i n )  when 

-a 
appl ied c o n t r o l  ranged from 0 t o  0.025 K s e c  . The sa tura-  

s w a s  var ied  from 0.05 K t o  0.1 K s e c  . The nonl inear  
p2 -2 

a P2 P2 
always s t a b l e  (or achieved a stable l i m i t  cyc le  about t he  or- 

t he  l i n e a r  system w a s  s t a b l e .  

The Modeling of O r b i t a l  Rate as a Constant 

Because t h e  s a t e l l i t e  is i n  an e c c e n t r i c  o r b i t ,  t he  t i m e  rate of 

change of t he  t r u l y  anomaly 3 is time varying.  This rate w a s  con- 

s i d e r e d  before  i n  de r iv ing  t h e  Kalman f i l t e r  ga ins  and t h e  opt imal  con- 

t r o l  ga ins .  

s u l t s .  I t  a l s o  had l i t t l e  e f f e c t  upon t h e  development of a Lyapunov 

func t ion  f o r  providing t h e  range of damping t o  in su re  Mode 1 s t a b i l i t y .  

One might suspect  from these  previous conclusions,  then ,  t h a t  t h i s  o rb i -  

t a l  rate could be adequately modeled as a constant  i n  t he  e s t ima to r .  

In  o t h e r  words, one might u se  a cons tan t  n i n  t h e  es t imator  equat ions 

ins tead  of updat ing a v a r i a b l e  based upon readings from t h e  horizon 

sensors .  The advantage from such a conclusion would, of course,  be t h a t  

The var ia t ionwasshown t o  have a n e g l i g i b l e  e f f e c t  on there-  
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u 
applied 

FIG. 3.18a. STABILITY REGION OF NONLINEARITIES AFFECTING THE OPTIMAL 
CONTROL DERIVED FROM A QUADRATIC LOSS FUNCTION. 

'a pp I i ed U 
applied 

FIG. 3.18b. OPTIMAL CONTROL WITH 
SATURATION. S t a b i l i t y  guar- 
a n t e e d  t o  luoptl = C1. 

91 
U 

FIG. 3.18~.  OKTIMAL CONTROL WITH 
RELAY ACTUATION AND DEADBAND. 
S t a b i l i t y  g u a r a n t e e d  t o  luoptl = . c1 

Aied 
/O. 5 

REGIONS OF UNKNOWN 
STABILITY 

FIG. 3.18d.  OPTIMAL CONTROL WITH DEADBAND A N D  SATURATION. 
Regions of unknown s t a b i l i t y  are i n d i c a t e d .  

I 
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g r e a t  s i m p l i f i c a t i o n  could be realized i n  mechanizing t h e  est imator  

(replacement of m u l t i p l i e r s  by constant  ga in  potent iometers) .  

Such a conclusion cannot be made, however. Figure 3.19 shows t h e  

analog computer response of  a model p l an t  s imilar  t o  t h e  s a t e l l i t e  w i t h  

mean r a t e  n equal  t o  8 X 10 rad/sec and a c t u a l  rate & equal  t o  

8 X rad/sec + 7 X cos (8 X t )  radlsec. Modeling of b 
a8 a constant-plus-sinusoid i s  crude,  but  t h e  r e s u l t s  i n d i c a t e  w h a t  

could happen from t h e  a c t u a l  e f f e c t .  

-4 

Figure 3.19a shows the  response of  a system s t a r t i n g  a t  apogee 
-4 -1 ( b  = 10 sec ) and i n i t i a l  cond i t ions  of Cp = -0.075 r a d  w i t h  both 

l i n e a r  and nonl inear  (saturation-plus-deadband) feedback c o n t r o l s .  The 

l i n e a r  case goes d i r e c t l y  t o  t h e  o r i g i n  and t h e  nonl inear  case achieves 

an irregular l i m i t  cycle about t h a t  po in t .  Figure 3.19b has t h e  same 

i n i t i a l  cond i t ions  but starts a t  pe r igee  (6 = 15 X 1 0  sec  ). Here, 

it can be  seen t h a t  t h e  l i n e a r  feedback s y s t e m  achieves a small l i m i t  

cycle which i s  no t  centered about t h e  o r i g i n  and t h e  nonlinear system 

goes through an errat ic  motion be fo re  f i n a l l y  achieving an i r r e g u l a r  

l i m i t  c y c l e  about t he  o r i g i n .  

-4  -1 

Other i n i t i a l  cond i t ions  produced equa l ly  confusing r e s u l t s ,  a l -  

though i n  a l l  c a s e s ,  t h e  t r a j e c t o r i e s  ended up i n  t h e  v i c i n i t y  of t h e  

o r i g i n .  S t a b i l i t y  i n  such a s i t u a t i o n  cannot be concluded, however. I t  

would seem advisable  t o  take advantage of t h e  horizon s e n s o r ' s  a b i l i t y  

t o  determine &, e s p e c i a l l y  f o r  t h e  nonl inear  feedback mechanizations. 

T h i s  chapter  s t u d i e s  a new t h e o r e t i c a l  design of a magnetic three- 

degree-of-freedom a t t i t u d e  c o n t r o l  system which maintains t h e  s p i n  a x i s  

of  an axisymmetric sa te l l i t e  t o  w i t h i n  less than 1' of normal t o  t h e  

o r b i t  plane i n  the presence of worst-case d i s tu rbance  torques.  The s p i n  

speed of t he  sa te l l i t e  is  kept w i t h i n  0.03 rad/sec or 3 percent of t h e  

nominal value b y  t h e  same c o n t r o l  system. The c o n t r o l  system is capable 

of ope ra t ing  a t  o r b i t  i n c l i n a t i o n s  between 20°  and 70' and e c c e n t r i c i t i e s  

of from 0 t o  0.7, w i t h  per igee between 300-300 k m  a l t i t u d e .  

126 



ROLL ERROR 8 

F I G .  3.19a. THE RESPONSE OF THE POINTING ERROR OF A S P I N N I N G  
SATELLITE I N  AN ECCENTRIC ORBIT WHEN THE ORBITAL 
RATE IS MODELED AS A CONSTANT I N  THE CONTROL 
SYSTEM'S KALMAN FILTER. Indicated here  i s  the  
response when s t a r t i n g  a t  the  apogee for both 
a l inear  c o n t r o l l e r  and one with s a t u r a t i o n  
and deadband. 

ROLL ERROR e 

I 

F I G .  3.19b. THE RESPONSE OF THE SAME SYSTEM ILLUSTRATED I N  
FIGURE 3.10a EXCEPT THAT THE INITIAL POINT I S  
AT PER1 GEE. 
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A Kalman f i l t e r  i s  u t i l i z e d  t o  es t imate  yaw e r r o r  and veh ic l e  

r a t e s  from horizon sensor  r o l l  e r r o r  measurements. Analog computation 

demonstrated a s i g n i f i c a n t l y  improved performance of t h e  system w i t h  

the  f i l t e r .  

The con t ro l  l a w  w a s  chosen t o  minimize t h e  power requirements of 

t he  magnetic c o n t r o l l e r .  The de termina t ion  of t h e  con t ro l  l a w  gains  

w a s  made u t i l i z i n g  a new method of a l g e b r a i c  s o l u t i o n  of a quadra t i c  

matr ix  equat ion.  This  genera l  method can be appl ied  t o  any system of 

equa t ions  w i t h  complex symmetry. 

The con t ro l  l a w  is  implemented wi th  magnetic c o i l s  and poss ib ly  a 

n u t a t i o n  damper. Control can be ac tua ted  v i a  e i t h e r  t h r e e  or thogonal  

c o i l s  or a s i n g l e  c o i l  whose plane is  skewed 45' w i t h  r e spec t  t o  t h e  

s p i n  a x i s .  The unique skewed-coil concept r e q u i r e s  only a s i n g l e  mag-  

netometer and has c e r t a i n  packaging advantages. The magnetic con t ro l  

is appl ied by a l o g i c  system broken i n t o  t h r e e  modes. These modes en- 

ab le  t h e  system t o  achieve and maintain co r rec t  s p i n  speed i n  add i t ion  

t o  c o r r e c t  po in t ing  a t t i t u d e  wi th  minimum c o n s t r a i n t s  placed upon t h e  

magnetic f i e l d  vec to r .  These c o n s t r a i n t s  a r e  t h a t  t h e  s p i n  component 

(BZ) 

s p i n  c o n t r o l .  

always be p o s i t i v e  and tha t  a l a t e r a l  component be present  f o r  

For s i m p l i c i t y ,  t h e  a c t u a l  magnetic mechanization of t h e  con t ro l  

l a w  i s  based upon us ing  t h e  average va lue  of t he  magnetic f i e l d .  T h i s  

mechanization r e s u l t s  i n  a time-varying c o u t r o l l e r  t h a t  provides ques- 

t i o n a b l e  s t a b i l i t y .  A new method of genera t ing  a Lypunov func t ion  which 

e s t a b l i s h e s  t h e  s t a b i l i t y  bounds .on t h e  magnetic f i e l d  v a r i a t i o n  dur ing  

Mode 1 c o n t r o l  i s  u t i l i z e d .  Cons t r a in t s  of Mode 2 (Z-coil) s t a b i l i t y  

a r e  s p e c i f i e d  by u s e  of t h e  Kryloff-Bogoliuboff averaging procedure. 

Analog and d i g i t a l  s imula t ions  a r e  used t o  v e r i f y  t h e  s t a b i l i t y  

of t h e  con t ro l  s y s t e m ,  t o  eva lua te .  i t s  performance, and t o  determine 

c o n t r o l  accuracy i n  the  presence of environmental d i s tu rbance  torques .  

The o v e r a l l  c o n t r o l  system concept ,  while  simple i n  des ign ,  is  capable 

of achieving g r e a t e r  con t ro l  accu rac i e s  f o r  longer  per iods of t i m e  than  

previous ly  s tud ied  al l -magnet ic  des igns  u t i l i z i n g  t h e  horizon sensor .  

The only added e l e c t r o n i c s  s o p h i s t i c a t i o n  is  t h e  Kalman f i l t e r  and mode 
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l o g i c  which can be e a s i l y  mechanized wi th  present-day technology. O f  

course,  t h e  r e l i a b i l i t y  of t h e  added e l e c t r o n i c s  must be c a r e f u l l y  

evaluated.  

The fundamental l i m i t a t i o n  on the achievable  po in t ing  accuracy of 

t h e  c o n t r o l l e r  s tudied i n  t h i s  chapter i s  i ts  inherent  a b i l i t y  t o  w i t h -  

s tand a constant  yaw torque. This t ype  of  d i s tu rbance  torque i s  unob- 

se rvab le  from t h e  horizon-sensor scheme. The a b i l i t y  of t h e  con t ro l  

system t o  reduce s t eady- s t a t e  e r r o r s  i s  a l s o  l i m i t e d  t o  some ex ten t  by 

t h e  no i sy  c h a r a c t e r  of t h e  horizon-sensor measurements and t h e  weak 

cross coupl ing t h a t  e x i s t s  between t h e  r o l l  and yaw channels of t h e  

KaLman f i l t e r .  

I n  C h a p t e r I V , a  s a t e l l i t e  example is  s tud ied  whose e r r o r  sensor  

has t h e  a b i l i t y  t o  measure simultaneously t h e  equivalent  of both t h e  

roll and yaw e r r o r s .  These measurements are assumed t o  be extremely 

accu ra t e  and a s t r o n g  cross-coupling t e r m  e x i s t s  between channels.  For 

t h i s  set of circumstances,  it w i l l  be seen t h a t  very good estimates of 

t h e  d i s tu rbance  to rques  can be made.  These estimates enable  t h e  con- 

s t r u c t i o n  of a c o n t r o l  system w i t h  v a s t l y  improved performance. 
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CHAPTER I V  

P R E C I S I O N  RZAGNETIC ATTITUDE CONTROL O F  A S P I N N I N G  

SYMMETRIC STAR TRACKER 

I n  t h i s  chap te r ,  a magnetic a t t i t u d e  con t ro l  system is  s t u d i e d  for 

p r e c i s e l y  po in t ing  ( a t  a s tar)  t h e  sp in  a x i s  of an axisymmetric s a t e l l i t e  

i n  a po la r  o r b i t .  The l i m i t a t i o n s  of t h i s  c o n t r o l  system a r e  explored 

t o  t h e  ex ten t  t h a t  a d i r e c t  comparison of i t s  performance can be made 

w i t n  o the r  t y p e s  of p rec i s ion  a t t i t u d e  c o n t r o l  mechanizations.  Pa r t i c -  

u l a r  p o i n t s  i nves t iga t ed  i n  t h i s  chapter  inc lude  t h e  fol lowing:  

1. A continuous con t ro l  l a w  i s  der ived which keeps t h e  s p i n  ax i s  

a l igned  accu ra t e ly  i n  t h e  presence of normal d is turbance  torques  

a s soc ia t ed  wi th  t h i s  p a r t i c u l a r  o r i e n t a t i o n  of the  s a t e l l i t e .  

The key t o  t h i s  con t ro l  law is  t h a t  t h e  major po r t ion  of t he  

d i s tu rbance  torque a c t i n g  upon t h e  s a t e l l i t e  is observable .  

2. A magnetic a c t u a t i o n  s y s t e m  i s  devised which mechanizes t h e  

poin t ing  c o n t r o l  law while  maintaining s a t e l l i t e  sp in  speed. 

3. Phys ica l  l i m i t a t i o n s  of t h e  magnetic con t ro l  system f o r  provid- 

i ng  the  po in t ing  accuracy des i red  f o r  t h e  i d e a l l y  constructed 

satel l i te  are determined. 

4 .  A q u a l i t a t i v e  a n a l y s i s  is  made of f u r t h e r  l i m i t a t i o n s  t o  t h e  

po in t ing  accuracy caused by d e v i a t i o n s  from t h e  i d e a l  construc- 

t i o n  of t h e  s a t e l l i t e  and c o n t r o l  system equipnent .  

The con t ro l  system s tudied  can gene ra l ly  be u t i l i z e d  on any spinning 

symmetric s a t e l l i t e .  I t  i s  s p e c i f i c a l l y  app l i cab le  t o  a drag- f ree  s a t e l -  

l i t e  housing an unsupported gyroscope experiment (Ref. 26) .  T h i s  s a t e l -  

l i t e  has  two b a s i c  d i f f e r e n c e s  from o t h e r  s a t e l l i t e s  w i t h  r e spec t  t o  

a t t i t u d e  c o n t r o l  cons ide ra t ions  e F i r s t ,  t h e  drag- f ree  f e a t u r e  implies  

t h a t  t h e  sp inning  sa te l l i t e  i s  t r a n s l a t i o n a l l y  cont ro l led  by means of 

gas  j e t s  t o  keep t h e  spinning proof mass ( t h e  gyroscope) centHred wi th in  

i t s  c e n t r a l  c a v i t y .  The j e t  f o r c e s  g ive  r i s e  t o  t he  ex i s t ence  of p u l n s  

to rques  (which would not normally be p re sen t )  a c t i n g  upon t h e  s a t e l l i t e .  
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The second uniqae f e a t u r e  of t h i s  d rag- f ree  s a t e l l i t e  is  t h a t  i t  

has two o p t i c a l  instruments  which can be used t o  determine a t t i t u d e  

e r r o r .  A p rec i s ion  s t e l l a r  monitor i s  mounted on t h e  end of t h e  s a t e l -  

l i t e  so t h a t  t h e  mon i to r ' s  o p t i c a l l y  s e n s i t i v e  axis i s  nominally a l igned 

w i t h  t h e  s a t e l l i t e  s p i n  ax i s .  An au tocol l imator  i s  s i m i l a r l y  located 

on the  i n t e r i o r  w a l l  of  t h e  s a t e l l i t e  t o  moni tw t h e  r o t o r  s p i n  % x i s .  

The au toco l l ima to r ' s  o p t i c a l l y  s e n s i t i v e  a x i s  is a l s o  nominally a l igned 

w i t h  t h e  sa te l l i t e  s p i n  a x i s  and thus  d e t e c t s  t h e  angular p o s i t i o n  of 

an o p t i c a l  f l a t  ground on t h e  r o t o r ' s  maximum a x i s .  ( T h i s  r e q u i r e s  t h a t  

t he  r o t o r  sp in  a x i s  be nea r ly  al igned w i t h  t h e  sa te l l i t e  sp in  a x i s . )  

Both t h e  s te l la r  monitor and au tocol l imator  have four-quadrant s e n s i t i v e  

o p t i c a l  heads so tha t  Car tes ian  measurements of t he  angular  p o s i t i o n s  

of t h e  star image and r o t o r  s p i n  a x i s  can be made. 

The r e fe rence  star is nominally i n  t he  plane of t h e  polar  o r b i t  SO 

t h e  nominal p o s i t i o n  of t he  spacec ra f t  s p i n  a x i s  l i e s  i n  t h e  o r b i t  plane. 

I t  i s  i n i t i a l l y  assumed t h a t  p e r f e c t  measurement of  t h e  p o s i t i o n  of a 

r e fe rence  poin t  on t h e  c e l e s t i a l  sphere ( e i t h e r  from t h e  stellar monitor 

or au toco l l ima to r )  is  cons t an t ly  a v a i l a b l e  f o r  providing poin t ing  e r r o r  

measurements t o  t h e  sa te l l i t e .  The a t t i t u d e  e r r o r  measurement device 

w i l l  be known as t h e  "star t r acke r . "  

A s  i n c h a p t e r  I I 1 , i t  i s  d e s i r e d  t h a t  t h e s a t e l l i t e ' s  s p i n  speed remain  

n e a r l y  cons tan t .  Spin speed can be monitored from t h e  o s c i l l a t i n g  read- 

ings  of a magnetometer measuring t h e  l a t e r a l  component of t h e  magnetic 

f i e l d .  

THE OBSERVABILITY O F  DISTURBANCE TORQUES 

With t h e  assumption t h a t  t he  spacec ra f t  has  a constant  sp in  speed 

4, 
repeated here  : 

t he  r o t a t i o n a l  equat ions of mot ion ' a re  descr ibed as i n  Eqs. (2.2717 

- .  
0 

1 

0 
- 

- 
-as$ o 0 

0 0 0  

0 O i  

1 -$ 0 - 
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where again 

w ,W = l a t e r a l  axes  x and y components of t he  angular 
X Y  

v e l o c i t y  of t he  spacec ra f t  about i t s  cen te r  of mass, 

= body-fixed or thogonal  components of t h e  s t a r  image’s 
YX * yy 

(or gyro o p t i c a l  a x i s )  misalignment e r r o r ,  

(IZZ - IXX)’IXX ’ A 

a = moment of i n e r t i a  r a t i o  
S 

T , T  = torque a c t i n g  upon the spacec ra f t  about i t s  x 
B 

A 
X Y  

and yB axes.  

In  t h i s  i d e a l  s i t u a t i o n ,  i f  t h e  appl ied torque  

a c o n t r o l  torque which is a func t ion  of t h e  s t a t e s ,  then t h e  poin t ing  

e r r o r  can be made a r b i t r a r i l y  s m a l l .  However, it is known t h a t  the  space- 

craf t  w i l l  be exposed t o  d i s tu rbance  torques  which are dependent upon the  

(TXSB f T $ ) i s  s t r i c t l y  
Y B  

environment. These d i s tu rbances  w i l l  cause dev ia t ion  from t h e  nominal 

a t t i t u d e  i f  t h e y  a r e  not  taken i n t o  account. 

The d i s tu rbance  torques  which a r e  of immediate concern inc lude  those  

c l a s s i f i e d  a s  i n e r t i a l l y - f i x e d ,  body-fixed, and sp in  torque ,  and those  

due t o  misaligned t h r u s t e r s  used f o r  t r a n s l a t i o n a l  con t ro l  purposes.  

The development of models f o r  t h e  f i r s t  three torques  was t h e  sub jec t  of 

t h e  f i n a l  s e c t i o n  of Chapter 2. The l a t t e r  to rque  can be thought of a s  

an i n e r t i a l l y - f i x e d  and s p i n  torque  i n  t h e  average sense ,  as explained 

i n  Chapter 2 .  However, t h r u s t e r  to rques  can more c o r r e c t l y  be c l a s s i f i e d  

as shor t -per iod ,  body-fixed, and s p i n  d i s tu rbances .  Exactly how these  

pulse  torques  can be t r e a t e d  w i l l  be inves t iga t ed  i n  t h i s  s e c t i o n .  

The i n e r t  i a l l y - f i x e d  and tjody-fixed torques  a c t i n g  on t h e  space- 

c r a f t  do not  have cons tan t  magnitude a s  i s  ev ident  from Figures  2 .11 -  

2.12. Rather ,  they can be charac te r ized  by the i r  d e r i v a t i v e s  being 

random f o r c i n g  func t ions  which tend t o  change t h e  magnitudes. In t h e  

body-fixed frame t h e  d e r i v a t i v e s  of the  body f ixed  torques  a r e  

TBY = v2 

(4.2a) 

(4.2b) 
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Here, v1 and v r ep resen t  random changes. For t h e  i n e r t i a l l y - f i x e d  

torque  having components T and T 

frame produces components 

2 
t h e  t ransformat ion  t o  the  body 

*Y’ *X 

c -  

1 

2 

3 

4 

V 

V 

V 

V 

CX 
T 

T .  

0 

0 

CY 

- -  

- cos q + T sin 9 , (4.3a) 
TIx - T++x *Y 

T =-T cos  + T* cos 9 e (4 3b) 
I Y  * Y 

Taking t h e  d e r i v a t i v e  of Equations (4.3) produces 

= $ TIy + v3 9 

= -$ TIx + v4 

+ I X  

!i7 
I Y  

(4.4a) 

(4.4b) 

where v3 and v r ep resen t  f u r t h e r  random change. 4 

TBx’ TBy’ It is  d e s i r a b l e  t o  be a b l e  t o  measure the  d i s tu rbances  

and T . If t h e i r  magnitude i s  known, c o r r e c t i v e  con t ro l  to rque  

can be appl ied t o  cance l  them. Incorpora t ing  Eqs. (4.2) and (4.4) i n t o  

(4.1) produces t h e  s ta te  equat ions 

T I X ’  IY 

0 

0 

0 

-Ilr 

1 

0 

0 

0 

0 0  

0 0  

0 0  

0 0  

0 0  

as$ 0 

0 -i 
1 0  

0 

0 

0 

0 

-as$ 

0 

0 

1 

+ (4.5) 
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Here, T and T r ep resen t  the appl ied con t ro l  torque components 

which a r e  func t ions  of  the  s t a t e s .  In  compact n o t a t i o n ,  Eq. (4.5) can 

be expressed as 

cx CY 

-+ + where u is the appl ied  c o n t r o l  torque and v the  random change t o  

the  d i s tu rbance  torque  magnitude. 

The d i s t r i b u t i o n  matrix G has the  form 

n 
G =  

The q u a n t i t i e s  measured by t h e  

- 
0 

0 

0 

0 

0 

1 

0 

0 - 
s t a r  t r a c k e r  and a v a i l a b l e  t o  base 

the  c o n t r o l  l a w  upon a r e  Yx and Yy'  The observa t ion  equat ion is 

-+ -+T 
where w r e p r e s e n t s  measurement n o i s e ,  y = [yX,yy] and 

I t  can be shown.that  ( H , F )  form an observable  set .  Thus, a 

Wiener f i l t e r  or an observer  w i t h  a r b i t r a r y  dynamics can be b u i l t  which 

w i l l  g ive  e s t ima tes  of t h e  e i g h t  s t a t e  components. The p a i r  (F,G) 

does not  form a c o n t r o l l a b l e  set ,  however. T h i s  is  obvious because 

t h e r e  is  no phys ica l  way of removing d i s tu rbance  torques .  
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Although d i s tu rbance  torques  cannot be removed (at l e a s t  no t  com- 

p l e t e l y ) ,  t h e i r  e f f e c t  can be cancel led by the proper a p p l i c a t i o n  of 

c o n t r o l  to rque .  Thus, it is d e s i r a b l e  t o  form es t ima tes  of t h e  d i s t u r -  

bance torque  magnitudes. This to rque  e s t ima t ion  is  a l o g i c a l  ex tens ion  

of an observer  which is requi red  f o r  measuring rates w and w needed 

i n  t h e  c o n t r o l  l a w .  
X Y 

The Gopinath Reduced-Order Observer for Noncyclic Systems 

A s  mentioned above, estimates of t h e  unknown elements of t h e  s ta te  

vec tor  can be produced by either a Wiener f i l t e r  or an observer .  The 

Wiener f i l t e r  is  i d e n t i c a l l y  t he  s t eady- s t a t e  s o l u t i o n  t o  t he  Kalman 

f i l t e r  descr ibed  i n  Chapter 3, and is  u s e f u l  i n  t h e  presence of Gaussian 

d r i v i n g  and measurement noise .  I t  is  i n i t i a l l y  assumed here t h a t  t h e  

no ise  v e c t o r s  v and w are n e g l i g i b l e ,  so tha t  t h i s  f i l t e r  mechaniza- 

t i o n  r e p r e s e n t s  undue complication. The e f f e c t  o f  t h i s  assumption w i l l  

be considered la ter  i n  t h e  e r ro r - ana lys i s  s e c t i o n .  

4 -+ 

With t h e  star-tracker v a r i a b l e s  r ep resen t ing  very c lean  measurements 

of the  a t t i t u d e  e r r o r ,  it becomes f e a s i b l e  t o  employ a reduced-order ob- 

s e rve r  t o  estimate t h e  rates W and CL) and t h e  d is turbance  torque  
X Y 

magnitudes. A r e c e n t l y  developed mechanization of such an observer  was 

formulated by  Gopinath and i s  ou t l ined  i n  Appendix D. Gopinath's for -  

mulat ion r e q u i r e s  tha t  t h e  system's  equat ions be c y c l i c  (or c o n t r o l l a b l e  

so t h a t  they  can be made c y c l i c ) .  Equations (4.5) are n e i t h e r  c o n t r o l l a b l e  

nor c y c l i c  so an ex tens ion  of Gopinath's  method i s  required t o  handle 

t h i s  ca se .  

The gene ra l  s ta te  equat ions 

(4.7) 

are considered.  Here, t h e  dimensions of x ,  u ,  y ,  F,  G, and H a r e  

n X 1, r X 1, m X 1, n X n ,  n X r and m X n r e spec t ive ly .  A s  i s  seen 

i n  Appendix D ,  Gopinath's  method f o r  producing an observer wi th  a r b i t r a r y  

dynamics for Eqs. (4 .6)  i s  a s p e c i a l i z a t i o n  of t he  genera l  method us ing  
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canonica l  forms. Thus, f o r  F noncycl ic  and t h e  p a i r  (F,G) not con- 

t r o l l a b l e ,  i t  is  necessary t o  fol low a procedure s i m i l a r  t o  the  one 

requi red  t o  produce t h e  canonical-form observer .  This  procedure i s  

dependent upon the fol lowing c o r o l l a r y  which i s  d e r i v e d  from the  theo- 

r e m s  presented i n  Appendix D. 

Coro l la ry  4.1.  L e t  F be similar t o  an n X n Jordan mat r ix  J and 

l e t  p be t h e  maximum number of Jordon chains  i n  which each one 

of t h e  ind iv idua l  e igenvalues  of F appears .  Then i f  (F,H) is  

observable ,  t h e  p a i r  (F,CH) is  almost s u r e l y  observable  where C 

is  a p x m mat r ix  (p < m) made up of a r b i t r a r y  elements.  - 

Proof. 

The Jordan mat r ix  J can be rearranged by a simple t ransformat ion  

i n t o  p d iagonal  subblocks so t h a t  t he  Jordan chains  making up each 

subblock have no ind iv idua l  e igenvalue appearing i n  more than  one chain.  

By t h e  d e f i n i t i o n  of c y c l i c i t y ,  each of t h e s e  subblocks d e f i n e s  a c y c l i c  

subspace.  A t  least one s c a l a r  ou tput  must emanate from each of the sub- 

blocks because the  o v e r a l l  s y s t e m  (F,H) is observable .  Mul t ip le  out- 

pu t s  come from some of t h e  subblocks when m > p. These mul t ip l e  out- 

pu t s  can be combined i n t o  a s i n g l e  output  which renders t h e  assoc ia ted  

subblock observable  by Theorem D . l .  Thus, t he  o r i g i n a l  m X 1 system 

output  vec tor  can be transformed i n t o  a p X 1  output  vec tor  which a l so  

produces o b s e r v a b i l i t y .  The p ind iv idua l  components of t he  output  vec- 

t o r  can be transformed i n t o  p .  independent combinations which again 

y i e l d s  an observable  sys tem.  Thus, any p X m matr ix  C which com- 

b ines  wi th  H t o  produce a p X 1 output  vec to r  whose elements a r e  

independent combinations of t h e  ou tpu t s  from t h e  p c y c l i c  subblocks 

r ende r s  (F,CH) observable .  The b a s i c  requirement is  t h a t  C have 

rank p. This w i l l  almost s u r e l y  occur i f  t h e  elements of C a r e  ar- 

b i t r a r i l y  chqsen. I 

T h i s  c o r o l l a r y  sugges ts  a sys temat ic  way f o r  c r e a t i n g  a s t a t e  e s t i -  

mator w i t h  a r b i t r a r y  dynamics f o r  an observable ,  noncycl ic ,  noncontrol-  

l a b l e  sys t em.  The method c o n s i s t s  of fol lowing the  genera l  procedure 

137 



ou t l ined  i n  Appendix D which u t i l i z e s  canonical  forms except when forming 

t h e  MI matrix.  Instead of us ing  ind iv idua l  rows of H success ive ly  

wi th  F t o  c r e a t e  MI, one can genera te  p a r b i t r a r y  m X 1 matr ices  

c . Then, each of t h e  p row v e c t o r s  c i H  (which make up CH) i s  

s e q u e n t i a l l y  used t o  genera te  t h e  n independent rows of MI. 

T 
i 

Because t h e  index p is u s u a l l y  unknown without t ransforming t o  

Jordan form (which is t o  be avoided) ,  t h e  process  a c t u a l l y  c o n s i s t s  of 

genera t ing  random v e c t o r s  c and us ing  them u n t i l  a s a t i s f a c t o r y  m a t r i x  

MI 
of ci 's t o  i n s u r e  t h a t  t h e  minimum index p has been found. 

i .  
is  formed. This  procedure can be repeated twice w i t h  d i f f e r e n t  sets 

This  procedure can be u t i l i z e d  f o r  cons t ruc t ing  t h e  Gopinath reduced- 

order  observer  t o  i n s u r e  t h a t  t h e  minimum number of output  combinations 

a r e  used t o  genera te  estimates of t h e  unknown elements of t h e  state vec- 

t o r .  The modified Gopinath reduced-order observer  i s  now demonstrated. 

Appl ica t ion  t o  t h e  S t a r  Tracker S a t e l l i t e  

In t h i s  subsec t ion ,  t he  Gopinath procedure is  appl ied i n  two ways 

t o  gene ra t e  a s ta te  observer  wi th  a r b i t r a r y  dynamics. The f i r s t  appl i -  

c a t i o n  employs t h e  modi f ica t ion  suggested previously f o r  handling the  

noncyc l i c i ty  of  t he  F matr ix .  The second approach u t i l i z e s  t h e  f a c t  

that  t h e  sys t em equat ions  possess  complex symmetry. The r e s u l t i n g  

complex system is c y c l i c  so t h a t  t h e  process  of genera t ing  t h e  reduced- 

order  observer  can be appl ied d i r e c t l y  i n  i t s  o r i g i n a l  form. The modi- 

f i ed  observer  is now discussed.  

Following the procedure ou t l ined  i n  Appendix D ,  t h e  state vec tor  
-+ 
X i s  p a r t i t i o n e d  a s  

where x1 r e p r e s e n t s  t he  d i r e c t l y  observable  p elements of x.  Then 

F and G a r e  p a r t i t i o n e d  as 
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I 

1 I I :] 
I F22 

- 
0 0  

0 0  - - -  
l o  

0 1  

0 0  

0 0  

0 0  

0 0  
- 

P 

n- P 
f 

P 

n- P 

Rearranging and p a r t i t i o n i n g  E q s .  (4.4) i n  t h i s  way and exc lus ing  the  

no i se ,  y i e l d s  

0 0  

1 0 
- - - -  
as# 1 

0 0 

0 0  

0 0 

0 0 

0 

0 - -  
0 

1 

0 

0 

0 

Because (F,H) i s  observable ,  (F22, F 12 ) is observable  by Theo- 

r e m  D . 5 .  The submatrix F22 i s  not  c y c l i c ,  however, because of t he  

las t  two r o w s  of zeroes .  Thus, two independent output  combinations of 

are necessary t o  form an observable  set .  
YX’ yy 
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The s imples t  mat r ix  C t h a t  can be used t o  form the  reduced-order 

observer  i n  t h i s  case is  t h e  2 X 2 i d e n t i t y  mat r ix .  

(of Appendix D) i s  formulated by us ing  both rows of t h e  H matr ix? 
Thus, t h e  MI matr ix  

AS an example, use = 1 and a = 0.5 i n  E q s .  (4 .8) .  T h i s  produces 
S 

c 

1. 

0 

-.25 

0 

0625 

0 

M =  1 

0 

e5 

0 

- ,125 

0 

I. 

0 0 0 

1. 0 1. 

0 -.5 0 

,.75 0 -.25 

0 .625 

o x  0 0 

“-.z 
1st r o w  of H 

- 2nd row of H. 

The c h a r a c t e r i s t i c  equat ion of F22 can be found by transforming 

the  matr ix  t o  canonica l  form a s  is  indicated i n  Appendix D. This is 

-1 
F1 = qF22Mr = 

*- - 
0 1. 0 0  0 1 0  

I 

0 0  1. 0 0 1 0  

I 

0 1. O I 0  

1.’ 0 

0 0  

0 0  0 0  
1 

0 -.25 0 -1.25 0 ’ 0 _ - - - - = . _ - - - - - -  
I 

0 0  3. 0 4 . ,  0 - - 
Thus, F22 has t h e  c h a r a c t e r i s t i c  equat ion 

5 3 
( S  + 1.25 s + 0.25 s ) ( s )  = 0 

I f  t h e  ga in  mat r ix  K of Appendix D is of t h e  form 

* 
The satel l i te  example used here  does not i l l u s t r a t e  t h e  f u l l  poten- 
t i a l  a v a i l a b l e  from t h e  ex tens ion  of t he  Gopinath observer s t a t e d  
i n  Corol la ry  4.1. No  more i l l u s t r a t i v e  example was cont r ived ,  how- 
eve r ,  f o r  t h e  sake of maintaining sub jec t  u n i t y .  
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K =  

- 
k 0 

0 

0 

0 

0 

1 

k2 

kg 

k4 

kg 

6 
O k  

t h e  observer  w i l l  have the  characterist ic equat ion 

2 
[s5 + k s4 + (k2 + 1 . 2 5 ) ~ ~  + k3s  + (k + 0.25)s + k5 

1 4 

K becomes 6 
For a d e s i r e d  characterist ic equat ion (s + 1 )  = 0 ,  

K =  

- 
5. 0 

8.75 0 

10. 0 

4.75 0 

1 .0  0 

0 1 .0  - 
and t h e  mat r ix  L of (F-LH) is equal  t o  

-1 -1 
L = M  1 A K =  

t 

m. 

5. 0 

0 1. 

8. 0 

-8. 0 

0.75 -0. 

2.  0 ... 

Here, A is formed by inspec t ion  from F1 and is 
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A =  

- 
1. 0 0 0 0 ' 0  

0 1 0 0 0 , o  

0 1.25 0 1. o l o  

I 

1.25 0 1. 0 0 1 0  

I 
0.25 0 1.25 0 1 I 0 

0 0 0 
- - - - - - . " - - - - - - e  

0 O B  1. -- 

-1 
The mat r ix  A can be formed by in spec t ion  from t h e  A mat r ix .  

The second method of  forming t h e  reduced-order observer  i s  now d i s -  

cussed. The problem t h a t  is noncycl ic  can be circumvented by recog- 

n i z i n g  t h a t  t h e  system equat ions  have complex symmetry. Thus, E q s .  (4.5) 

can be reformulated i n  complex form as 

O 1 jas$ 1. 1. 
i 

0 1 0  -j$ o 

0 1 0  0 0 
I 

= [I. 0 0 o] 1x3 3 c '0 bserved 

becomes 
M1 Here, t h e  mat r ix  

r 
1. 0 

jas$ I. M =  1 

is F22 The c h a r a c t e r i s t i c  equat ion of 

PI ' 

3 2 '2  
s + j j i ( l - a s>s  + a S + s = o e 
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The A matr ix  is t h e r e f o r e  

is F22 - LF12 If t h e  des i r ed  characterist ic equat ion of 

3 2 
s + b l s  + b s + b g = O ,  2 

L i s  found by 

-1 -1 
1 L = M  A K ,  

-j@(l .-as) 

-$ ‘2  (l.-a,+as) 2 - 
S 

[ R2, J 3 ]  , t h e  complex reduced-order observer  for t he  With L = R 
s t a r - t r a c k i n g  spacec ra f t  s tud ied  here i s  depicted i n  Figure 4.1.  E i t h e r  

T 

t h i s  complex reduced-order observer  or t h e  mod i f  i e d  observer  d iscussed 

previous ly  w i l l  produce estimat.es of t h e  v e h i c l e  rates and d is turbance  

torques  w i t h  a r b i t r a r y  dynamics. 

The reduced-order observer  gene ra l ly  y i e l d s  a system which is s i m -  

p l e r  t o  mechanize than one of f u l l  o rder .  The modified Gopinath observer  

developed above reduces t h e  t o t a l  number of  ou tpu t s  u t i l i z e d  from a multi-  

dimensional output  system t o  t h a t  minimum number which s t i l l  produces an 

observer  f o r  ob ta in ing  t h e  unmeasurable states.  
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w 

FIG. 4.1. COMF'LEX REDUCED-ORDER OBSERVER FOR A SATELLITE 
EMPLOYING A STAR TRACKER FOR ATTITUDE ERROR 
MEASUREMENT. 

The Observation of  Misaligned T h r u s t e r  Torques 

The previous subsec t ion  demonstrated two ways i n  which a reduced 

o rde r  observer  could be used t o  genera te  estimates of t h e  unknown body- 

f i x e d  and i n e r t i a l l y - f i x e d  d i s tu rbance  torques  a c t i n g  upon the  s a t e l l i t e .  

Inherent  i n  t h e  observer  cons t ruc t ion  w a s  t h e  f a c t  t h a t  t h e  magnitudes 

of these torques  were slowly changing w i t h  r e spec t  t o  time. For t h e  

case  of the drag  f r e e  satel l i te  w i t h  gas j e t  t r a n s l a t i o n a l  c o n t r o l ,  t h e  

ex i s t ence  of pu lse  torques  a s soc ia t ed  w i t h  each j e t  S i r i n g  must be taken 

i n t o  account.  

Assume t h a t  t h e  spinning sate, l l i te is  c y l i n d r i c a l  i n  shape and has  

s i x  j e t s  t o  c o n t r o l  i ts t r a n s l a t i o n a l  motion. Assume t h a t  four  of t h e s e  

jets are on t h e  per imeter  of t h e  c y l i n d r i c a l  su r f ace ,  90' a p a r t ,  and i n  

t h e  plane conta in ing  the nominal c e n t e r  of mass. The o t h e r  two j e t s  a r e  

oli each end. These je ts  are considered t o  be mounted on the  body axes 
A h  I\ and z defined before .  
XB' YB9 B 

Misalignment of t h e  four  j e t s  on t h e  c y l i n d e r s  produces pulse  t o r -  

ques that  have both a body-fixed po r t ion  and s p i n  por t ion .  The j e t  on 

the  end of  t he  ^y a x i s  produces a torque  about the  x a x i s .  The two 

je t s  mounted on t h e  s a t e l l i t e  ends can produce torque  components about 

both t h e  GB and yB axes.  The magnitude of these jet-produced torques  

n 

B B 

n 
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w i l l  vary slowly w i t h  time if t h e  cen te r  of  mass of t he  sa te l l i t e  s h i f t s  

due t o  gas  usage. 

The pulse  torques  cannot be followed by t h e  observer as developed 

t o  t h i s  point  because of t h e  s h o r t  l ength  of t i m e  (less than 0 .1  second) 

a t y p i c a l  j e t  f i r i n g  lasts. What a c t u a l l y  occurs  is  t h a t  t h e  average 

torque produced by these  j e t s  tends t o  be i n  a constant  o r i e n t a t i o n  w i t h  

r e s p e c t  t o  t h e  t r a n s l a t i o n a l  motion of the  s a t e l l i t e  i n  i ts  o r b i t .  Thus, 

as discussed i n  Chapter 11, these pulse  torques  are observed i n  t h e  aver- 

age sense as an i n e r t i a l l y - f i x e d  torque.  

A n a t u r a l  ques t ion  a t  t h i s  time is  whether t he  observer  u t i l i z e d  

can be modified t o  produce a more p r e c i s e  es t imate  of t he  pulse  torques 

when t h e y  occur .  4n e l e c t r i c  s i g n a l  is a v a i l a b l e  when each gas j e t  i s  

f i r e d  and can be u t i l i z e d  by the  observer  a s  add i t iona l  information.  

To answer the  ques t ion ,  consider  an analogous system c o n s i s t i n g  of 

a double i n t e g r a t o r  p l an t  d r iven  by an input  with two l e v e l s  of magnitude. 

If one observes  t h e  output  and knows a t  what t imes t h e  magnitude-changes 

t o  t h e  input  occur ,  i t  is c e r t a i n l y  poss ib l e  t o  determine these magnitudes 

p r e c i s e l y .  I t  the re fo re  seems reasonable  t h a t  one could p red ic t  t h e  in -  

d i v i d u a l  pu lse  magnitudes--i .e. ,  t he  t o t a l  inpulse--caused by each of t h e  

s i x  gas  je ts .  

Consider now the  s h o r t  t e r m  response of t h e  s a t e l l i t e s  acted upon 

only  by an occas iona l  p u l s e  to rque .  From Eqs. (4 .1 )  t h e  response of t he  

v a r i a b l e  is Txo t o  a body-f ixed torque 
YX 

/ I  i 
( s i n  a '"XO + Txo xx y x ( t )  = y cos ;Irt + y s i n  $t + +t + s i n  it) 

S 
YO $(as + 1) xo 

W 
yo 

$(as + 1) 
(cos a it - cos ;t> , + .  S (4.9) 

are i n i t i a l  condi t ions .  Thus f o r  t h e  
yYO 

W and xo* yo1 yx07 where W 

j e t  r e spons ib l e  for T on f o r  At, seconds, t he  new value of 

from (4.9) a t  t h e  end of t h e  pulse  is  approximately 
YX xo 
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(4. loa) N Yxo + Yyo$Atl + (wxo + Txo/Ixx) At ,  a 

7x1 - 

Simi la r ly ,  

(4. lob)  

N 

Yyl - - yyo - yxo9At1 + wyo Atl . ( 4 . 1 0 ~ )  

The va lue  of YX a t  a time At, seconds la ter  (where At, is again 

small) w i t h  no torque  T is xo 

N - Yx, - Yxl + YYl@ At2 -I- Wxl At2 Y 

or from Eqs. (4.10) 

T 
N + y $(At, + At,) + wx0(At, + At,) + - xo At, . 

xx yx2 - yxo YO I 

(4.11) 

Thus, t h e  magnitude of  t h e  pulse  T is approximately xo 

Simi la r ly ,  

(4.12) 

(4.13) 

where At3 = (At, 4- At,). 

Equations (4.12, 4.13) suggest  t h a t  t he  observer  u t i l i z e d  t o  e s t i -  

mate t h e  o t h e r  states may be adapted t o  estimate pulse  torques recurs ive ly .  

By sampling t h e  va lues  o f  y , w and 6 a t  t h e  beginning of a 

pulse  and a t  some increment o f  t i m e  

estimates can be updated from t h e  equat ions  

A 

x Yy’ x’ Y 

At2 after t h e  pu l se ,  pu lse  torque 
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(4.14) 

Here, v a r i a t i o n s  i n  t h e  pulse  l eng th  At l  a r e  neglected.  The ga in  K 

is  chosen so t h a t  t h e  pulse  e s t ima tes  converge a t  a convenient r a t e .  

This  mechanization r e q u i r e s  some c i r c u i t  l o g i c  on t h e  spacec ra f t  which 

should pose no s p e c i a l  problem. The v a l i d i t y  of us ing  E q s .  (4.14) for 

p u l s e  torque  e s t ima t ion  is  demonstrated i n  t h e  next s e c t i o n .  

PU 

THE ATTITUDE AND SPIN SPEED CONTROL OF THE SATELLITE 

In Reference 61, a genera l  technique u t i l i z i n g  frequency and complex 

symmetry p r o p e r t i e s  is  developed and demonstrated for syn thes i z ing  the  

a t t i t u d e  con t ro l  l a w  f o r  sp inning  symmetric veh ic l e s .  T h i s  technique 

enables  t h e  des igner  t o  g ive  a sp inning  s a t e l l i t e  without d i s turbance  

torques  a r b i t r a r y  dynamic response.  When t h e  sensor  t h a t  d e t e c t s  point-  

ing  e r r o r  c o n s i s t s  of a star t r a c k e r  a l igned with t h e  s p i n  a x i s ,  an ob- 

s e r v e r  i s  used t o  ob ta in  e s t ima tes  of t h e  v e h i c l e  body r a t e s  W and 

w e Then, t h e  continuous c o n t r o l  l a w  appl ied t o  t h e  body-fixed axes is  

( i n  complex n o t a t  i on )  

A 

X 
A 

Y 

A 

or i n  r e a l  form 

A 

T = -K W - K 7 + 0.5(IZz/Ixx)$K v x  y e 

CY V Y  P Y  

(4.15) 

(4.16) 

The ga ins  Kv and K are chosen t o  produce a r b i t r a r y  response from t h e  

harmonic o s c i l l a t o r  equat ion  (which r ep resen t s  t he  fourth-order  p lan t  

uncoupled i n t o  two second-order equa t ions ) ,  

P 
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[. + 0.25(1 $/I 12] pl = 0 . p, + Kv& + 
zz  xx P 

They can a l s o  be chosen t o  minimize t h e  c o n t r o l  system power a s  was done 

i n  Chapter 111. 

is d r iven  t o  zero by appl ica-  A j C t  The a t t i t u d e  e r r o r  angle  r = ye 1 
t i o n  of Eqs. (4.16) when no d i s tu rbance  torques  a r e  p re sen t ,  However, 

i n  t h e  presence of  i n e r t i a l l y - f i x e d  and body-fixed torques TI and TB, 

t he  s t eady  s ta te  va lue  of Fl becomes 

[. n + j$(l-0.5Rs) l 2  + - 

[-Un + j0.5Rs$]2 ' 

where 

w2 Kp + (Rs$)2/4 
n 

K = 2 W  
V n '  

- 
Rs - lZe/lxx * 

The complex e r r o r  angle I',(t) can be made q u i t e  s m a l l  f o r  l a r g e  K 

but  t h i s  is  not a lways p r a c t i c a l .  
P 

A modif ica t ion  of t h e  c o n t r o l  l a w  is  t o  es t imate  d i r e c t l y  by means 

of observer  mechanization, t h e  d i s tu rbance  torques.  Because t h e  r a t e  

terms w and W probably w i l l  be e s t i m a t e d  anyway ( r a t h e r  than  us ing  

some rate  d e t e c t i o n  device  l i k e  a gy ro ) ,  t he  add i t ion  of necessary e lec-  

t r o n i c s  f o r  dis turbance-torque e s t ima t ion  seems t o  be a reasonable  supple- 

mentary requirement,  Then, t h e  complex c o n t r o l  l a w  of Eq. (4.15) i s  

modified t o  

X Y 

A 

I T C  = -K V W - - j0.5RS$KV)y - TI A - TB A 

(KP ' I  (4.17) 

A A 

where TI and TB a r e  the  complex estimates of t h e  i n e r t i a l l y - f i x e d  

and body-fixed d is turbances .  In  a d d i t i o n ,  t h e  est imated pulse  torque 

also can be cance l led  by an oppos i te  control- torque pulse  a t  the  appro- 

p r i a t e  t i m e ,  Equation (4.17) c o n s t i t u t e s  a new con t ro l  l a w .  
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An a l t e r n a t e  modi f ica t ion  t o  the  con t ro l  law which i s  discussed 

i n  Ref. 61 is  t o  in t roduce  an i n t e g r a l  feedback t e r m  t h a t  would o f f s e t  

t he  undesired to rques  without s t eady- s t a t e  e r r o r .  The i n t e g r a l  con t ro l  

modif ies  Eq. (4.15) t o  

a r e  K I B  and KII i n  t h e  complex frequency domain. H e r e ,  t h e  ga ins  

chosen t o  produce t h e  des i red  error-removal r a t e .  The  cons tan t  KII is  

complex,so t h i s  po r t ion  of t he  c o n t r o l l e r  must be mechanized as two con- 

s t a n t s .  I n  a d d i t i o n ,  i f  continuous c o n t r o l  torque is not  always f u l l y  

a v a i l a b l e  (as i n  the  case of  magnetic c o n t r o l ) ,  a means must be provided 

f o r  l i m i t i n g  the i n t e g r a l  por t  i on  of t he  c o n t r o l l e r  t o  prevent ampl i f i e r  

s a t u r a t i o n .  

The c o n t r o l l e r  based upon Eq. (4.17) seems t o  have two advantages 

over t h e  in t eg ra l - type  c o n t r o l l e r .  They a r e :  

1. No choice  of ga ins  KIB and KII need be made by t h e  des igner .  

The response f o r  providing t h e  c o n t r o l  torque t o  cance l  the  

d i s tu rbance  torques  i s  es t ab l i shed  wi th  the  choice of observer  

dynamics. 

2. I f  f u l l  c o n t r o l  Tc cannot be provided, t h i s  i s  accounted for 

i n  t h e  observer  mechanization. Thus, va lues  of dis turbance-  

to rque  estimates are not a f f e c t e d .  

The equat ions  of motion for t h e  system under cons ide ra t ion ,  t he  

development of a s t a t e  observer ,  and the  provis ion  of a continuous con- 

t r o l l e r  governed by Eq. (4.17) are a l l  based upon t h e  assumption t h a t  

t he  s p i n  speed $ i s  a cons t an t .  Both environmental  to rques  and those  

due t o  t r a n s l a t i o n  and a t t i t u d e  c o n t r o l  of t h e  s a t e l l i t e  w i l l  cause the  

s p i n  speed t o  d e v i a t e  from t h e  nominal va lue  I f  one a p p l i e s  the  

con t ro  1 torque  
$0 

(4.19) 
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about the sp in  a x i s  f o r  exceeding some deadband va lue ,  t he  

s p i n  speed can be kept w i th in  the  des i r ed  accuracy l i m i t s .  The l i m i t  

is  chosen so  t h a t  t h e  observer  and controller mechanizations are not 

a f f e c t e d  adverse ly  by spin-speed dev ia t ion .  

I *  - 

A s  a means of determining t h e  performance c a p a b i l i t i e s  of t he  reduced 

order  observer ,  t he  pulse  e s t i m a t o r ,  and the  modified con t ro l  law, a d i -  

g i t a l  s imula t ion  w a s  used. T h i s  s imula t ion  assumed pe r fec t  measurements 

of t he  s t a r - t r a c k e r  v a r i a b l e s .  I t  w a s  a l s o  assumed at t h i s  point  t h a t  

t h e  magnitude of t h e  s p i n  speed w a s  nominal and t h e  magnitudes of t h e  

d i s t u r b a n c e  torque  components were cons tan t .  

A two-dimensional model of  t h e  t r a n s l a t i o n a l  c o n t r o l l e r  w a s  used t o  

c r e a t e  a t i m e  h i s t o r y  of t he  pulse  torques.  I n  o the r  words, i t  w a s  

assumed t h a t  the  s a t e l l i t e  w a s  moving i n  t h e  plane of t h e  x57 y* axes 

so t h a t  on ly  t h e  fou r  j e t s  on t h e  cy l inde r  were f i r i n g  r egu la r ly .  

A A  

The equat ions  of motion and t r a n s l a t i o n a l  c o n t r o l  syn thes i s  for t h e  

sp inning  drag- f ree  satel l i te  were derived by Lange (Ref. 26).  I n  t h e  

body-fixed frame, t h e  two dimensional t r a n s l a t i o n  equat ions are 

where Dr is  t h e  d rag  magnitude, 4 
a r e  t h e  c o n t r o l  f o r c e s ,  and x and 

D cos 4-t + Fcx , 

- D ~  s i n  $t + F 

r 

, 
CY 

i s  t h e  s p i n  r a t e ,  F and F 
cx C Y  

y a r e  body-fixed measuremedts of 

the d i s t a n c e  from the  s a t e l l i t e  r e fe rence  poin t  t o  t h e  proof mass (gyro 

r o t o r ) .  The c o n t r o l  l a w  used t o  r e g u l a t e  t he  s a t e l l i t e ' s  t r a n s l a t i o n a l  

motion t o  fol low t h e  proof mass is 

FCX = -Kvl[G - $y -t k2x] , 

(4.20) 

150 



This  s t a b l e  l i n e a r  con t ro l  can be approximated by a pulse-width, pulse- 

frequency gas j e t  con t ro l  preceded by a deadband. A schematic repre-  

s e n t a t i o n  of t h i s  c o n t r o l l e r  is i l l u s t r a t e d  i n  Figure 3.2 and w a s  in- 

cluded as p a r t  o f  t h e  s imulat ion.  

r 
Y 

DY I I 

+ 
s + k  xq I 

FIG. 4.2.  SCHEMATIC OF THE TRANSLATIONAL CONTROL OF A SPINNING 
SATELLITE EMPLOY1,NG THE PULSE-WIDTH, PULSE-FREQUENCY 
CONTROLLER. 

When t h e  p o s i t i v e  x threshold  i s  crossed ,  t h e  j e t  at t h e  end of 
A 

t h e  p o s i t i v e  x ax i s  of t h e  v e h i c l e  f i r e s .  S imi l a r ly ,  when the  minus 

x threshold i s  crossed ,  t h e  nega t ive  x a x i s  j e t  f i r e s .  These both 

produce pulse  torque  about t h e  

A 
B 

B 
a x i s .  A 

yB 
Example r e s u l t s  of us ing  t h i s  s imula t ion  are shown i n  Figures 4 .3  

and 4.4.  

t u d e  c o n t r o l  s y s t e m  wi th  t h e  reduced-order observer  but no pulse  es t i -  

mator. Figure 4.4 has t h e  same pulse  torques wi th  t h e  pulse  es t imator  

Figure 4 .3  i l l u s t r a t e s  t h e  s t e a d y  s ta te  response of  the  a t t i -  
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i n  ope ra t ion .  Gains used by t h e  observer  gave it  t h e  c h a r a c t e r i s t i c  

equat ion  

no pulse  e s t ima to r  w a s  

(s + 1 ) 6  = 0. The a t t i t ude  con t ro l  l a w  [Eq. (4.1811 used wi th  

A -2 A 
A - 0.75 y - sec , cx X YX y TBx - TIx 

T = - W  - 

A A -2 
T = - w  - 7  + 0 . 7 5 y  - T  - ?  s e c  (4.21) 

CY Y Y  x BY IY 

with  + = 1 rad/sec and (Izz/Ixx) = 1.5. When us ing  t h e  pu l se  e s t ima to r ,  

t h e  ga in  K and t i m e  l a g  At3 of Eq. (4.14) were 
PU 

K = 300 kg-m , 

At3 = 0.2 sec .  

PU 

The va lues  of t h e  d i s tu rbance  torques  used were 

-4 
TBx = 5. X 1 0  N-m , 

-5 T = 2.2 X 1 0  N - m ,  

T = -0.3 X 10 N-m. 

*X 

"Y 
-5 

The pulse  torques were 

-3 
= -10 N-m , 

TX+ 

-3 T = 1 0  N-m , 

-3 
T = 1.5 X 10 N-m , 

T = 0,5 X 10 N-m. 

X- 

Y+ 
-3 

Y- 
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A A 

Figure 4 .3  d e l i n e a t e s  t h e  response of yX, yy ,  T , and T t h e  
BX By 

t o t a l  body-f ixed to rques ,  

T = T  + 6  T + 6  T 
X Bx x+ x+ x- x- ’ 

T = T  + 6  T + 6  T , 
Y BY Y+ Y+ Y- Y- 

(4 e 22) 

a l s o  shown. Here 6 6 6 and 6 are each zero except when 

t h e  appropr i a t e  j e t  i s  f i r i n g ,  a t  which t i m e  t h e y  become u n i t y .  Note, 
x+) x-’ y+’ Y‘ 

v a r y  between 21.0 a r c  second. 
that yx and yY 

Figure 4.4 i n d i c a t e s  t h a t  u s ing  t h e  pulse  es t imator  enables  t h e  

c o n t r o l  sys t em t o  keep Yx and Yy below kO.01 a r c  second. In t h i s  

f i g u r e ,  t he  convergence of t he  estimate of t h e  t o t a l  body-fixed torques  

def ined i n  (4.22) can r e a d i l y  be seen.  The con t ro l  l a w  here  i s  

A 

- 6  T - 6  !? 
Y+ Y+ Y- Y- 

(4.23) 

h A 

where Tcx and T a r e  def ined i n  (4.21) and fX+, Ty+,  Tx-, and 
CY 

I .  

T are estimates of t h e  pulse  torques .  The a c t u a l  applied con t ro l  

torque must also be modified t o  inc lude  e s t ima tes  of to rques  caused by 

t h e  j e t s  on t h e  sa te l l i t e  ends.  

Y- 

MAGNETIC IMPLEMENTATION OF THE CONTROL LAW 

Equations (4.12) and (4.23) combine t o  form t h e  continuous poin t ing  

c o n t r o l  l a w  wi th  pulse  d i s c o n t i n u i t i e s  f o r  t h e  spinning s a t e l l i t e .  Equa- 

t i o n  (4.19) r e p r e s e n t s  t h e  i d e a l  sp in  c o n t r o l .  In  t h i s  s e c t i o n ,  t h e  

mechanization equat ions are developed which allow a c t u a t i o n  of t he  de- 

s i r e d  c o n t r o l  magnet ical ly .  
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Poin t ing  Control  

A s  s t a t e d  i n  Chapter 111, t h e  torque due t o  genera t ing  a magnetic 
-+ moment m i n  t h e  magnetic f i e l d  ir' is 

(4.24) - + + +  T = m X B .  

4 4 A 

If T' is t h e  des i r ed  po in t ing  c o n t r o l  torque T = T 2 + TDyyB, 

(4.24) r e su l t s  i n  

then 
D Dx B 

T = m  B x - m  B a 

DY z x z  

-+ 
I f  f o r  power e f f i c i e n c y  reasons, t h e  magnetic moment m is generated 

so t h a t  i$ is perpendicular  t o  B' (or m (0 B = 01, t h e  t h r e e  com- 

ponents of m must be 

+ - +  
-+ 

2 2  2 m = (TDyBx - T B >/(Bx + B + BZ) , 
Z Dx Y Y 

m = (mZBy + TDx)/BZ (4.25) 
Y 

These are i d e n t i c a l l y  Eqs. (3 .44)of  Chapter 111. A s  i n  Chapter 111, these  

equat ions  can be s impl i f i ed  a t  t h e  c o s t  of mechanization power by s e t t i n g  

m = 0,  r e s u l t i n g  i n  
Z 

m = - T ~ ~ / B ~  , 
X 

m = T  /B (4.26) 
y Dx z 

Mechanization of e i t h e r  Eqs, (4.25) o r  (4.26) w i l l  r e s u l t  i n  t h e  

des i r ed  po in t ing  c o n t r o l  torque.  The only  t i m e  when they c a n ' t  be 

u t i l i z e d  is when t h e  component o f  t h e  magnetic f i e l d  along t h e  s p i n  a x i s  
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BZ becomes very  s m a l l .  

c u l a r  po la r  o r b i t  passing through a magnetic d ipo le  f i e l d ,  

through zero  four  t imes dur ing  an o r b i t a l  per iod .  Thus, a t  each of t h e s e  

p o i n t s  dur ing  t h e  o r b i t ,  p e r f e c t  po in t ing  c o n t r o l  by magnetic means is 

not poss ib l e .  However, p a r t i a l  con t ro l  i s  a v a i l a b l e  when BZ is  very 

s m a l l  by making use of on ly  the  component m . This is done by using 

t h e  f i r s t  of Eqs. (4.25). Therefore ,  f o r  po in t ing  con t ro l  of t h e  spinning 

s a t e l l i t e  s tud ied  i n  t h i s  chap te r ,  t h e  c o n t r o l  mechanization i s  broken 

i n t o  two phases. During t h e  p rec i s ion  c o n t r o l  phase (when B i s  not 

near  z e r o ) ,  Eqs. (4.25) or (4.25) a r e  used. During Mode 2 ,  only m 

from Eqs. (4.25) is  u t i l i z e d .  

A s  can be v i sua l i zed  f o r  a s a t e l l i t e  i n  a c i r -  

BZ crosses  

Z 

Z 

Z 

Implementation of t h i s  c o n t r o l l e r  r e q u i r e s  t h a t  t h r e e  or thogonal  

c o i l s  be present  on the  s p a c e c r a f t .  Also, a three-axis  magnetometer 

must be mounted so t h a t  a l l  components of t h e  magnetic f i e l d  B can be 

measured. I f  Eqs. (4.25) a r e  used dur ing  t h e  prec is ion-cont ro l  phase, 

t h e  magnetic f i e l d  must be sampled a t  po in t s  of t i m e  wi th  t h e  c o i l s  turned 

o f f  t o  prevent  i n t e r f e r e n c e  t o  t h e  magnetometers. From t h e s e  held samples, 

t he  continuous va lues  of t h e  components of B can be computed. 

+ 

+ 

U t i l i z a t i o n  of  Eqs. (4.26) dur ing  the  p rec i s ion  phase e l imina tes  the  
-+ need f o r  sampling of B. During t h i s  phase, only BZ (which i s  perpen- 

d i c u l a r  t o  m and m ) needs t o  be measured. From t h i s  cons ids ra t ion  

and t h e  s i m p l i c i t y  of Eqs. (4 .26) ,  they seem t o  be more l o g i c a l  choice 

than  Eqs. (4.25). The cu to f f  po in t  (value of BZ)  which should be used 

t o  switch from one phase l o g i c  t o  t h e  o the r  is  a r b i t r a r y .  Use of t h r e e  

components of  m as i n  (4.25) w i l l  be known as the  th ree -co i l  c o n t r o l l e r .  

The employment of (4.26) w i l l  be r e f e r r e d  t o  a s  t he  two-coil  c o n t r o l l e r .  

X Y 

+ 

SDin Control  

It  is impossible t o  actuate s p i n  con t ro l  s imultaneously with p rec i s ion  
-+ po in t ing  con t ro l  due t o  t h e  a r b i t r a r y  d i r e c t i o n  of B. However, dur ing  

Mode 2 c o n t r o l ,  s p i n  c o r r e c t i o n  can be implemented by genera t ing  

m = K B sgn ($ - q0) 
X Z Y  

m = -K B sgn ($ - Go) 9 Y z x  
(4.27) 
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-+ where \Ira is t h e  nominal s p i n  speed. These c r e a t e  a component of m 

perpendicular  t o  t h e  la teral  component of B. The r e s u l t i n g  s p i n  con- 

t r o l  to rque  i s  analogous t o  t h e  p r i n c i p l e  of t h e  induct ion motor. Appli- 

c a t i o n  of t he  s p i n  c o n t r o l  Eqs. (4.27) r e s u l t s  i n  a d is turbance  t o  t h e  

s p i n  a x i s  d i r e c t i o n  due t o  t h e  presence of . But, BZ monotonically 

changes dur ing  t h i s  phase and c rosses  the  zero poin t .  Therefore ,  t h e  

effect of t h e  po in t ing  d i s tu rbance  due t o  s p i n  c o n t r o l  a f t e r  t h e  zero 

poin t  should e s s e n t i a l l y  cance l  t h e  e f f e c t  of t h e  d is turbance  before  

c rossover  

-+ 

BZ 

IDEAL PERFORMANCE OF THE MAGNETIC CONTROL SYSTEh4 

Based on the f a c t  t h a t  p r e c i s e  poin t ing  c o n t r o l  of t h e  s p a c e c r a f t ' s  

s p i n  a x i s  cannot be maintained a t  f o u r d i s t i n c t  i n s t ances  dur ing  t h e  or- 

b i t a l  pe r iod ,  t h e  fol lowing ques t ions  a r i s e  concerning t h e  a v a i l a b l e  

magnetic p r e c i s i o n  con t ro l .  

1. What percentage of t h e  t i m e  dur ing  t h e  o r b i t  i s  p rec i s ion  

magnetic c o n t r o l  ava i l ab le?  

2. How l a r g e  a d e v i a t i o n  does the  s p i n  a x i s  of t h e  spacec ra f t  

t r a v e l  from t h e  nominal p o s i t i o n  dur ing  per iods  of on ly  p a r t i a l  

po in t ing  con t ro l ?  

3. What d e v i a t i o n s  of t h e  s p i n  speed take p lace  on t h e  spacec ra f t ?  

I n  answering these ques t ions ,  i t  s t i l l  is  assumed t h a t  an i d e a l  system 

e x i s t s ;  t h a t  is, t h e  star t r a c k e r . v a r i a b l e s  are p r e c i s e l y  measured, the 

model of t he  v e h i c l e  used by t h e  observer  is c o r r e c t ,  and the  magnetometer 

readings  and c o n t r o l  to rques  are exact. Performance of t h e  non-ideal sys -  

tem is  inves t iga t ed  i n  t h e  next s e c t i o n .  

To answer t h e  above ques t ions ,  a h ighly  accu ra t e  d i g i t a l  s imula t ion  

of t h e  r o t a t i o n a l  motion of t h e  sa te l l i t e  i n  its o r b i t a l  environment w a s  

made. The d i s tu rbance  torque program developed i n  Chapter IIwas used a s  

a d r i v e r  f o r  t h e  sa te l l i t e  so t h a t  performance i n  the  presence of real- 

i s t i c  environmental  cond i t ions  could be more c o r r e c t l y  a sce r t a ined .  The 

magnetic f i e l d  model used w a s  t h e  n i n t h  order  s p h e r i c a l  harmonic expan- 

s i o n  model descr ibed i n  Appendix A.  The s a t e l l i t e  and environment 
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c h a r a c t e r i s t i c  parameters of t h e  torque genera t ing  po r t ion  of t h e  pro- 

gram were t h e  same a s  those  which generated Figures  2.11 - 2.12. 
The poin t ing  c o n t r o l  and observer  ga ins  employed were the  same as  

those  used t o  demonstrate t h e  pulse  e s t ima to r  opera t ion  i n  a previous 

s e c t i o n .  The va lue  of s p i n  c o n t r o l  ga in  KZ used w a s  1.875 X 10 Amp- 

were chosen t o  be t h e  poin ts  where m /Wb. The crossover  va lues  of 

B = 0.1 IB 1 .  
p r e c i s i o n  po in t ing  phase, t h e  s p i n  con t ro l  phase (Mode 2), and t h e  re-  

covery of p r e c i s i o n  c o n t r o l  fol lowing a sp in-cont ro l  period a r e  tabula ted  

i n  Table  4.1 

5 

BZ 
4 

+ 
The amounts of t i m e  spent  dur ing  a t y p i c a l  o r b i t  i n  t h e  

Z t 

Por t ion  of 
Orbi t  

1 

2 

3 

4 

Recovery Time 
P rec i s ion  Poin t ing  Spin Control  Fol 1 owing 

Time ( sec )  Time (sec) Spin Control 
(set) 

1165. 123. 18. 

1575. 72. 22. 

1025 a 117. 10. 

1665. 98. 56. 

Recovery time i s  the  t i m e  requi red  by t h e  c o n t r o l  system t o  d r i v e  both 

Yx and Yy below 0.02 a r c  seconds fol lowing a sp in-cont ro l  per iod.  

From these r e s u l t s  it can be seen  t h a t  more than 90 percent of t h e  o r b i t  

period is spent  i n  p rec i s ion  po in t ing  c o n t r o l .  Several  runs were made 

wi th  t h i s  s imula t ion  us ing  both t h e  two-coil  and t h r e e - c o i l  po in t ing  

c o n t r o l  l a w s .  

The maximum observed d e v i a t i o n  of t he  s p i n  a x i s  from the  re ference  

dur ing  a s p i n  c o n t r o l  phase of a t y p i c a l  o r b i t  w a s  4.12 a r c  seconds. 

Maximum dev ia t ion  of the  s p i n  speed w a s  0.0024 rad/sec under worst  case 

s p i n  torques .  This  number was obtained w i t h  a deadband on the  s p i n  

speed , se t  a t  0.001 rad /sec .  

of each c o i l  w a s  u s u a l l y  f ixed  a t  20 Amp-m 

The maximum value  of t h e  magnetic moment 
2 

If t h e  va lue  of t h e  maximum magnetic moment which can be generated 

i n  each c o i l  i s  too  smal l ,  t he  con t ro l  system is not capable of ob ta in ing  
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t h e  p r e c i s i o n  per iods  ind ica ted  above. Figure 4.5 i n d i c a t e s  t he  response 

of t he  star t r a c k e r  v a r i a b l e  

sets of torque and c o n t r o l  condi t ions .  The body-fixed torques were 

= 1.25 X 10 N-m and T = 6.25 X 10 N-m. With t h e  magnetic TBx 
moments l imi t ed  to  20 Amp-m , po in t ing  accuracy was l imi ted  t o  0.5 a r c  

second us ing  control-mechanization Eqs. (4.26) fol lowing the  s p i n  con t ro l  

dur ing  a recovery phase under t h r e e  
YX 

-3 -4 
By 2 

response wi th  body-fixed d i s t u r -  
mode. 

bance torques .  

-.-response w i t h  no body-fixed d i s -  , 

----- response where magnetic moments 

2 turbance torques .  

i n  c o i l s  a r e  l i m i t e d  t o  20 Amp-m 2 
I 

c 
0 
8 
e o  

x" 
0 
e 

- I  

- 2  

POINTING CONTROL MODE t LAST PART OF 
SPIN CONTROL MODE 

FIG. 4 .5 .  RESPONSE OF STAR TRACKER VARIABLE y VS TIME FOR DIFFEREm 
CONTROL SITUATIONS NEAR THE END OF A ~ S P I N  CONTROL PHASE. 

SYSTEM ERROR ANALYSIS 

In  t h i s  s e c t i o n ,  a q u a l i t a t i v e  a n a l y s i s  is made t o  determine what 

e f f e c t  t h e  inaccurac i e s  i n  bu i ld ing  and. modeling t h e  spinning s a t e l l i t e  

have upon the  a t t i t u d e  c o n t r o l  system's  performance. S p e c i f i c  e r r o r  

sources  s tud ied  inc lude  : 

1. The i n c o r r e c t  appl ied c o n t r o l  to rque  due t o  misaligned magnetic 

c o i l s  or misaligned magnetic moments caused by the  nonunifor- 

m i t y  of t he  c o i l  co re ,  

2 .  Magnetometer and magnetic measurement processing e r r o r s ,  
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. 3 .  Nonsymmetry of t h e  spacec ra f t  and t h e  inco r rec t  modeling of 

t h e  spacec ra f t  parameters i n  t h e  observer ,  and 

4.  Noisy star tracker measurements. 

Analy t ica l  express ions  for the r e s u l t i n g  d i s tu rbances  w i l l  be derived 

and i n d i c a t i o n s  o f  how t h e  r e s u l t i n g  a t t i t u d e  e r r o r s  can be reduced w i l l  

be ind ica t ed  where appropr ia te .  

Error sources  which are not  i nves t iga t ed  include those which a r e  

s p e c i f i c a l l y  a func t ion  of t he  manner i n  which t h e  state observer i s  

phys ica l ly  cons t ruc ted .  These inc lude  e r r o r s  such as d i g i t a l  roundoff 

o r  biased i n t e g r a t o r s ,  ga in  d e v i a t i o n s ,  and noise  sources  i n t e r n a l  t o  

t h e  observer .  

Misaligned Magnetic Co i l s  

I n  cons t ruc t ing  t h e  s a t e l l i t e ,  t he  w i r e  c o i l s  used t o  genera te  the  

magnetic moment w i l l  be mounted w i t h  some degree of misalignment w i t h  

r e spec t  t o  t he  des i red  c o n t r o l  axes. Also, t h e  magnetic moment c rea ted  

by these c o i l s  may be de f l ec t ed  because of t h e  nonuniformity of t h e  

s a t e l l i t e  m a t e r i a l  i n  t h e  core .  Figure 4 .6  i l l u s t r a t e s  t h e  genera l  

misalignment of t h r e e  or thogonal  c o i l s  nominally a l igned w i t h  t he  veh ic l e  

axes xB, yB, 

t i o n  of t he  Y c o i l ' s  a x i s  upon t h e  lateral  plane is a r b i t r a r i l y  defined 

a s  t h e  yB a x i s .  

n A  n and z Because the  s a t e l l i t e  i s  symmetric, t h e  projec- 
B '  

A 

The a c t u a l  magnetic moments c rea ted  by t h e  t h r e e  c o i l s  a r e  

m = m '  cos  cos ez + m '  s i n  5 , 
X X Y 2 Y 

m = m '  cos e s i n  5 + m ' . c o s  % - m '  cos  5 s i n  5 
Y X  Y Z Y Z Y x '  

m = -m'  s i n  e + m' s i n  + m '  cos 5 
Z X Y Y  z CY x '  
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F I G .  4.6. GEOMETRY OF MAGNETIC COIL MISALIGNMENT. 

where m' m' and m' a r e  t h e  a c t u a l  magnetic moments of each c o i l .  

For small angles  t h i s  is  approximately 
x '  Y Z 

(4.28) 

For s i m p l i c i t y ,  it is assumed now t h a t  on ly  t h e  X c o i l  is misal igned,  or 

$ I = < , = <  = o s  Then, for t he  t h r e e - c o i l  c o n t r o l  [Eqs. (4.2511, t h e  

appl ied torque  components are 
Y 

T = m B  - m B  , 
X Y Z  Z Y  

= T  + ml(E B + SzBZ) , 
cx x Y Y  

T = m B  - m B  , 
Y = x  x z  
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(4 29) 

Also ,  

2 2 
(Bx - B ) B B T  

2 
x y cx - T -  

- 2  CY 
Bz BZ 

(4.30) 

I n  t h e  s t e x l y  s ta te  ope ra t ion ,  t h e  s t a t e s  yx, y y ,  w and w a r e  

d r i v e n  t o  ze ro  and t h e  appl ied con t ro l  j u s t  , cance l s  t h e  d is turbance  

to rques ,  or 

X Y 

+ T cos @ f T s i n  @) , T = -(TBx 
I x  I Y  cx 

s i n  @ i- T cos $) , (4.31) 
CY = - ( T B ~  - TIx I Y  

where $ = $ ( t  - t o ) .  Because t h e  i n i t i a l  t i m e  to  is  a r b i t r a r y ,  one 

can d e f i n e  an a r b i t r a r y  X d i r e c t i o n  such t h a t  

B = B   COS^, 
X xo 

B = -B s i n  $ , 
Y xo 

- (4.32) 
BZ - kc Bxo ' 

where B and k a r e  assumed constant  for a slowly changing magnetic xo C 
f i e l d .  I t  is a l s o  assumed t h a t  , T , T and T are slowly 

changing so t h a t  they can be treated as cons t an t s .  
TBx BY *x "Y 

Equations (4.29) - (4.32) can be combined t o  y i e l d  t he  a c t u a l  ap- 

p l i ed  torques  
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2 
0 + k c  ITIx 1 + (i + 1 . 3  T s i n  $ - - T COS $ 

X cx 2 BY 4 Bx 
T = T  - 

1 
2 

2 4 BY 4 Bx 
( l+kc)TIx 1 1 

k2 
COS 2* - - T s i n  3q + - T C O S  3$ T s i n  2* + C 

+2 Iy  

- - [ - - T  EZ 1 - 2 2 2 
(l+k: 1 2 By kc TBx c I Y  I 

+ (l+kc) T~~ s i n  9 - k T cos * 

1 1 + - T s i n  2* + - T cos 
2 Bx 2 BY 

T + 1 T s i n  * - ($  + k:) TBy cos * c I y  4 Bx T = T  + 
Y 

1 (l+k:) C 1 1 k2 
T cos 2* + - T s i n  3* + - T cos 3$ . TIx s i n  2$ - - 

2 2 I Y  4 Bx 4 BY 
+ 

For t h e  two-coi l  c o n t r o l ,  t h e  X-coil  magnetic moment i s  

m '  = -Tcy/B, , (4 * 34) 
X 

so tha t  t h e  appl ied torque  components become 

IY COS 2* 1 T 
s i n  21) - - 

X 2 
C 

(4.35) 
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Thus, t h e  e r r o r  torque inc ludes  terms s i m i l a r  t o  body-fixed and iner -  

t i a l l y - f i x e d  components which w i l l  be de tec ted  by t h e  observer  and auto- 

m a t i c a l l y  cance l led .  O t h e r  to rque  terms include those  which r o t a t e  i n  

i n e r t i a l  space a t  one and two t imes  t h e  negat ive  s p i n  rate. Othe r  terms 

act as s inuso ida l  i n p u t s  t o  one or both axes. I t  can be seen t h a t  these 

e r r o r  torque magnitudes w i l l  be l a r g e s t  when 

cons t an t  

be found f o r  misaligned Y and Z c o i l s .  

and consequently t h e  

a r e  s m a l l e s t .  S imi la r  d i s tu rbance  torque expressions can 
BZ , 

kc , 

In  gene ra l ,  t h e  e f f e c t  of t h e s e  s i n u s o i d a l  d i s tu rbance  inpu t s  can, 

of course ,  be reduced by lowering t h e  va lues  of t h e  i n e r t i a l l y - f i x e d  

and body-fixed torques  through b e t t e r  des ign ,  by keeping t h e  misalign- 

ments s m a l l ,  and by reducing t h e  amplitude of t h e  frequency response of 

t he  c o n t r o l  s y s t e m  t o  s inuso ida l  i npu t s .  The l a t t e r  co r rec t ion  can be 

made by a d j u s t i n g  t h e  c h a r a c t e r i s t i c  equat ion of t he  s t a t e  observer  and 

by changing the  g a i n s  i n  t h e  c o n t r o l  law. 

Figure 4.7 shows the  amplitude of t h e  frequency response of t h e  

and Yy t o  a s inuso ida l  d i s turbance  torque 
YX 

s t a r  t r a c k e r  v a r i a b l e s  

T = s i n  w t  N-m. 
Y 

6 In Case 1, t h e  observer  has  t h e  c h a r a c t e r i s t i c  equat ion ( s  + 0.5) = 0 

and t h e  c o n t r o l  l a w  [Eq. (4.1611 has t h e  ga ins  K = 1. s e c  and 

K = 1. sec  . I n  Case 2 ,  t h e  c o n t r o l  ga ins  have been increased t o  

K = 10.  sec and K = 4. sec e I n  Case 3 ,  t h e  c h a r a c t e r i s t i c  equa- 

t i o n  of t h e  observer  has been changed t o  (s + 1.0)  = 0. I t  is apparent 

that  increased c o n t r o l  ga ins  and faster observer  response both tend t o  

minimize t h e  e f f e c t s  of s i n u s o i d a l  d i s turbances .  

-2 
P -1 

V -2 -1 

6 P V 

Figure 4 .8  shows the  same responses  when the  s inuso ida l  d i s turbance  
A is  appl ied  about t h e  x axis. Here, t h e  con t ro l  system is t h e  same a s  

t h a t  of Case 2 i n  Figure 4.7. 
B 

Magnetometer E r ro r s  

The e r r o r  i n  t h e  s i g n a l  t o  the  c o n t r o l l e r  from t h e  magnetometer can 

be  caused by s e v e r a l  f a c t o r s .  Imperfect ions i n  magnetometer ou tputs  can 
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C a s e  

1 

2 

3 

F I G .  4.7. 

.O 

O b s e r v e r  Posit  ion Speed 
C h a r a c t e r i s t i c  G a i n  K G a i n  Kv 

E q u a t i o n  (see-27 (see-1) 

1.0 

10.0 4.0 

4.. 0 

1.0 6 

6 

6 

(S + 0.5) = 0 

(s + 0.5) = 0 

(s + 1.0) = ' o  10.0 

FREQUENCY RESPaNSE OF STAR TRACKER 

s i n  W t  N-m, A S  FROM A MISALIGNED X TORQUING 
COIL .  

VARIABLES FOR DISTURBANCE INPUT T~ = 
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.O 

FIG.  4.8. FREQUENCY RESPONSE OF STAR TRACKER VARIABLES FOR 
DISTURBANCE INPUT Tx = s i n  U t  N-m AS FROM 
A MISALIGNED Y TORQUING COIL. The c h a r a c t e r i s t i c  
equat ion  of the  reduced-order observer  is  
(s  + 0.516 = 0 
K = 1 0  sec- and K, = 4 sec - l .  

and t h e  c o n t r o l  l a w  gains  a r e  

P 

r e s u l t  from misalignment of thg  s e n s i t i v e  axes ,  b i a s ,  s c a l e f a c t o r  e r r o r s ,  

ou tput  n o n l i n e a r i t  ies,  and random f l u c t u a t i o n s  of t h e  f i e l d  not de tec ted  

by sampling. Addi t iona l  e r r o r  is caused by a t i m e  l a g  i n  t h e  d i v i s i o n  

process  t o  o b t a i n  1/B2 and l / B Z .  

misalignment angles .  The fol lowing t e r m s  are def ined a s  e r r o r  c o e f f i -  

cients:  

Figure 4 .9  i n d i c a t e s  t he  genera l  

b - b i a s  terms of each magnetometer, 
X , Y , Z  

k - scale f a c t o r  e r r o r s  of each, 
f X , Y , Z  

k - quadra t i c  n o n l i n e a r i t  i e s  of each, 
rn*Y,Z 

N - f l u c t u a t i o n s  i n  the  magnetic f i e l d  components. 
X , Y , Z  
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A 
=El 

A 
*I3 

FIG.  4.9. GEOMETRY OF A MISALIGNED MAGNETONEETER. 

From Figure 4.9 and these definitions, the measured signal from the X 

magnetometer wou Id be 

- E B ]  + k m F x  + E B  - E B ] ~  
B ’  X = [I + + EzBy y z Z Y  Y Z  

+ b  + N x  
X 

(4.36a) 2 
f x x  z y  y z  n x x  g B x + k  B + E B  - E B  + k  B + b x + N x .  

Similarly, for the Y and Z signals, 

(4.36b) 2 
B t Z B  + k  B - 1 B  + p B  + k  B + b  + N .  Y Y f Y Y  z x  x z  n y y  Y Y 

2 
Z B  + k  B + V B  - V B  + k  B + b  + N z .  B1 z f z z  y x  x y  nzz Z 

(4.36~) 
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From Eqs. (4.361, one can compute t h e  r e s u l t i n g  e r r o r  i n  the  appl ied 

magnetic moments and t h e  r e s u l t i n g  e r r o r  to rque .  

In  gene ra l ,  t h e  magnetometer is  a f a i r l y  accura te  instrument .  Ref- 

e rences  55 and 56 r epor t  magnetometers w i t h  c a p a b i l i t i e s  of measuring 

f i e l d  components w i t h  a range of g r e a t e r  than 100 t imes the  minimum 

value.  Measurable frequency range i s  from 0 t o  100 Hertz. Accuracies 

of measurement are on t h e  order of 0.1 t o  1 percent  of t h e  f u l l  s c a l e  

readings .  These devices  are a d j u s t a b l e  up t o  k 50000 gamma which is  

w e l l  above o r b i t a l  requirements.  

The magnetic f i e l d  dur ing  t h e  main phase of a magnetic storm tends 

t o  be noisy  w i t h  excurs ions  having amplitudes of  s e v e r a l  hundred gamma 

(Ref. 57). The f l u c t u a t i o n s  occur slowly enough t h a t  t h e y  pose no prob- 

lem t o  t h e i r  measurement. A d e s c r i p t i o n  of o t h e r  smaller  f l u c t u a t i o n s  

is  presented i n  Appendix A. 

For t h e  two-coil c o n t r o l l e r ,  t he  r e s u l t i n g  appl ied magnetic moments 

due t o  the  s l i g h t l y  inco r rec t  B; a r e  

B 
k B -  + v  - -  X 

B - 
kfz  - v x B  nz z 

cx m f  =- r -  
Y B '  Bz 

Z 

T 

BZ 2 

(4 .37)  

S imi l a r  but more complicated expressions r e s u l t  f o r  t he  t h r e e - c o i l  con- 
t r o l l e r .  The e f f e c t  of the s c a l e  f a c t o r ,  non l inea r ,  and b i a s  t e r m s  a r e  

taken  out  by the  observa t ion  of body-f ixed and i n e r t  i a l i y - f  ixed torques  

f o r  a slowly changing f i e l d .  The no i se  terms pose no problem i f  sampling 

is  done o f t e n  enough or measurements are taken cont inuously.  The m i s -  

alignment t e r m s  due t o  produce s i n u s o i d a l  i npu t s  i n t o  t h e  X 

and Y channels as i n  the  case of t h e  misaligned c o i l s .  Again, t he  f r e -  

quency-response a n a l y s i s  can be app l i ed ,  and t h e  p l o t s  of F igs .  4 .7  and 

4.8,  for example, are p e r t i n e n t .  

( v X , v  >, 
Y 
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Nonsymmetry of t h e  Spacecraf t  

Here, t h e  f a c t s  t h a t  t h e  spacec ra f t  is not  p e r f e c t l y  symmetric 

about t h e  s p i n  axis,  t h a t  t h e  moment of i ne r t i a  ra t ios  are not  p e r f e c t l y  

known, and t h a t  t h e  s p i n  speed is not  always nominal. are considered. 

From Eqs. (2.6) - (2.8) of Chapter 11,  t h e  equat ions  of motion of w 

and w are 
X 

Y 

c j  = -  1 px + (I - IZZ) wywz - I yz w2] z X I  YY xx 

I 

xz z + (Izz - I )W w + I X 
xx x 2 

+ 

(4.38a) 

I22 wywz 
xx YY 

I 
T + (Ixx - I )w w + (I w - I w )wz] e 

I y; [z . Y Y  x Y YZ x xz Y 
+ 

YY zz 

(4.38b) 

I f  one d e f i n e s  
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w = q0 + 6w 
z z ’  

and assumes t h a t  w w I I , and I are s m a l l  q u a n t i t i e s ,  

t hen  Eqs. (4.38) can be w r i t t e n  as 
x’ y’ xy’ yz X Z  

xy 
T I I I 

I xx 
2 $ 2 +  xy T + I + - -  

I X X  yy 
I 

I X X  YY 
0 xx I X X  

I T  xz z I 1  
xy xz - 2  

I X X  I Z Z  ’ I 90 + 

+ 
I X X  YY 

1 
w = a + w  + - (-as61 Y + 6 1 ~  - E I ~ ) + ~ ~ ~  + a 6w w s z x  s o x  I xo Y 

I I 1  I T  xz ‘2 xy  yz $2 + xy x + -  I + - q 0 -  I I 0 1 1  
YY YY I X X  YY xx YY 

T 

- 1  1 I T  

xx YY YY zz 

Ixy(Iyy zz  YZ 
+ I 1  +owy + I I 

(4.39a) 

(4.39b) 

The terms i n  Eqs. (4.39) which a r e  products  of cons tan ts  and w or 

cause torques  of frequency 

are cance l led  as body-fixed to rques .  The mul t ip l e s  of Tx and T produce 

cons t an t s  p l u s  s inuso ida l  t e r m s  of frequency 9 . The torque TZ due t o  

the  appl ied  c o n t r o l  i s  

X Y 
about each axis.  The cons tan t  terms 

aS+O 

Y 

0 

1 
- - - - [- T~~ s i n  q + T cos. @ + T Bx Ix kc 
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f o r  t h e  two-coil  c o n t r o l l e r .  Hence, mu l t ip l e s  of t h i s  t e r m  a l s o  cause 

cons t an t  i npu t s  and s inuso ida l  i npu t s  of frequency $ . Therefore ,  t h e  

frequency response ana lys i s  aga in  is app l i cab le  here. 
0 

Noisy S t a r  Tracker 

The problem of no i sy  s t a r - t r a c k e r  measurements of Yx and Yy 

is  now analyzed. I n  p a r t i c u l a r ,  t h e  equat ions which d e f i n e  the co- 

va r i ances  of t h e  estimates of t h e  other system states a r e  der ived f o r  

the Gopinath reduced-order observer .  I t  is assumed t h a t  the  no i se  

of each star-tracker readout  can be descr ibed as independent Markov 

processes  w i t h  equa t ions  

Vn 

= -Bnl-& + v (4.40) 

where v i s  whi te ,  s t a t i o n a r y ,  and Gaussian, and pn i s  a p o s i t i v e  

cons tan t .  Such a no i se  process  desc r ibes  the speed of a f r e e  p a r t i c l e  

under Brownian motion,or t h e  vo l t age  ac ross  a capac i to r  i n  p a r a l l e l  w i t h  

a resistor producing a w h i t e  n o i s e  vol tage  (Johnson n o i s e ) ,  which i s  

t y p i c a l  i n  many instruments .  

From Figure D . l  of Appendix D ,  i f  t h e  input  t o  t h e  observer  i s  
+ +  
x1 + rl,, t h e  output  is  

-+ y = x  A 2 + L % )  

where 
I\ - + +  x = z + L x l  2 

+ and z has t h e  s t a t e  equat ions  

4 + (G2 - LGl) u . 
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Also r e c a l l  t h a t  t h e  a c t u a l  s y s t e m  equat ions a r e  

-3 -+ -+ -+ x = F  X + F  X + G U  , 1 I1 1 12 2 1 

-E, -+ -+ + 
21 1 22 2 x 2 = F  x + F  x + G 2 U .  

I f  t h e  output  e r r o r  i s  def ined as 

then i t s  t i m e  ra te  of change can be shown t o  be 

i i 4 = (F22 - LFl2)% - (F21 - LFll)Tn - L q (4.41) 

then  Eys .  (4.401, -+ 
-+ = n ,  €2 us ing  t h e  previous equat ions.  I f  one d e f i n e s  

(4.41) can be combined i n t o  t h e  matrix form 

where 

I n  s impler  notat ion,  (4.42) becomes 

j - 3 4  
E = F E  + Gv . 

I f  Pz is  def ined  as t h e  covariance of t he  error, i . e . ,  

(4.43) 

P = E ( 2  ;"I, 2 
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and Q is  the  covariance of v ,  tha t  is  

= Qs(t - T) , 

then  t h e  covariance P2 has t h e  well-known t i m e  d e r i v a t i v e  

T T 6 2 = F P 2 + P F  2 +GQG (4.44) 

P ( t )  has a closed form s o l u t i o n  ( R e f .  58) found by  de f in ing  t h e  mat r ix  

A =  1; 
which has t h e  equat ion  

= AIA, 

If t h e  mat r ix  A1 has  the  form 

then  

T -F 

A =  1 

a 

$2 

%2 

A(0) = I a 

0 

, 
F 

T T 
P 2 ( t )  = %1+2 + %2P2(o) %2 

. 

A(t has  t h e  s o l u t i o n  

(4.45) 
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The s t eady  s ta te  s o l u t i o n  can be found f o r  zero  i n i t i a l  condi t ions  by 

e x  am i n  ing  

p2 = $ 1 4 2  * 
(4.47) 

A s t eady  s ta te  s o l u t i o n  ex i s t s  because t h e  c h a r a c t e r i s t i c  equat ion of 

(4.42) 9 

2 
(s + Pn) (SI - F22 + LF12) = 0 , 

h a s  eigenvalues  wi th  p o s i t i v e  real  p a r t s  by c o r r e c t  choice of t h e  

matr ix  L, I f  P2 is defined as 

then  from Eq. (4.441, i t s  t i m e  d e r i v a t i o n  can be shown t o  be 
/ 

T T h = (F22 - LF )P + P2(F22 - LF12) + LQL 2 12 2 

where 

n 
& =  

and I) is t h e  s p i n  speed. Equation (4.48) a l s o  is  i n  t h e  form of 

Eq.  (4.441, so i ts  s o l u t i o n  may be found from Eqs. (4.46) - (4.47).  Be- 

cause (4.48) i s  l inear  i n  t h e  s t eady  s t a t e  s o l u t i o n  may be found 

by so lv ing  t h e  r e s u l t i n g  1 5  a l g e b r a i c  equat ions  r e s u l t i n g  from s e t t i n g  

6 = 0 and us ing  a p a r t i c u l a r  choice of  t h e  observer  ga in  L. 

P2, 

2 
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To minimize the  e f f e c t  of t h e  noise  inpu t s  f o r  a reduced-order 

observer ,  t h e  mat r ix  L should be chosen so t h a t  t h e  maximum eigenvalue 

of  P2 is  minimized. Denoting t h e  maximum eigenvalue of covariance 

P as 

it w a s  shown by Singer  (Ref. 7 6 )  t h a t  t h i s  has the  upper bound 

(4.49) 

f o r  an equat ion  such as (4.44) a t  s t e a d y  state. H e r e  U is t h e  matr ix  

which d i agona l i zes  F and amax is  the  maximum real p a r t  of t h e  eigen- 

va lues  of F. This  labor ious  process  can a l s o  be appl ied t o  (4.48). 

There doesn ' t  seem t o  be a t r a c t i b l e  s o l u t i o n  u s e f u l  f o r  making a d i r e c t  

choice of  t h e  mat r ix  L t o  minimize IIP211. Thus, i ts  s e l e c t i o n  w i l l  

have t o  be based upon a cut-and-try procedure. 

The a l t e r n a t i v e  method for eva lua t ing  t h e  e f f e c t  of no isy  star 

t r a c k e r  d a t a  i s  t o  perform s imula t ions  of the  system w i t h  noisy measure- 

ments. I f  the measurements are too noisy ,  of course ,  improvement can 

always be obtained by us ing  a Kalman f i l t e r  i n  p lace  of  t h e  reduced- 

order  obse rve r ,  as w a s  

I t  has  been shown 

c a l l y  c o n t r o l  the s p i n  

wi th  an extreme degree  

done i n  Chapter 111. I 

SUMMARY 

t h a t  it i s  t h e o r e t i c a l l y  f e a s i b l e  t o  magneti- 

a x i s  of a sp inning  sa te l l i t e  t o  point  a t  a star 

of accuracy. I n  p a r t i c u l a r ,  f o r  a s t a r  t r ack ing  

sa te l l i t e  i n  a c i r c u l a r  po la r  o r b i t ,  t h e  s p i n  axis can be maintained 

wi th in  0.01 arc second for g r e a t e r  than 90 percent  of t he  period of t h e  

o r b i t .  T h i s  accuracy can be achieved dur ing  normal mode ope ra t ion  by 

e i t h e r  u s ing  a t h r e e - c o i l  or two-coil  mechanization. The r e s u l t s  were 

based, o f  course,  upon t h e  assumption of p e r f e c t  noiseless s t a r t r a c k i n g  

c a p a b i l i t y ,  magnet ic-f ie ld  measurement, and c o n t r o l  ac tua t ion .  
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During t h e  s p i n  con t ro l  mode of t h i s  s a t e l l i t e ,  t h e  po in t ing  accu- 

r a c y  never d e v i a t e s  beyond 5 a r c  second under worst-case d is turbance  

torques .  The s p i n  speed d e v i a t i o n  dur ing  t h e  e n t i r e  o r b i t  can be kept 

below 0.003 rad/sec . 
The key t o  providing t h e  extreme accuracy c a p a b i l i t i e s  i s  the  f a c t  

t h a t  i n e r t i a l l y - f i x e d  to rques ,  body-f ixed to rques ,  and pulse  torques 

f r o m  t r a n s l a t i o n a l  j e t s  a r e  observable  q u a n t i t i e s .  A modified vers ion  

of t he  Gopinath reduced-order observer  f o r  noncycl ic ,  non-control lable  

systems w a s  developed and used t o  e s t ima te  these  d i s tu rbance  torques 

i n  a d d i t i o n  t o  the  v e h i c l e  rates. A new con t ro l  law based upon the  

d i s tu rbance  torque  e s t ima tes  w a s  used t o  cance l  t h e i r  e f f e c t  and t o  

d r i v e  t h e  s a t e l l i t e  state t o  zero .  

A q u a l i t a t i v e  e r r o r  a n a l y s i s  was performed t o  determine t h e  e f f e c t s  

upon t h e  c o n t r o l l e r ' s  performance of misaligned magnetic c o i l s ,  mag- 

netometer e r r o r s ,  dev ia t ions  of t he  s a t e l l i t e  i n e r t i a l  p r o p e r t i e s  from 

t h o s e  modeled i n  the observer ,  and a noisy  t r a c k e r .  Actual q u a n t i t a t i v e  

e r r o r  eva lua t ion  depends upon having a more complete d e s c r i p t i o n  of ac- 

t u a l  s a t e l l i t e  and con t ro l  system parameters. 

Although a r e l a t i v e l y  p r e c i s e  c o n t r o l  system w a s  s tud ied  i n  Chap- 

ter  111, t h e  v a s t  improvement i n t h e  pointing-accuracycapability of the  

s y s t e m  s tudied  i n  t h i s  chapter  must be noted. Again, t h e  improvement 

is  due t o  t h e  assumed presence of an accu ra t e  s t a r  t r a c k e r  which can 

s imultaneously measure po in t ing  e r r o r s  about two or thogonal  axes .  

In  conclus ion ,  i t  can be stated t h a t  magnet ical ly  c o n t r o l l i n g  a 

sp inning  s a t e l l i t e  t o  p r e c i s e l y  point  a t  a star compares very favorably 

w i t h  o the r  t ypes  of pre/cision c o n t r o l  f o r  per iods  of up t o  t h i r t y  min- 

u t e s  dur ing  an o r b i t a l  per iod.  The ch ie f  l i m i t a t i o n  t o  t h i s  and any 

o t h e r  p r e c i s i o n  c o n t r o l l e r  f o r  t he  sa te l l i t e  considered he re  seems to  

be the accuracy l i m i t a t i o n s  of t h e  star t r a c k e r .  
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CHAPTER 5 

THE CONTINUOUS ATTITUDE CONTROL OF R I G I D  NONSYMMETRIC 

SPINNING VEHICLES 

In  t h i s  chap te r ,  t h e  genera l  o r i e n t a t i o n  con t ro l  of t h e  sp in  a x i s  

of a nonsymmetric spinning v e h i c l e  w i l l  be inves t iga t ed .  The following 

gene ra l  assumptions about t h i s  v e h i c l e  are made : 

1. The nominal s p i n  axis is  t h e  maximum o r  m i n i m u m  a x i s  of i n e r t i a .  

2. The o t h e r  two p r i n c i p a l  axes of  i n e r t i a  are a l s o  the  veh ic l e  

con t ro l  axes. Control  torque is appl ied cont inuously t o  these  

axes.  

3. The nominal s p i n  speed i s  much g r e a t e r  than rates about t he  

l a t e r a l  axes of t h e  veh ic l e .  This  a l lows t h e  l i n e a r i z a t i o n  

of E u l e r ' s  equat ions  from which d e r i v a t i o n  of t he  c o n t r o l  law 

fol lows.  

This c o n t r o l  method can be used f o r  any sp inning  v e h i c l e  and i s  p a r t i c -  

u l a r l y  relevant t o  magnetic con t ro l  of sp inning  s a t e l l i t e s .  I t  is a p p l i -  

cab le  t o  both t h e  sa te l l i t es  which served as examples f o r  Chapters I11 and 

I V .  

The p a r t i c u l a r  advantage of r e l a x i n g  t h e  requirements of s a t e l l i t e  

symmetry is t h a t  of ease  i n  des ign  and manufacturing. The disadvantage,  

from a con t ro l  d e s i g n e r ' s  s t andpo in t ,  is t h a t  t he  system parameters no 

longer  can be treated as t i m e  i n v a r i a n t .  The method developed here  essen- 

t i a l l y  t ransforms t h e  s y s t e m  equat ions  t o  a set which is t i m e  i nva r i an t  

and, t h u s ,  g r e a t l y  s i m p l i f i e s  t h e  choice of con t ro l  l a w .  

THE LINEARIZED EQUATIONS OF MOTION AND THEIR OBSERVABILITY 

From Chapter I 1 , t h e  r o t a t i o n a l  equat ions  of motion of a r i g i d  body 

as coord ina t ized  along t h e  body-fixed p r i n c i p a l  axes are the  Euler equa- 

t ions  : 

h = -  1 px + ( I  - I ) W W ]  , 
YY z= Y z I X X  

X 
( 5 .  l a )  

179 



tl - -  1 (I.. + ( I x x -  I ) w w ]  . 
YY x Y zz  

2 - 1  

(5 . lb)  

( 5 . 1 ~ )  

With t h e  assumption t h a t  t h e  rate about t he  s p i n  a x i s  w >> w O r  
z X 

W and T = 0,  Eqs. (5.la-b) can be l inearized to  Y z 

(5.2a) Gx = Txl - B w , 
S Y  

& = T  + A W  . (5.2b) 
Y Y l  s x  

H e r e ,  

where $ i s  the  nominal s p i n  ra te  wz. For s m a l l  angular displacements  

cp and 8 about t h e  i n e r t i a l l y - f i x e d  x and yI axes ,  t h e  two addi- 

t i o n a l  kinematic  equat ions  of motion are 

A A 

I 

c p = w  c o s * - L L I  s i n  + ,  
X Y 

(5.3a) 

i j = w  s i n + + m  cos Q ,  (5.3b) 
X Y 

where 9 i s  t h e  angle  $ ( t - to ) .  

Equations (5.2)  - (5.3) are somewhat general. L i t t l e  e f f o r t  is  re- 

qui red  t o  t ransform them t o  t h e  equat ions  used i n  t h e  l o c a l  frame employed 

i n  Chapter I11 or t h e  body frame employed i n  Chapter IV. 
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T h i s  is b a s i c a l l y  a t ime-varying f o u r t h  order  system which i s  t o  

be analyzed. I t  i s  assumed t h a t  t h e  four  s t a t e s  <uxy w c p ,  and 0)  

a r e  a v a i l a b l e  from which t o  genera te  t h e  con t ro l  to rque .  Their a v a i l -  

a b i l i t y  is dependent upon t h e  v e h i c l e  system s ta te  being completely ob- 

s e rvab le .  

Y 

The fol lowing d e f i n i t i o n s  and theorems from Silverman (Refs. 59 ,  60) 

provide t h e  information necessary  t o  determine t h e  degree of o b s e r v a b i l i t y  

of a system wi th  t ime-varying c o e f f i c i e n t s .  

D e f i n i t i o n  5.1. Complete o b s e r v a b i l i t y  - (Ref. 59 ) .  The class of systems 

descr ibed  by a f i n i t e  set of f i r s t  o rder  d i f f e r e n t i a l  equat ions of  

t he  form 

is completely observable  on an i n t e r v a l  

s ta te  xo a t  to can be determined from the  knowledge of t h e  sys -  

t e m  output  y ( t )  and input  u ( t )  over ( t o ,  t l ) .  

(to, tl) i f  any i n i t i a l  

A sys t em i s  f u r t h e r  s a id  t o  be uniformly completely observable  i f  i t  is 

completely observable  over  every s u b i n t e r v a l  of a l l  time of s y s t e m  oper- 

a t i o n .  

D e f i n i t i o n  5.2. Observabi l i ty  ma t r ix  - (Ref. 5 9 ) .  The o b s e r v a b i l i t y  

mat r ix  Q o ( t )  i s  

where 

and 



These d e f i n i t i o n s  are used t o  prove t h e  theorems: 

Theorem 5.1. - (Ref. 59). The system with Eqs. (5.4a-b) is completely 

observable  on t h e  i n t e r v a l  (to, t,)  i f  Q (t) has  f u l l  rank f o r  

some t contained i n  (to, tl).  
0 

Theorem 5.2. - (Ref. 60). I f  t he  sys t em (5.4a-b) i s  pe r iod ic ,  then it 

is  uniformly completely observable  i f  and only  i f  it is completely 

observable .  4 

T h i s  l as t  theorem demonstrates t h a t  it i s  only  necessary t o  show 

t h a t  a p e r i o d i c  s y s t e m  is observable  a t  one po in t  i n  t i m e  t o  conclude 

t h a t  it is observable  f o r  a l l  time. I t  has immediate a p p l i c a t i o n  t o  the  

equat ions  of motion of  t h e  sp inning  veh ic l e .  

I t  i s  i n t e r e s t i n g  t o  note  a t  t h i s  t i m e  t h a t  s p e c i a l  condi t ions  arise 

when there e x i s t s  an o b s e r v a b i l i t y  advantage of  a nonsymmetric v e h i c l e  

over one w i t h  m a s s  symmetry  about t h e  s p i n  a x i s  as considered i n  t h e  pre- 

v ious  two chap te r s .  Recall t h a t  i t  w a s  mentioned i n  Chapter I11 t h a t  i f  a 

symmetric s a t e l ' l i t e  had r o l l  e r r o r  (?L-axis)  measurement on ly ,  a con- 

s t a n t  to rque  about t h e  yaw axis w a s  unobservable.  For t h e  nonsymmetric 

v e h i c l e ,  t h e  s ta te  equat ions  of t h e  system w i t h  cons tan t  moments of t o r -  

que about t h e  r e f e r e n c e  axes a s soc ia t ed  wi th  t h e  l o c a l  (L) 

frame are 

1, I X X  

0 

0 

0 - 

0 0  

$ 

0 

0 

l ' IYY 

0 

0 

0 0  

0 0 

0 0 

0 -B 
S 

0 
S 

A 

cos $ - s i n  Jr  

s i n  $ cos Jr  

0 

0 

0 

0 

0 

-n 

+ 

r e fe rence  

i d  

0 '0 

1 0  

0 1  

0 0  

0 0  - -  

Txl  
9 

T . y l  

(5.6) 
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and T a r e  t h e  cons tan t  d i s tu rbance  torques.  The obser- 
TLx LY 

H e r e ,  

v a b i l i t y  matr ix  ( 5 . 5 )  has f u l l  rank a t  a l l  t i m e  f o r  Eqs. ( 5 . 6 )  when 

Ixx f I (and A f Bs). Thus, i n  t h i s  i n s t ance  the s y s t e m  is  mathe- 

mat i c a l l y  observable  , whereas a similar system with equal  l a t e r a l  mo- 

ments of i n e r t i a  

YY S 

= I ) is  not .  
( I X X  yy 

From the  p r a c t i c a l  s t andpo in t ,  t h e  use fu lness  o f  t he  above r e s u l t s  

appl ied  t o  t h e  sa te l l i t e  system of Chapter I11 seems tobe  l imi ted  b y t h e  

accuracy of t h e  i n i t i a l  cond i t ions  provided t o  t h e  s t a t e  e s t ima to r .  If 

t h e  i n i t i a l  va lues  o f  (W ? W  ?Cp,8) are w e l l  known, computer s imulat ion 

demonstrates  t h a t  t h e  es t imator  works wel l  from r o l l  e r r o r  

only.  Conversely,  w i t h  i n i t i a l  va lues  of (wx,w ?Cp,0) poorly known, 

and T erroneous estimates of the  d i s tu rbance  torque  components 

r e s u l t .  This  seems t o  be a case  of ill condi t ion ing  on the  p a r t  of t h e  

sys t em mat r ices  of  ( 5 . 6 )  because of t h e  smallness  of the  parameter n. 

X Y  
0 input 

Y 

TLx LY 

CONTROL LAW SYNTHE S IS 

The  method of con t ro l  s y n t h e s i s  for sp inning  nonsymmetric veh ic l e s  

which fol lows is  b a s i c a l l y  an ex tens ion  of t h e  method developed by Lange 

(Refs. 26, 61) for symmetric veh ic l e s  or systems w i t h  equa t ions  possess- 

i n g  frequency symmetry. Define 

Ds n = (Bs/As) % , 

4 W  + j D W  , 
‘ n .  x S Y  

n 
T = T  + j D T  n x l  s y l  ’ 

n % 
N = (BsAi) /$ . 
S 

Then Eqs. (5.2a-b) can be combined i n t o  t h e  complex equat ion ,  

( 5 . 7 )  
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by mul t ip ly ing  (5.2a) by j D  and adding i t  t o  (5 .2a) .  Also ,  from Eqs. 

(5*3)  

L e t  

Then, Eq. (5.8) becomes 

Thus, 

(5.10) * = qneJ.Jr + G e j 2$ 
pS S 

Taking t h e  d e r i v a t i v e  of (5.10) and us ing  (5.7) and (5.9) y i e l d s  

Now, l e t t i n g  

and 

Eq. (5.11) becomes 

(5.12) 
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The q u a n t i t y  TneJ' r e p r e s e n t s  the  c o n t r o l  to rque .  Let t h i s  be s e t  t o  

Then (5.12) becomes 
\ 

(Ns + 1l2G2) e j (Ns+1)$/2 

S + K s  1 s  + b 2 +  4 

when no d i s tu rbance  torques  act upon t h e  system. For (5.13) t o  equal 

zero f o r  a l l  t i m e ,  

(5.142~) 4: s + K i '  1 s  + k 2 +  4 

(5.14b) S = 0'. 3 S + K3Ss + (K4 + 4 

Thus, t h e  s e l e c t i o n  of a c o n t r o l  l a w  f o r  t h e  nonsymmetric s y s t e m  

c o n s i s t s  of choosing four  ga ins  (K , K  ,K , K  t o  g ive  the  des i red  

response t o  two uncoupled harmonic o s c i l l a t o r s  [Eqs. (5.14)] i n  a t rans-  

formed coord ina te  frame. That t h e  t r a n s f o r m a t i o n ' t o  t h i s  coord ina te  

frame e x i s t s  i s  known from t h e  theory  of ma t r i ces  (Ref. 62 ) .  Any l i n e a r  

sys t em 

1 2 3 4  

where F has pe r iod ic  c o e f f i c i e n t s  is  always r educ ib le  t o  one w i t h  con- 

s t a n t  c o e f f i c i e n t s .  

With the  choice of ga ins  being made, t h e  appl ied con t ro l  i n  the  

(p-8 coord ina te  system becomes 
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(5.15) 

which is the complex con t ro l  l a w .  I n  real  form, t h i s  becomes 

(5.16) 

where Yx and Y y  (the s t a r - t r a c k e r  v a r i a b l e s )  a r e  defined as 

= cp cos If + 8 s i n  , 
YX 

y = - q s i n  $ + 8 cos \Ir . 
Y.  

With the choice K1 = K and K = K the  real con t ro l  l a w  i s  3 2 45 

(5.17) 

When I = I , D = 1 and (5.17) reduces t o  t h e  r e s u l t s  of ( R e f .  61). 
xx YY s 
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An example serves to illustrate the utility of this control synthe- 

sis. Consider a vehicle with moments of inertia 

2 
= 3.08 kg-m , IXX 

I =-9.24 kg-m 2 , 
YY 

I = 10.0 kg-m 2 , 
zz 

nominally spinning about its Z axis at one rad/sec. 

one might attempt to control the spin-axis orientation by using a control 

law for an axisymmetric spinning body. 

moments of inertia could be assumed. 

Without E q s .  (5.16) 

An average value of the lateral 

In (Ref. 61)) the power optimal control for a symmetric spinning 
vehicle with no nutation damper was shown t o  be 

Yy 7 

- RS%71 
2 Txl = -K W vl 'X - KplYx 

Rs+Kvl 
yx ) - K  + 2 

T = - K  W 
Yl vl Y pl y 

where Rs is the moment-of-inertia ratio 

The choice of gains for power optimal control (see Ref. 61) is 

(5.18) 

These come from optimizing the cost function 

187 



t 
f 2 2  J = L  I (qx + T ) d t  

--to 
f 2  

This  func t ion  a p p l i e s  t o  t h e  harmonic o s c i l l a t o r  equat ion 

2 2+!2 x = T  
S 

tha t  governs the  dynamics of a symmetric sp inning  veh ic l e .  In  t h i s  

example, it is assumed t h a t  

The op t imiza t ion  a n a l y s i s  can a l s o  be appl ied  t o  Eq. (5.12) (which 

r e p r e s e n t s  two uncoupled harmonic o s c i l l a t o r s )  for determining t h e  ga ins  

K1, K2, K3, and K4 i n  Eq. (5.131,but t h e  r e s u l t i n g  con t ro l  l a w  [Eqs. 

(5.1611 is  s t r i c t l y  suboptimal.  

A s imula t ion  w a s  made of a v e h i c l e  w i t h  the above moments of i n e r t i a  

P l  
Kvl and K and t h e  c o n t r o l  l a w s  (5.16) and (5.18). The optimum gains  

were used f o r  (5 .18) .  I n i t i a l  cond i t ions  w e r e  

-1 w = 0.1 sec , 
X 

w = o  
Y '  

cp = 0.1 , 

e = 0.1.  

The c o n t r o l  l a w  (5.18) (based upon average la teral  moments of i n e r t i a )  

d i d  not  produce a t r a j e c t o r y  which converged t o  t h e  o r i g i n .  On t h e  o the r  

hand, c o n t r o l  l a w  (5.16) always produces asymptotic s t a b i l i t y  i f  t he  

gains K1 t o  K4 are p o s i t i v e .  

- 
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CONCLUSIONS AND RECOMMEXWATIONS FOR FURTHER STUDY 

I n  conclusion,  t h e  s y n t h e s i s  procedure developed i n  t h i s  chapter  

has t h e  fol lowing d i s t i n g u i s h i n g  po in t s :  

1. T h i s  technique al lows the  des igner  t h e  freedom t o  choose the  

dynamic response t h a t  i s  des i red  t o  remove small a t t i t u d e  

e r r o r s  of an unsymmetric v e h i c l e ' s  s p i n  axis .  

2.  T h i s  c o n t r o l  can be cont inuously mechanized w i t h  cons tan t  

ga ins .  

3. The v e h i c l e  des igner  t h u s  has more freedom t o  bui ld  an 

unsymmetric spacec ra f t  i n t e n t i o n a l l y .  T h i s  freedom might ease 

the des ign  t o l e r a n c e s  i n  v e h i c l e  cons t ruc t ion .  Poss ib ly  it  

can provide the  means f o r  ob ta in ing  more p rec i se  c o n t r o l  by  

making the d i s tu rbance  torques  f u l l y  observable .  

T h i s  chapter  by no means exhausts  t h e  p o s s i b i l i t i e s  f o r  f u r t h e r  

s tudy  of continuous p rec i s ion  ( inc luding  magnetic) con t ro l  of nonsymmetric 

sp inning  v e h i c l e s .  Cross-product-of- iner t ia  terms and a r b i t r a r y  nu ta t ion  

damping c o e f f i c i e n t s  may s t i l l  need t o  be taken i n t o  account i n  t h e  con- 

t r o l  syn thes i s .  A de te rmina t ion  of power opt imal  con t ro l  by a means 

less cumbersome t h a n  numerical ly  so lv ing  t h e  mat r ix  R i c a t t i  equat ions 

i s  h igh ly  d e s i r a b l e .  Also, a demonstrat ion t h a t  t h e  con t ro l  l a w s  (in- 

c luding  those  of Chapters  I11 and I V  developed t o  remove s m a l l  a t t i t u d e  

e r r o r s  produce asymptot ic  s t a b i l i t y  f o r  l a r g e  misalignment would be va l -  

uab le  f o r  some spacec ra f t  a p p l i c a t i o n s .  
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APPENDIX A 

MATHEMATICAL MODEL OF THE NEAR EARTH MAGNETIC FIELD 

A requirement f o r  analyzing t h e  e a r t h ' s  magnetic f i e l d  f o r  a t t i t u d e  

c o n t r o l  purposes is  t o  have an adequate  model of t h e  f i e l d .  The method 

of mathematical ly  modeling t h e  near-earth* magnetic f i e l d  used today 

fo l lows  t h e  work of Gauss and a p p l i e s  p o t e n t i a l  theory and s p h e r i c a l  

harmonic a n a l y s i s .  Discussions of t h i s  modeling can be found i n  Refs. 

63, 64, and 65, and a r e  summarized here .  

I t  is  assumed t h a t  i f  a reg ion  is  removed from t h e  magnetic sources,  
+ 

then t h e  magnetic f i e l d  B of t h a t  region i s  t h e  nega t ive  g rad ien t  of 

t h e  magnetic p o t e n t i a l  Vm of t h e  sources,  

m -w 

This  p o t e n t i a l  must s a - i s f y  Laplace s equa-ion,  

The s o l u t i o n  f o r  t h i s  p o t e n t i a l  which desc r ibes  t h e  near -ear th  magnetic 

f i e l d  i s  giv., an a s  

m n 
- - a c pn(cos m e,) {[.in "( ae/R)n+l + !Zen .(R/ae)"] cos mcDp 'm e / 

n=l  m=O 
( A . 3 )  + [hi,(ae/R)n+l m + hen(R/ae)n]sin m mmp} . 

* 
S a t e l l i t e  measurements have revea led  t h a t  below synchronous a l t i t u d e ,  
t h e  geomagnetic f i e l d  s t r e n g t h  i s  reasonably c l o s e  t o  an ear th-centered  
d i p o l e  f i e l d .  Beyond t h i s  d i s tance ,  t h e  e f f e c t  of t h e  teardrop-shaped 
magnetosphere begins  t o  be f e l t .  See Ref. 64. 
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where 

a 

R 

e 

s u f f i x e s  i, e 
on g and h 

8 and cp 
P P < e ) 

P 

gf and h t  

In t h e  l i t e r a t u r e ,  

= t h e  mean e a r t h  radius;  

= t h e  d i s t a n c e  from t h e  geocenter ;  

= sources  i n t e r n a l  and ex te rna l  t o  t h e  e a r t h ;  

- s a t e l l i t e  p o s i t i o n ' s  ear th- f ixed  c o l a t i t u d e  - 
and e a s t  longi tude ;  

= mul t ip l e  of t h e  assoc ia ted  Legendre func t ion ;  

- c o e f f i c i e n t s  corresponding t o  t h e  mul t ip le  and 
a r e  s e l e c t e d  t o  y i e ld  t h e  best poss ib l e  f i t  t o  
measurement da ta  of t h e  magnetic f i e l d .  

- 

t h e  assoc ia ted  Legendre func t ions  a r e  usua l ly  normal- 

ized according t o  methods of Gauss or Schmidt [ R e f .  631. 
normalizat ion i s  u t i l i z e d  he re  because i t  seems t o  be t h e  more preva len t  

one. 

gn n 
mul t ip l e  of t h e  a s soc ia t ed  Legendre func t ion  used.) 

i zed  a s soc ia t ed  Legendre func t ion  is expressed a s  

The l a t t e r  

(Care should be exerc ised  when us ing  published magnetic c o e f f i c i e n t s  

mand h m  t o  in su re  t h a t  they a r e  normalized t o  t h e  corresponding 

The Schmidt normal- 

where 6 = 2 f o r  m = 0 and = 1 otherwise  by t h e  convention used i n  Ref. 
m 

63. 
The Gauss normalized c o e f f i c i e n t s  Pn'm(cos 8 ), which a r e  employed 

P 
i n  Ref. 65, a r e  obtained by t h e  r e l a t i o n s h i p  

The main f i e l d  is  t h a t  po r t ion  of t h e  geomagnetic f i e l d  which 

o r i g i n a t e s  wi th in  t h e  ea r th .  I t  r ep resen t s  g r e a t e r  than 99% of t h e  

* measurable f i e l d  and has  a s e c u l a r  change of about 0.1% p e r  year.  The 

weak f i e l d s  o r i g i n a t i n g  ou t s ide  of t h e  e a r t h  a r e  q u i t e  v a r i a b l e  with 
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f l u c t u a t i o n s  i n  p e r i o d s  of a few days or less. These f l u c t u a t i o n s  a r e  

d iscussed  l a t e r .  The ex t rapola ted  values  of t h e  main f i e l d  can be 

considered correct up t o  synchronous a l t i t u d e  and time-varying e x t e r n a l  

f i e l d s  may be superimposed upon it. 

Figure A . 1  shows t h e  components of t h e  geomagnetic f i e l d  and t h e i r  

a s soc ia t ed  ang le s .  Here, B i s  t h e  i n t e n s i t y  of t h e  f i e l d  and Xm’ Ym’ 

Z a r e  i ts  components wi th  X po in t ing  northward, Ym po in t ing  e a s t -  

ward, and Z po in t ing  downward. 
m m 

m 

NORTH 

Hm 

F I G .  A . l .  COMPONENTS OF THE GEOMAGNETIC 
FIELD AND THEIR ASSOCIATED ANGLES. 
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Also, I i s  t h e  i n c l i n a t i o n  o r  d i p  angle, D i s  t h e  dec l ina t ion  

angle, and 

nen t s  a r e  found t o  be 

m m 
i s  t h e  ho r i zon ta l  component. From Eq. A . l ,  t h e  compo- Hm 

/R)"+;l f h m (R/ae)n-']sin mqp] 
en 

m - - Pm n { [-git!ntl)(ae/R)n+2 + g en n(Rjae)n-l]cos myp 
n=l  m = O  (A.6c) 

(R/ae) n- '1 s i n  mqp).  + [ -c (n+1)(ae /R)n+2 + ha 
m 

The magnitude of t h e s e  components is cowonly  i n  gammas where lo5 
gammas = 1 gauss, t h e  u n i t  of induct ion.  

m m m 
A f u l l  set of t h e  Schmidt normalized c o e f f i c i e n t s  g m i n  ' gen ' ' 

and ha up t o  degree and order  n=m=12 can be found i n  Ref. 66 f o r  

epoch 1965 .O. 
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However, t h e r e  a r e  good reasons  from t h e  a t t i t u d e  con t ro l  app l i ca t ion  

s t andpo in t  t o  ignore  t h e  e f f e c t s  of ex te rna l  sources ( t h e  g 

c o e f f i c i e n t s )  and use  c o e f f i c i e n t s  which a r e  found by f i t t i n g  t h e  da ta  

t o  a model which assumes t h a t  t h e  p o t e n t i a l  i s  due t o  an i n t e r n a l  source 

only .  F i r s t ,  s a t e l l i t e  measurement da t a  of t h e  magnetic f i e l d  a r e  

small  i n  number compared t o  t h e  amount of e a r t h  su r face  d a t a .  Secondly, 

t h e  s t r e n g t h  of measured e x t e r n a l  f i e l d  sources i s  small  ( less  than 1% 

of i n t e r n a l  source)  a s  can be seen by examining t h e  c o e f f i c i e n t s  of Ref. 

66 f o r  near -ear th  reg ions .  Also, l i t t l e  has been proven a s  t o  t h e  de f i -  

n i t e  f i e l d  con t r ibu t ions  of t h e  e x t e r n a l  f i e l d s .  F ina l ly ,  e l imina t ing  

t h e  e x t e r n a l  s t a t i c  con t r ibu t ions  t o  t h e  f i e l d  considerably reduces t h e  

computation requi red  t o  determine t h e  f i e l d  components. 

and h e e 

When mechanizing Eqs. (A.6a) through A.6c) on a d i g i t a l  computer, a 

g r e a t  d e a l  of run t i m e  can be saved by making use of s eve ra l  recurs ion  

formulas  which r e l a t e  t h e  terms of t h e  summations. For BP f 0,T use  

0 P o = l ,  

2k- 1 
p k-1 

p: 
s i n  8 

P Y 

k- 1 f o r  k 2 2  ; 2k-1 cos e p 'k-1 

k- 1 1 
= (2k-1)z cos BP Pk-l f o r  k > 2 , 

( A  .8a) 

( A .  8b) 

f o r  n >, k + 1 ; 
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-P O = - [ Qn(n+l) 
dep n , ( A .  l o a )  

-P = *kk-l(n+k)(n-k+l) ' *P k-1 -?; (n+k+l) (n-k;] * Pn k+l d k  1 dep n 

f o r  k 3 0  ; 

f o r  k > 0 , 

where 

k = l  

'k- 1.' k > l  

For  8 = 0,7T use the following: 
P 

= 0, pQ = 1 ;  % n For 

= a, '  P: = (-on . 
8P 

For 

Pk = 0,  f o r  k > 0 . 
'13. 

A l s o ,  

f o r  k = 0, d k  -P = 0 
dep n 

1 0  
= +[2n(n+l)]% P n f o r  k = 1, 

= o  f o r  k > 1 , 

( A .  1 2 a )  

( A .  12b) 

( A .  12c) 



and 

kP! 

s i n  8 
= o  

P 
f o r  k = 0, ( A .  14a) 

- ? ; o  
= 9[2n(n+1)I2 Pn - I f o r  k = 1, ( A .  14b) 

= o  f o r  k > 1 . ( A .  14c) 

Xm, Ym, and Zm a r e  mul t ip l i ed  by lo-' t o  convert  from gammas t o  

Webers/m2 . 
A s u i t a b l e  set of Schmidt c o e f f i c i e n t s  of t h e  geomagnetic f i e l d  

a r e  those  of Ref. 67 which a r e  presented  i n  Table  A . l .  

and t h e i r  d e r i v a t i v e s  a r e  i n  gammas and gammas/year and a r e  f o r  epoch 

1960.0. 
n a l  source  p o t e n t i a l  wi th  a mean e a r t h  r a d i u s  (ae) of 6371.2 km. 

The c o e f f i c i e n t s  

They r ep resen t  197,000 observa t ions  f i t t e d  t o  an assumed i n t e r -  

VARIATION TO THE SLOWLY CHANGING MAGNETIC FIELD 

The q u a n t i t i e s  which cause t h e  e a r t h ' s  magnetic f i e l d  t o  be d i s -  

t o r t e d  from t h a t  of a s t a t i c  symmetric d i p o l e  inc lude  those  which a r e  

c l a s s i f i e d  a s  (1) sun- l ine  d i s t o r t i o n s ,  (2)  s e c u l a r  va r i a t ions ,  

(3) d i u r n a l  v a r i a t i o n s ,  (4)  d a i l y  l u n a r  va r i a t ions ,  (5) magnetic storm 

dis turbances ,  and (6) l o c a l  i r r e g u l a r i t i e s .  The ' sun-l ine d i s t o r t i o n  

is  t h e  tear-drop d i s t o r t i o n  spoken of e a r l i e r  w i th  t h e  e f f e c t  t h a t  t h e  

f i e l d  l i n e s  a r e  compressed i n  t h e  subso la r  d i r e c t i o n  and spread a p a r t  

i n t o  a t a i l  on t h e  oppos i t e  s i d e  of t h e  ea r th .  This  e f f e c t  i s  ins ig-  

n i f i c a n t ,  however, f o r  d i s tances ,  less than 5 e a r t h  r a d i i .  A t  syn- 

chronous a l t i t u d e ,  t h e  d i s t o r t i o n  i n  magnitude can be a s  l a r g e  a s  25%. 

The s e c u l a r  v a r i a t i o n s  i n  t h e  geomagnetic f i e l d  a r e  accounted f o r  

by us ing  t h e  f i r s t - t i m e  d e r i v a t i v e s  of t h e  Schmidt c o e f f i c i e n t s  

(gn 
epoch of i n t e r e s t .  U s e  

m and hnm) a s  given i n  Table  A . l  t o  update  t h e  c o e f f i c i e n t  t o  t h e  
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TABLE A . l  

SCHMIDT NORMALIZED HARMONIC C O E F F I C I E N T S  OF THE 
GEOMAGNETIC F I E L D  (EPOCH 1960.0) I N  UNITS OF GAMMAS AND GAMMAS/YEAR. 

inm Degree Order m m . m  
n m gn hn gn 

1 0 -30425 -0 20.6 -0. 
1 1 -2162 5775 6.0 -3.9 
2 0 -1536 -0 -29.1 -0. 
2 1 3000 -1950 1.2 -13.7 
2 2 1585 204 -0.7 -15.8 
3 0 1301 -0 2.7 -0. 
3 1 -1987 -431 -10.0 6.5 
3 2 1290 231 1.6 2.9 
3 3 871 -130 -1.3 -9.2 

4 1 803 152 1.9 -1.8 

4 3 -394 3 -0.5 3.2 
4 4 271 -251 -4.2 -5.5 
5 0 -228 -0 2.6 -0. 
5 1 360 9 -0.1 3.0 
5 2 231 121 1.5 2.9 

-31 -116 -0.4 -1.9 
-157 -110 -0.7 1.2 

5 3 
4 

5 - 80 I.. 6 0.8 5 
5 

0 50 -0 -0.7 -0. 
6 1 61 -12 1.0 -1.4 
6 2 5 103 0.8 0.1 
6 3 -242 61 2 .1  1.5 
6 4 -1 -27 1.6 -0.7 

-I2 -0.1 -0,l 6 5 0 
6 6 - 109 -12 0.1 0.4 
7 0 71 -0 
7 1 -57 -54 
7 2 6 -24 
7 3 8 -9 

2 7 4 -24 
7 5 -2 28 
7 6 14 -21 

7 6 -20 
-0 

7 
0 5 

8 1 7 7 
8 2 -9 -12 - 14 6 

-2 - 17 
8 3 
8 4 
8 5 7 3 

24 8 6 -6 
8 7 I2 -3 
8 8 6 -16 

0 10 -0 
3 -22 

9 
1 

16 9 
9 2 7 
9 3 -16 5 

-4 4 11 
-2 

9 
5 11 

1 10 
9 

6 
-0 I2 

9 

0 
7 

2 
9 
9 8 
9 9 2 -3 

0 958 -0 -0.9 -0. 

4 2 503 -268 -1.2 -1.5 
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m and a s i m i l a r  expression t o  update  h ( t  ) wi th  t being t h e  epoch i n  

years ,  
n Y  Y 

Diurnal  v a r i a t i o n s  due t o  t h e  sun r e s u l t  i n  c y c l i c  v a r i a t i o n s  of 

t h e  f i e l d  magnitude of up to  200 gammas. 

i s  smal l  compared t o  t h e  t o t a l  f i e l d  and can be neglected from t h e  con- 

t r o l  a n a l y s i s  s tandpoin t .  

c i e n t  d a t a  is a v a i l a b l e  t o  make any conclusions.  The d a i l y  luna r  

v a r i a t i o n  can cause ampli tude v a r i a t i o n s  reaching  12 gammas but t h i s  

a l s o  is small  enough t o  neg lec t .  

Near t h e  ear th ,  t h i s  v a r i a t i o n  

A t  d i s t a n c e s  of s e v e r a l  e a r t h  r a d i i ,  insuf f  i- 

Theor ies  ex is t  on t h e  cause and behavior of magnetic storms and 

t h e i r  r e l a t i o n s h i p  t o  e l ec t r i c  cu r ren t  systems i n  t h e  lower ionosphere 

and t h e  e q u a t o r i a l  r i n g  cu r ren t  which supposedly e n c i r c l e s  t h e  ea r th .  

However, because t h e r e  is no genera l  knowledge of t h e  storm-time 

v a r i a t i o n s  no r  a gene ra l  d e s c r i p t i o n  of t h e  r i n g  cur ren t ,  geophys ic i s t s  

have found i t  impossible  t o  inc lude  t h e  storm e f f e c t  i n  a model. During 

g r e a t  magnetic storms, f i e l d  v a r i a t i o n s  can amount t o  3500 gammas (o r  

more than 5%) i n  t h e  p o l a r  reg ions .  Rapid v a r i a t i o n s  of t h e  magnetic 

f i e l d  ranging  i n  du ra t ion  from a few minutes down t o  0.1 seconds c a l l e d  

' inicropulsations? a l s o  occur. Amplitude of t h e s e  v a r i a t i o n s  seem to  be 

d i r e c t l y  p ropor t iona l  t o  t h e i r  dura t ion .  F luc tua t ions  of up t o  300 

gammas have been recorded f o r  du ra t ions  of t w o  minutes a l though t h e  

average f l u c t u a t i o n  i n  amplitude is  20 gammas. 

Local  i r r e g u l a r i t i e s  i n  t h e  geomagnetic f i e l d  a r e  taken i n t o  account 

by u s i n g  more than t h r e e  terms i n  t h e  harmonic expansion f o r  t h e  f i e l d .  

I t  can be concluded t h a t  though v a r i a t i o n s  e x i s t  i n  t h e  e a r t h ' s  

magnetic f i e l d ,  they  can be  u s u a l l y  neglec ted  because t h e y ' r e  small  o r  

can be taken i n t o  account by us ing  a s u f f i c i e n t  number of terms i n  t h e  
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harmonic r ep resen ta t ion  of t h e  f i e l d .  S ince  t h i s  study i s  concerned 

wi th  sub-synchronous o r b i t s ,  t h e  sun - l ine  d i s t o r t i o n  can be neglected.  

Regarding t h e  l a r g e  v a r i a t i o n s  due to magnetic storms, one can t ake  t h e  

po in t  of view t h a t  a magnetic c o n t r o l  system should be made of s u f f i -  

c i e n t  power t h a t  it func t ions  adequately i n  t h e  presence of t h e  weakest 

magnetic f i e l d  probably encountered dur ing  an o r b i t .  Thus, by design- 

ing  t h e  system so t h a t  i t  has  a f a c t o r  of s a f e t y  i n  power over  t h a t  re- 

quired f o r  opera t ion  i n  the  average f i e l d ,  t h e  f a l l i b i l i t y  of t h e  

magnetic model can be neglected.  

FURTHER SIMPLICATION TO THE FIELD MODEL 

When i n v e s t i g a t i n g  t h e  use  of t h e  magnetic f i e l d  i n  conjunction 

wi th  a t t i t u d e  c o n t r o l  of spacecraf t ,  it is o f t e n  d e s i r a b l e  t o  reduce 

t h e  complexity of t h e  f i e l d  model. Using a s impler  model r e s u l t s  i n  

e a s i e r  v i s u a l i z a t i o n  of t h e  f i e l d  c h a r a c t e r i s t i c s .  Also, a simple model 

o f t e n  allows a n a l y t i c a l  s o l u t i o n s  t o  ques t ions  which a r i s e  concerning 

t h e  e f f e c t  of t h e  f i e l d .  

The mathematical models of t h e  geomagnetic f i e l d  which have been 

used by con t ro l  systems a n a l y s t s  include: 

1. Constant f i e l d .  Here one assumes t h e  magnetic f i e l d  is  con- 
s t a n t  i n  magnitude and d i r e c t i o n  f o r  a s h o r t  dura t ion  of t i m e ,  

2. L inea r ly  changing f i e l d .  The magnitude and d i r e c t i o n  of t h e  
f i e l d  vec to r  changes l i n e a r l y  with t i m e .  

3 .  Simple d ipole .  This  model assumes t h e  magnetic d i p o l e  l ies  
along t h e  e a r t h ' s  sp in  a x i s  and p o i n t s  south.  The p o t e n t i a l  
used is  V = g p c o s  0 ( a  3/R2)* 

m P e  

4. T i l t e d  d ipole .  This  i s  t h e  most common model used. I t  uses  
t h e  f i r s t  t h r e e  i n t e r n a l  source  terms of the  p o t e n t i a l  a iven 
by Eq. A. 3. The terms gl1ae3 and hllaeB represent  d ipo le s  
ly ing  i n  t h e  e q u a t o r i a l  p lane  and po in t ing  toward 
90"E long i tude  r e spec t ive ly .  The r e s u l t a n t  of t h e  t h r e e  
or thogonal  d i p o l e s  BOae3 has a magnitude 

180' and 

and a p o l a r  angle  Q0 = cos-' (glO/Bd. The e q u a t o r i a l  component 
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p o i n t s  toward longi tude  Q = tan-1 (hl1/gI1). The po in t  
(ae,@,, Qo) is  t h e  South geomagnetic po le .  I ts  opposi te ,  
t h e  North geomagnetic po le  i s  approximately loca ted  a t  
79"N l a t i t u d e  (11" co la t idue )  and 69Ow longi tude.  
t e n t i a l  of t h e  t i l t e d  d ipo le  is Vm = Bo(aa/R2) cos 8, 
where e m  is  t h e  geomagnetic c o l a t i t u d e .  Then t h e  geomag- 
n e t i c  n o r t h  and v e r t i c a l  components a r e  
and Zm = 2BO(ae/R)3cOs Gm . 

0 

The po- 

s=B0(ae/R)3sin G m  

5. Quadruple model. This model inc ludes  t h e  f i r s t  e i g h t  terms 
(UP t o  nmax mmax - - 2 )  of t h e  s p h e r i c a l  harmonic expansion 
of Vm. 
c r i t e r i o n  t h a t  an acceptab le  model is  one i n  which t h e  magni- 
tude  and angular  dev ia t ions  of t h e  f i e l d  from t h a t  of t h e  
measured f i e l d  a r e  always less than 5% and 3" r e spec t ive ly .  
With t h i s  c r i t e r i o n ,  he  concludes t h a t  f o r  f i n a l  a n a l y s i s  
purposes, t h e  t i l t e d  d i p o l e  i s  adequate a t  d i s t a n c e s  beyond 5 
e a r t h  r a d i i  and t h e  quadruple model i s  adequate beyond 3 
e a r t h  r a d i i .  H e  recommends t h a t  below 3 e a r t h  r a d i i ,  t h e  
f u l l  harmonic expansion model be used. 

Luke [Ref. 641 i n  h i s  e r r o r  analysiy,  uses  t h e  

The dec i s ion  of which model t o  be used a t  d i f f e r e n t  p o i n t s  i n  t h e  

system design e f f o r t  is  l a r g e l y  one of judgment on t h e  p a r t  of t h e  ana lys t .  

A mathematical average of t h e  magnetic f i e l d  components found i n  a 

c i r c u l a r  o r b i t  of v a r i a b l e  i n c l i n a t i o n  and a l t i t u d e  is shown i n  F ig .  A.2. 

This  f igu re ,  taken from Ref. 9, has t h e  components coord ina t ized  i n  

t h e  l o c a l  ( L )  frame of Fig.  2.2.  

c o n t r o l  ga ins  and performance c h a r a c t e r i s t i c s .  

F igure  A.2 is  u s e f u l  f o r  e s t ima t ing  
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FIG.  A . 2 .  AVERAGE VALUE OF LOCAL COlMpoNENTS 
OF TH?3 MAGNETIC FIELD FOR CIRCULAR 
ORBITS BASED UPON A SIMPLE DIPOLE 
MODEL. 
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APPENDIX B 

DENSITY MODEL OF THE ATMOSPHERE ABOVE 120 KM 

The atmospheric models der ived  from t h e  a n a l y s i s  of s a t e l l i t e  drag 

da ta  of t h e  r e c e n t  p a s t  a r e  v a r i a b l e  i n  nature ,  i n  t h a t  d e n s i t y  is a 

func t ion  of t h e  he igh t  above sea  l eve l ,  t h e  r e l a t i v e  p o s i t i o n  of t h e  

sun w i t h  r e spec t  t o  t h e  given poin t ,  and t h e  energy being emit ted from 

t h e  sun. Models which account f o r  t h e  var ious  f l u c t u a t i o n s  i n  dens i ty  

due t o  v a r i a b l e s  o t h e r  than a l t i t u d e  change a r e  termed "dynamic" models. 

Fac to r s  which a f f e c t  t h e  va lue  of d e n s i t y  i n  a dynamic model include: 

1. The. day-night e f f e c t ,  

2. The 27-day s o l a r  e f f e c t ,  

3 .  
4. The semiannual e f f e c t ,  and 

5. The magnetic storm e f f e c t .  

The 11-year s o l a r  cyc le  e f f e c t ,  

Various models which account f o r  each of t hese  e f f e c t s  t o  some degree 

have been summarized by Bruce [Ref. 681. 

The day-night or diurna l -bulge  e f f e c t  i s  due to  t h e  sun's u l t r a -  

v i o l e t  r a d i a t i o n  being maximum nea r  t h e  subso la r  po in t .  This  r a d i a t i o n  

causes  t h e  atmosphere t o  hea t  and t h e  d e n s i t y  t o  increase .  The r e s u l t -  

i n g  bulge l a g s  t h e  s u n ' s  pa th  by about 30" i n  longi tude  (2 p.m. l o c a l  

t i m e )  because of t h e  t i m e  requi red  f o r  t h e  atmosphere t o  ad jus t  t o  t h e  

hea t ing .  The bulge e f f e c t  i s  no t  symmetric, however, and t h e  minimum 

d e n s i t y  (above 300 km) occurs  on t h e  dark  s i d e  a t  about 4 a.m. 

The s u n ' s  extreme u l t r a v i o l e t  emission is  e r r a t i c  i n  n a t u r e  but 

tends  t o  correspond t o  t h e  s u n ' s  27-day per iod of r o t a t i o n .  This  

emission, which a l s o  causes  d e n s i t y  f l u c t u a t i o n s  of t h e  h igh -a l t i t ude  

atmosphere, i s  c o r r e l a t e d  wi th  t h e  10.7 c m  dec imet r ic  f l u x  (2800 Mc) 

from t h e  sun. lo-= Watts/m /cps 

bandwidth, is denoted by F 

2 
This  index, expressed i n  u n i t s  of 

10.7' 
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10.7’ The monthly average of t h e  dec imet r ic  f lux ,  denoted by 

is  c o r r e l a t e d  wi th  t h e  11-year s o l a r  cyc le  which causes  a s lowly f l u c -  

t u a t i n g  corpuscular  emission known a s  t h e  s o l a r  wind. F ranges 

approximately between 70 and 280 dur ing  t h e  q u i e t  and a c t i v e  pe r iods  of 

t h e  s o l a r  cycle .  F igu re  B . l  taken from Ref. 69 shows t h e  F index 

average between t h e  years  1947 and 1961. 
t i o n  i n  d e n s i t y  by a f a c t o r  of 3 a t  100 n. m i l e s  a l t i t u d e  and even a 

g r e a t e r  e f f e c t  a t  h i g h e r  a l t i t u d e s .  

- 
10.7 

10.7 
This  e f f e c t  can cause a var ia -  

The d e n s i t y  v a r i a t i o n  wi th  annual and semiannual components known 

a s  t h e  semiannual o r  plasma e f f e c t  has  a l s o  been hypothesized t o  be due 

t o  t h e  s o l a r  wind. F igu re  B.2, a l s o  from Ref. 69, g ives  an ind ica t ion  

of t h i s  e f f e c t  f o r  a 350 km a l t i t u d e  s a t e l l i t e  o v e r  a four-year  per iod.  

The l a r g e s t  shor t - te rm f l u c t u a t i o n  of t h e  atmospheric d e n s i t y  is 

due  t o  magnetic storms. The 3-hour magnetic a c t i v i t y  index a- expressed 
1, 

i n  u n i t s  of 2Ym(Ym = lo-* gauss) normally f l u c t u a t e s  between 0 and 30 

bu t  can go a s  high a s  400 dur ing  an i n t e n s e  storm. 

Each of t h e s e  f i v e  e f f e c t s  a long wi th  a l t i t u d e  v a r i a t i o n s  has  been 

incorpora ted  i n t o  a model developed by Jacchia  [Ref. 701 which is sum- 

marized here .  The bas i c  idea i s  t o  determine empi r i ca l ly  t h e  atmospheric 

temperature  a t  a p o i n t  a s  a func t ion  of t h e  parameters F1O..I’ F10.7’ a p’ 

t h e  day of t h e  year, t h e  l o c a l  s o l a r  t i m e ,  t h e  l a t i t u d e s  of t h e  sun and 

t h e  p o i n t  i n  quest ion,  and t h e  a l t i t u d e ,  Then wi th  a f i x e d  set of 

boundary condi t ions  a t  t h e  a l t i t u d e  of 120 km, t h e  concent ra t ion  of each 

of f o u r  gases  a r e  found a t  t h e  p o i n t  by i n t e g r a t i n g  t h e  s t a t i c  d i f f u s i o n  

equat ion 

02, 0, and He, 

ha is t h e  
2’ Here, n is t h e  concent ra t ion  of each of t h e  gases  N 

( t h e  e f f e c t  of hydrogen is  a l s o  brought i n  above 500 km) ; 

a l t i t u d e ,  T is  t h e  temperature, and ad i s  t h e  thermal-diffusion 

i 

m 
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FIG, B.l. MONTHLY AVERAGES OF THE 10.7-CM SOLAR POWER FLUX DENSITY. 
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FIG. B.2. ANNUAL AND SEMIANNUAL RELATIVE ATMOSPHERIC DENSITY VARIATIONS. 
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f a c t o r .  Hi 
is  t h e  s c a l e  he igh t  of t h e  ind iv idua l  element def ined  a s  

where kB is  t h e  Boltzmann cons tan t ,  m i s  t h e  molecular or atomic 

mass of t h e  element, and ge is t h e  g r a v i t a t i o n a l  acce le ra t ion  which is 

a func t ion  of ha. 

d i t i o n s  a t  120 km, t h e r e  may be some doubt a s  t o  i t s  usefu lness  f o r  

lower a l t i t u d e s  (5200 km). However, J acch ia  compared h i s  model wi th  

t h e  r e s u l t s  of Small [Ref. 711 and found e x c e l l e n t  agreement between 

130 km and 200'km f o r  low- inc l ina t ion  o r b i t s .  

i 

Because t h i s  model is based on f i x e d  boundary con- 

S i n c e  t h e  t i m e  J acch ia  publ ished Q i s  resul ts ,  da t a  from f l i g h t s  

of t h e  Explorer  19 and 24 s a t e l l i t e s  i n  nea r ly  p o l a r  o r b i t s  gave f u r t h e r  

information on d e n s i t y  v a r i a t i o n s  i n  t h e  p o l a r  regions.  Keating and 

P r i o r  [Ref. 721 used t h e  resu l t s  of t h i s  d a t a  t o  modify J a c c h i a ' s  

model f o r  t h e  non-symmetry i n  t h e  d i u r n a l  bulge. Th i s  l a t e r  vers ion  

minimiaes t h e  r e s i d u a l s  between t h e  observed and predic ted  exospheric  

temperatures  i n  comparison wi th  over  1000 o t h e r  models. 

T h i s  modified Jacch ia  model determines t h e  exospheric  temperature  

a t  1000 km and uses  an empir ica l  equat ion t o  d e r i v e  t h e  r e s u l t i n g  

temperature  a t  any o t h e r  a l t i t u d e .  This  temperature  is then used i n  

t h e  s o l u t i o n  t o  Eq.(B.U t o  y i e ld  t h e  des i r ed  dens i ty .  The development 

proceeds a s  fo l lows .  

The night- t ime minimum temperature  a t  1000 km due t o  v a r i a t i o n s  i n  

t h e  11-year s o l a r  c y c l e  can be  expressed a s  

where temperature  is i n  degrees  Kelvin. The f l u c t u a t i o n  caused by t h e  

27-day e f f e c t  i s  accounted for by 
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To t h i s  express  ion t h e  semiannual effect  is added ; 

T = T i +  (0.37 
0 

where d is days from 

+ 0.14 s i n  21s d-151) *l0.7 - s i n  b ~ z ,  ( B . 5 )  

January 1. This  temperature must be modified 

t o  account f o r  v a r i a t i o n  a t  o t h e r  l oca t ions  i n  t h e  bulge. This  is done 

u s i n g  t h e  modi f ica t ion  of Keat ing and P r io r ,  

(B.6)  2.5 
e T '  = To[l+0.28 s i n  7 + O . ~ ~ ( C O S  @@-sin q )cos 

W 0 0 

where 

T, = H - 45" + 12" s i n  ( H  + 45") (-fi ,< T ,< fi) 

Ha = hour a n g l e  of sun (deg)  from t h e  poin t ,  
a a 

77 = +I(xs - A J ,  

eo = +lbs + A@) 1, 
X = d e c l i n a t i o n  of p o i n t  (deg),  

A = s u n ' s  d e c l i n a t i o n  (deg) .  

S 

0 

This  temperature  is f u r t h e r  modified to  account f o r  v a r i a t i o n  i n  t h e  

geomagnetic a c t i v i t y  by 

(B .7 )  ' + I:O a + 125"[1 - exp(-0.08 a*)] . 
P Tw = Tw 

Combining Eqs. B . 3  - B.7 y i e l d  t h e  exospheric  temperature  a t  1000 k m  and 

beyond. To f i n d  t h e  temperature  a t  any a l t i t u d e  ha ( in  km), use 

where 

(T, - 800) 
x =  

750 + 1.722 X 10-4(T - 800)' ' 0 
co 

(B .  10) 
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and 
6378.165 

h = R -  dl + 6.7385 X 10’3 sin2; a 
( B . l l )  

R is t h e  r a d i a l  d i s t a n c e  t o  t h e  po in t  from t h e  geocenter  (km) . 
The temperature of Eq. B.8  can be used wi th  Eq. B . l  t o  determine 

t h e  d e n s i t y  a t  t h e  po in t  i n  quest ion.  Reference 70 conta ins  a Table 

w i t h  t h e  r e s u l t i n g  d e n s i t i e s  a t  a l t i t u d e s  of from 120 t o  1000 km and 

temperatures  from 650” t o  2100‘K. 

i t i es  v s  temperature wi th  a l t i t u d e  a s  t h e  parameter. 

F igure  B.3 i s  a p l o t  of t hese  dens- 

Rather  than us ing  Eq. B . l  or  t h e  Table  f o r  determining densi ty ,  

i t  was found t h a t  adequate accuracy could be obtained by us ing  poly- 

nomials of t h e  logari thm of d e n s i t y  a s  a func t ion  of temperature. Third- 

o rde r  polynomials were f i t t e d  t o  t h e  t a b u l a r  va lues  from Ref. 70 a t  

a l t i t u d e s  of 200-1000 km i n  s t e p s  of 100 km. The r e s u l t i n g  c o e f f i c i e n t s  

a r e  presented i n  Table B . l .  

A f t e r  t h e  temperature of t h e  atmosphere a t  t h e  po in t  i n  ques t ion  

is  found us ing  Eqs.  B.3 - B . l l ,  t h e  d e n s i t y  from t h e  polynomials a t  t h e  

neighboring a l t i t u d e s  can be found us ing  

A + A2Tm + A Tm 2 + AbTm 3 
1 3 (B.12) 

Then t h e  d e n s i t y  a t  t h e  requi red  a l t i t u d e  can be determined by simple 

i n  t e rpo la  t ion, i . e., by 

(l”.PHI - In P,) +1” .PL0 1 p = 

where 

= next  lower a l t i t u d e  having a polynomial f i t ,  %O 

I n  pLo = 

I n  pHI 
= 

logari thm ( t o  base e) of dens i ty  a t  hLO and temperature Tm , 

logari thm of d e n s i t y  a t  (hLo + 100 km) and temperature Tm. 
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I I I I I I 
2000 1 1000 I200 1400 1600 1800 

TEMPERATURE (OK 1 

Fig ,  B . 3 ,  MEAN ATMOSPHERIC DENSITY A S  A FUNCTION 
OF TEMPERATURE FOR DIFFERENT ALTITUDES. 
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TABLE B . 1  

POLYNOMIAL COEFF I C  IENTS USED TO YIELD ATMOSPHERIC DENS ITY 
AS A FUNCTION OF TEMPERATURE 

Densi ty  p = exp[A + A2Tm + A T 2 + A4T 3 1 
1 3 m  m 

T i n  'Kelvin. p i n  gm/cm 3 ; 
m 

A 1 ti tude  
km 

2 00 

300 
400 

500 
600 . 

700 
800 

900 
1000 

A1 X 10-1 

-3 0 054057 
-3.817306 
-4 194799 

-4 .go7353 
-4.5682 13 

-5.089283 
-4.968738 
-4.595353 
-4 250597 - 

2 A2 X 10 

0.291475 
1.201897 
1.443336 
1.752301 
2.030690 
2.047103 
1.552 572 
0.673299 

-0.05G244 

For d e n s i t i e s  beyond 1000 km use  

6 A X 10 

-1.072323 
-6.345819 
-7.040865 
- 8.304390 
-9 .bo9241 
-8.980082 
- 5.62 1701 
-0.262906 
3.746130 

A4 X 10 9 

0.003834 
1.150696 

1.396305 
1.204388 

1.559282 
1.42497 1 
0.733574 

-0.305830 
-1.018655 

Simi lar ly ,  f o r  d e n s i t i e s  between 120 km and 200 km, use  

1/80] 

is  f ixed  a t  2.461 X 10-l' 
120 i s  a func t ion  of T but p 

p200 m Here, 
gm/cm 3 . 

Determining atmospheric d e n s i t y  by t h e  above procedure y i e l d s  

values  wi th  b e t t e r  than three-decimal p l ace  accuracy ( a s  compared t o  t h e  

Table  values)  which i s  q u i t e  adequate when used f o r  determining s a t e l l i t e  

d i s tu rbance  torques.  
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As an i n d i c a t i o n  of t h e  change i n  atmospheric d e n s i t y  a s  a func t ion  

of t h e  o r b i t a l  p o s i t i o n  of a s a t e l l i t e ,  F igs .  B.4 and B.5  a r e  presented.  

F igu re  B.4 shows d e n s i t y  v a r i a t i o n  i n  a 700 km polar ,  c i r c u l a r  o r b i t  with 

t h e  10.7 c m  s o l a r  f l u x  average set  a t  values  of 100, 200, and 300. 

Figure  B .5  i s  a p l o t  of d e n s i t y  v s  angular p o s i t i o n  of a r e sona t ing  o r b i t  

w i th  per iod 1/15 t h e  r o t a t i o n a l  pe r iod  of t h e  e a r t h  showing t h e  e f f e c t  

of varying e c c e n t r i c i t y .  In  both f i g u r e s ,  t h e  s t a r t i n g  po in t  i s  nea r  

t h e  minimum d e n s i t y  p o i n t  of the, d i u r n a l  bulge.  

I I I I I I I 
50 100 I50 200 250 300 350 

TRUE ANOMOLY (deg) 

FIG. B.4. ATMOSPHERIC DENSITY VARIATIONS OF A 700 KM 
CIRCULAR ORBIT WITH DIFFERENT 10.7 CM SOLAR 
FLUX AVERAGES. 
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I I I I I I I 
50 IO0 I50 200 250 300 350 

TRUE ANOMOLY (deg) 

F I G .  €3.5.  VARIATIONS I N  ATMOSPHERIC DENSITY AS 
A FUNCTION OF THE ANGULAR POSITION OF 
A RESONANT ORBIT WITH PERIOD 1/15 THAT 
OF ROTATIONAL PERIOD OF THE EARTH. 

a = 6840 km. i = 45'. 
Date = March 21. F 1 0 . 7 = P 1 0 . 7 = 3 0 0 .  

up = 0' .  R = 180'. 
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APPENDIX C 

RADIATION PRESSURF MODEL FOR EARTH ORBITS 

In t h e  fo l lowing  sec t ion ,  a n a l y t i c a l  expressions a r e  developed f o r  

t h e  magnitude and d i r e c t i o n  of ex te rna l  r a d i a t i o n  source  vec to r s  which 

cause a t t i t u d e  d i s tu rbances  on e a r t h - o r b i t i n g  s a t e l l i t e s .  These sources  

inc lude  d i r e c t  s o l a r  r ad ia t ion ,  s o l a r  r a d i a t i o n  reflected by t h e  ear th ,  

and d i r e c t  r a d i a t i o n  emi t t ed  by t h e  ea r th .  S a t e l l i t e - e m i t t e d  r ad ia t ion  

i s  n o t  d i scussed  he re .  

I t  must be noted t h a t  on ly  d i r e c t  s o l a r  r a d i a t i o n  can be t r u l y  

regarded a s  a vec to r  (coming from t h e  sun) .  

f rom and emi t t ed  by t h e  e a r t h  is d i f f u s e ;  i ts exac t  effect  must be 

expressed in.compli 'cated i n t e g r a l  form and can only  be evaluated by 

computer techniques.  It  is  p o s s i b l e  f o r  a cy l indr ica l ly-shaped  s a t e l -  

l i t e  t o  have every  element of i t s  s u r f a c e  reached by some p o r t i o n  

of t h e  ear th-emi t ted  r a d i a t i o n .  

The r a d i a t i o n  r e f l e c t e d  

I t  i s  n o t  t h e  purpose of t h i s  a n a l y s i s  t o  produce exac t  expressions 

f o r  t h e  e f f e c t  of t h e  t o t a l  r a d i a t i o n  p res su re  force s t r i k i n g  t h e  s a t e l -  

l i t e ' s  su r face .  However, an at tempt  is made t o  present  a reasonable  

approximation of t h e  t o t a l  e f f e c t  so t h a t  t h e  approximate d is turbances  

can be expressed a n a l y t i c a l l y  o r  i n  a fborm which al lows r ap id  computer 

de te rmina t ion .  For  t h i s  reason, it is assumed t h a t  t h e  r a d i a t i o n  from 

t h e  e a r t h  can be adequately expressed a s  a vec tor  po in t ing  i n  t h e  aver- 

age d i r e c t i o n  of each incoming .f lux element t o  a po in t  a t  t h e  s a t e l l i t e ' s  

l oca t ion .  The vec to r  magnitude equals  t h e  magnitude of t h e  power input 

to  a f l a t  p l a t e  normal t o  t h e  vec tor .  A s  a r e s u l t  of t h i s  vec to r  repre-  

s en ta t ion ,  t h e  same technique can be used f o r  ob ta in ing  t h e  r e s u l t i n g  

r a d i a t i o n  p res su re  forces and torques  f o r  a l l  r a d i a t i o n  sources .  

DIRECT SOLAR RADIATION PRESSURE 

The f l u x  of r a d i a n t  energy c ross ing  u n i t  a rea  i n  u n i t  t i m e  i s  

2 Sr - - m c  
r A  
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where m i s  t h e  mass of r a d i a n t  energy and c is  t h e  speed of l i g h t .  

The momentum f l u x  i s  
r R 

m c = sr/ca . r a  

The sun's r a d i a t i o n  d isappears  when t h e  sa te l l i t e  is  i n  t h e  e a r t h ' s  

shadow. Th i s  occurs  when cos -' 
and are u n i t  vec to r s  po in t ing  from t h e  geocenter  t o  the sun and 

sa te l l i t e  r e s p e c t i v e l y .  According t o  H o l l  [Ref. 731, Sr v a r i e s  between 

0.1351 and 0.1397 Watts/cm2 near  t h e  e a r t h  depending on t h e  e a r t h ' s  

p o s i t i o n  i n  i ts  o r b i t .  Thus, w i t h  c = 299,850 km/sec., t h e  s o l a r  

r a d i a t i o n  input  f o r c e  ranges between 4.50 x 1 0  and 4.66 X 

A 

e i )  > x/2 + cos-l(ae/R) where 

6 

-5 2 R 
dyne/cm . 

EARTH EMITTED RADIATION PRESSURE 

Assume the  e a r t h  can  be considered a s  a black body r a d i a t i n g  uni- 

formly a t  250°K i n  a d i f f u s e  manner. 

v a r i e s  a s  t h e  cos ine  of t h e  angle  between t h e  given d i r e c t i o n  and t h e  

normal t o  t h e  emi t t i ng  element. Thus, t he  vec tor  d i r e c t i o n  of t h i s  

r a d i a t i o n  source can be assumed t o  l i e  along t h e  r ad ius  vec tor  t o  the  

s a t e l l i t e .  The gene ra l  emit tance is represented  by t h e  q u a n t i t y  A where 

The emit ted power i n  any d i r e c t i o n  

e 

T is t h e  abso lu te  temperature  of t h e  b lack  body, and CT is  t h e  

Stefan-Boltzmann constap.t.  With t h e  grey-body emiss iv i ty  of t h e  e a r t h  

denoted by 

Aee(a,/RI2 wi th  p re s su re  Aee ae2/.(c a R 2 ) .  

Watts/cm2 (deg K)4 and T = 250°, 

p re s su re  on a f l a t  p l a t e  normal t o  the r a d i a t i o n  vec tor  w i t h  

is  7.53 X (ae/RI2 dyne/cm2. 

a f l a t  p l a t e  a t  an a r b i t r a r y  angle  t o  t h e  e a r t h - s a t e l l i t e  r ad ius  vec tor  

can be found i n  Cunningham [Ref. 741. 

s b  

e ,  t h e  magni-tude of t he  power input  t o  t h e  s a t e l l i t e  is  

For CT s b  = 5.67 X 

A = 0.0226 Watts/cm2. The r e s u l t i n g  

e = 1 

A genera l  a n a l y s i s  of power input  t o  

EARTH REFLFCTED RADIATION PRESSURE 

The problem of determining t h e  magnitude and d i r e c t i o n  of t h e  s o l a r  

r a d i a t i o n  r e f l e c t e d  from the  e a r t h  and i t s  atmosphere i s  compounded by 
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the f a c t  that  reg ions  of t h e  ear th  i n  the  shadow of the sun c o n t r i b u t e  

no r a d i a t i o n .  I n  R e f .  75, Flandro ind ica t ed  t h a t  a s impl i f i ed  model of 

t h e  r e f l e c t e d  r a d i a n t  f l u x  can be represented by a vec tor  

i t s  magnitude r e p r e s e n t s  t h e  equiva len t  f l u x  a t  a given p o s i t i o n  r e l a -  

t i v e  t o  t h e  e a r t h .  The v e c t o r ' s  d i r e c t i o n  corresponds t o  t he  mean f l u x  

and i s  not u s u a l l y  i n  t h e  R' d i r e c t i o n .  This  model is  employed here. 

s3 such t h a t  

Assume t h s t  t h e  t h e  albedo r of t h e  e a r t h  i s  cons t an t ,  t h a t  s u r -  

f a c e  temperature  adjustments  occur r a p i d l y ,  and t h a t  r e f l e c t i o n  i s  d i f -  

fu se .  Refer r ing  t o  F ig .  C . l ,  de f ine  

2 

R 

- u n i t  vec tor  i n  d i r e c t i o n  of sun ,  

- r a d i u s  vec to r  from geocenter ,  

0 

A + 
R, 

- 
a@ 
h n -  

dA - 

+ L -  o 

- 
An 

e -  n 

u n i t  vec tor  forming 
right-hand system 
where 
e2 = E@XR/(R s i n  a), h 

outward normal u n i t  
vec tor  from d A ,  

incremental  a r e a  of 
i l lumina ted  s u r f a c e ,  

vec tor  from d A  
t o  v e h i c l e ,  

061, 
0 

d, - angle  from c e n t e r  
t o  edge of i l l umi -  
nated c i r c l e .  

FIG, C . l  GEOmTRY OF THE 
SUN'S RADIATION 
REFXZCTED BY THE EARTH. 

The r e f l e c t e d  f l u x  pe r  u n i t  a r ea  i s  
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where 

L = (R s i n  a - a s i n  cos cp 12 - (ae s i n  A s i n  cp )'S 
0 0 e n n 1  n n 2  

(C.5) 
+ (R COS aQ - a COS A ) R 

e n e '  

2 1 
L = R [ l  +(ae/R) - 2(ae/R)(s in  a cos  cp s i n  A + cos a@ cos hn)]F, (C.6) 

0 0 n n 

cos e = R[sin A cos  cp ( s i n  ae -(a /R)sin A cos cpn) 
n n n e n 

(C. 7) 
2 - (a /R) s i n 2  A s i n  cp + cos  A (cos a! -(a  cos A,>I/L, . 

e n n n 0 e 

The t o t a l  vec tor  5, is found by i n t e g r a t i n g  dS3 over t h e  i l lumina ted  

a rea  seen by the  ' spacec ra f t .  Defining t h e  angle  6 as  n 

-1 
(C. 8 )  €jn - - cos (ae/R) , 

and 
-1 

(C * 9) - - cos {[ (ae/R)- cos  h cos a ] / s i n  An s i n  a@}, 
cpL n 0 

one has t h e  fol lowing i n t e g r a l s  t o  eva lua te  depending on t h e  v e h i c l e ' s  

p o s i t i o n  wi th  r e spec t  t o  t h e  sun vec tor .  

(C.lOb) 

216 



and 

(c .1oc) 

for 2 - 6  < a  < h + 8  . 2 n  0 2  n 

For the case where R >,/-%?ae one must also include the integral 

Integrals (C.lOa-c) were integrated numerically using the expressions of 

(C.4) to (C.9) for altitudes ranging from 300 to 1800 km and an albedo 

r = 0.4. The results are plotted in Fig. C.2 which shows the magnitude 
+ + +  

of D3 and its deviation away from the radius vector R. D3 lies in 

the plane of 6 and R. 
-+ 

0 

The magnitude of the reflected radiation flux can be represented 

quite well empirically by 

-2 -4 2 15 I = 5.40 x 10 exp(03.0 x 10 ha) cos a Watts/cm , 

for aO< 90" . 
3 0 

((2.11) 

-+ + 
'n Defining the angle between the radius vector R and D3 as 

its magnitude is approximately 

2.4 
Vn = fn(nO/fn) rad, (C. 12) 

-4 
where fn = 4.89 -ha(5.82 x 10 ) rad. In Eq. (C.ll) and (C.12), ha 

is the altitude in km. Dividing the expression in ((2.11) by c yields 

the resultant radiation pressure of 
a 
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ANGLE FROM SUNLINE, Q, (dag) 

FIG. C.2. VECTOR REPRESENTATION OF THE EARTH-REFLECTED 
RADIATION AS A FUNCTION OF THE ANGLE FROM 
THE SUNLINE. 

-5 -4 2 4 
Ra3 = 1.80 x 10 exp(-3.0 X 10 h ) cos a dyne/cm . (C.13) 

a 0 

It can be assumed that reflected radiation pressure is negligible for 

a@ > g o o .  
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APPENDIX D 

THE CONSTRUCTION OF OBSERVERS FOR MULTIVARIABLE OUTPUT SYSTEMS 

I n  t h i s  appendix, s eve ra l  theorems w i l l  be  presented concerning 

t h e  cons t ruc t ion  of observers  f o r  mul t ivar iab le  output  s y s t e m s .  T h i s  

material  e s s e n t i a l l y  comes from two recent  pub l i ca t ions  [Refs.  76 and 771 

and is necessary f o r  t h e  development of t h e  reduced-order observer  u t i -  

l i z e d  i n  Chapter 4.  The theorems which fol low are s t a t e d  without proof 

because of t h e  l eng th  involved and f o r  which t h e  reader  is  r e f e r r e d  t o  

t h e  ind ica t ed  document loca t ion .  Addit ional  comments and procedures '  

o u t l i n e s  are included where appropr ia te  t o  g ive  the  information presented 

necessary cohesiveness .  

The  s t a t e  observers  discussed a r e  f o r  l i n e a r  cons tan t  systems which 

can be descr ibed by t h e  equat ions 

where 

x ( t )  = n x 1 s t a t e  vec to r ,  

u ( t )  = r x 1 input  vec to r ,  

y ( t )  = m x 1 output  vec tor .  

I t  is assumed t h a t  t h e  system (F,W) i s  observable  which implies  t h a t  

Tn-l 
rank[H T .  : F H T i  FT2 H T i  --- i F HT] = n . 

Thus, it is p o s s i b l e  t o  r econs t ruc t  x ( t )  from y ( t )  by means of adding 

an observer  o r  s t a t e  estimator t o  t h e  'system. 

The concept of c y c l i c  matrices and subspaces i s  used ex tens ive ly  i n  

t h e  theorems. C y c l i c i t y  can be def ined as follows: 

D e f i n i t i o n  D . l  - c y c l i c i t y  [Ref. 761. A subspace Sn of R n ,  t h e  
n-dimensional Euclidean space,  is  c y c l i c  r e l a t i v e  t o  t h e  n X n 
matrix F i f  t h e r e  exists an n-vector x such t h a t  t h e  vec tors  
X ,  Fx, ---, Fk-1, where k is such t h a t  these k vec to r s  are 
independent but  t h a t  Fkx i s  dependent on t h e  preceding k vec- 
tors,  forms a b a s i s  f o r  Sn. Sn formed i n  t h i s  way i s  c a l l e d  t h e  
c y c l i c  subspace generated by x r e l a t i v e  t o  F.  The matrix F 
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is c y c l i c  if Rn i s  c y c l i c  r e l a t i v e  t o  F. F is  c y c l i c  i f  and 
only  i f  i t  is  s i m i l a r  t o  a Jordan matr ix  J i n  which no eigen- 
va lue  appears  i n  more than one Jordan chain.  

Any s y s t e m  matrix F can always be broken i n t o  c y c l i c  subsystems 

governed by submatr ices  of F or a s i m i l a r  matr ix .  The usefu lness  of 

t h e  c y c l i c i t y  p rope r ty  of a matr ix  comes from the  fol lowing theorem: 

Theorem D . l  - Output Obse rvab i l i t y  Theorem [ R e f .  76, pg 621. 
If t h e  system matrix F is cycl ic ,  then there e x i s t s  a nonsingular  
t ransformat ion  Pm of t he  output  vec tor  such t h a t  F is  observ- 
a b l e  f r o m  every scalar component of t h e  transformed output  vec tor  
y l ( t )  = Pmy(t) .  A l m o s t  any nonsingular  m x m matr ix  Pm assu res  
t h i s  property.! 

Because of t h i s  proper ty ,  almost any 1 x m r o w  vec tor  conver t s  a 

c y c l i c  mul t iva r i ab le  output  sys t em i n t o  an observable ,  s ing le ’  output  sys-  

t e m .  Obvious advantages t o  observer  cons t ruc t ion  r e s u l t  from t h i s  

theorem. 

Another u se fu l  r e s u l t  is 

Theorem D.2 [Lemma 4 ,  Ref. 76, pg 671. I f  F is  s i m i l a r  t o  an 
n x n Jordan mat r ix  J, and k is t h e  maximum number of Jordan 
cha ins  i n  which a given eigenvalue 1 appears ,  then i n  order  f o r  
(F,H) t o  be observable ,  i t  i s  necessary tha t  H have a t  l e a s t  
k independent rows.! 

Thus, t h e  minimum number of ou tpu t s  which an observable  s y s t e m  must 

have t o  maintain i t s  o b s e r v a b i l i t y  i s  equal  t o  t h e  minimum number of 

c y c l i c  subspaces which t h e  sys t em governed by F can  be broken i n t o ,  

I n  Ref. 76, S inger  shows t h a t  any observable  mul t iva r i ab le  s y s t e m  

can be transformed t o  a genera l  canonica l  r ep resen ta t ion  with s t a t e  

t ransformat ion  z ( t )  = Tlx( t )  and y , ( t )  = Pmy( t ) .  T h i s  r ep resen ta t ion  

has f e a t u r e s  which a r e  u s e f u l  t o  t h e  observer  development of Chapter 4 ,  so 

the procedure used t o  o b t a i n  t h e  canonica l  form is  now ou t l ined .  

1. Form t h e  obse rvab i l i t y - type  matr ix  M1. The f i r s t  al + 1 

rows a r e  formed by tak ing  the  f i r s t  r o w  of 

and forming t h e  rows hl, hlF, , hlFal. H e r e ,  a1 
i s  the sma l l e s t  index such tha t  h.,Fal+’ i s  l i n e a r l y  dependent 

H ( ca l l ed  h l )  

I 

on t h e  previous a1 3- 1 rows. The next a2 4- 1 rows of 

smallest index 

t h e  previous 
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a1 + aZ + 1 rows. This procedure is repeated until M,, of 

the form - 
hl 

hlF 

a1 h F  1 

h 
P 

h'Fm 
I P  
L 

I 

has rank n. The index p possibly may not equal m, the number 

of rows of H. Also, some intermediate row 

contribute to M 

of H may not hi 

1' 

2. Beorder the outputs so that the first p outputs of the new 

correspond io order to the p rows of H 
Y1 output vector 

used to form M1, i.e., form 

where Pm 

accomplishes this reordering. 

is a nonsingular matrix of zeros and ones which 

-1 
3. Form the new systems matrix F = M FM which can be shown 1 1 1  

to have the form below. Here, fl represents a block of zeros, 

and x represents an arbitrary element. Since this matrix 

is quasi-lower-triangular, its characteristic equations is 

the product of the characteristic equations of the p diagonal 

blocks. 
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F =  
1 

I 
x x x . . . x ; x  x . . .  x 

4. Form the A matrix by inspection from elements of F1 as 

A =  
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5. U s e  t h e  A mat r ix  t o  t ransform F1 i n t o  t h e  observable  

canonica l  form F = AFIA-l = AM FM - l A - l ,  which is  
2 1 1  

F, = 

I 

I 

fJ # 

I 
I 
I 

X x x . . . I x  x . . .  

# 

T h i s  mat r ix  has subblocks along the  diagonal  which a r e  those  

of F1 t ransposed about t h e  perpendicular-to-the-diagonal 

a x i s .  

6. An observer  for t h i s  new system can be formed with  a r b i t r a r y  

dynamics by forming 
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Here, 

K =  

-1 =T G = AM G, and H = PmHT1 . In terms of the Gz 1 1 
system, then, the observer is 

riginal 

-1 
Ml This construction procedure is straightforward and only 

cannot be formulated by inspection, 

In Ref. 77, Gopin th shows that if the system is cyclic, then 

an observer can be constructed in a systematic way formalized as 

Theorem D . 3  [Modification of Theorem 5.1, Ref. 77, pg 791. 
Let (F,H) be completely observable and F cyclic. Then the set 
of equations 
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- - a + tr(HL) 
1 

2 

3 

Y 2  = a + altr(HL) + tr HFL 

Y 3  = a + a2tr(HL) + agtr(HFL) + tr(HF L)  
(D. 10) 

2 

yn - - a + . . .  
n + t r  (HFnelL) 

, 
( sub jec t  t o  t h e  cond i t ion  t h a t  L be of rank one) has EL unique 
s o l u t i o n  f o r  L almost su re ly .  H e r e ,  t h e  system has the  char- 
a c t e r i s t i c  equat ion  

and t h e  des i r ed  observer  c h a r a c t e r i s t i c  equat ion is  

n 
n- i 

sn + p i s  = 0 .I 
1=1 

(D. 12) 

Note t h a t  i n  Eq. (D.10), i f  L = bcT (where b and c a r e  n x 1 and 

m x 1 column mat r ices  1, 

tr(HFjL) = t r ( c  T j  HF b )  = c T j  HF b . 

A l s o ,  no te  t h a t  i f  t h e  d e f i n i t i o n s  

1 0 o : . .  

A A =  

A K =  

a 1  o . . .  
a I . . .  a 

1 

2 1  
0 .  

, 

I f i l  a a n-1 n-2 * 

::_::I 'n - an 
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and 

A M1 = 

- c ~ ~  c T ~ ~ n  , 

a r e  used,  then Eq. ( D . l O )  can be solved f o r  t he  column mat r ix  b as 

-1 -1 
b = M  A K ,  1 (D.13) 

-1 e x i s t s .  But t h i s  i s  o s p e c i a l  form of t h e  observer  M1 whenever 

obtained by canonica l  forms. 

Theorem D . l ,  t hen  t h e  observer  f o r  t h e  c y c l i c  system is 

= cT which i s  va l id  by 'm If one sets 

(D.14) 

which is p r e c i s e l y  Eq; (D.9). The matr ix  M1 has an inve r se  almost 

always wi th  t h e  random s e l e c t i o n  of elements of c . T 

Reference 77 used the  fol lowing theorem t o  show t h a t  noncycl ic  

systems could u s u a l l y  be made c y c l i c .  

Theorem D.4 [Theorem 5.2, Ref. 77, pg 841. 
c o n t r o l l a b l e  and completely observable  sys tem which is not  c y c l i c ,  

Given a completely 

the sys t em (F-GK,G,H) i s  c y c l i c  almost always, when the  elements 
of K a r e  picked from a d i s t r i b u t i o n  i n  which no f i n i t e  mass is 
concentrated on a s u r f a c e  of dimension less than n.1 

This  method does not  work f o r  a noncont ro l lab le  system. 

Reference 77 goes on t o  develop an ingenious method f o r  t h e  con- 

s t r u c t i o n  of reduced-order observers .  If (F,H) is observable  and H 

i s  m x n,  then only  an (n-m)th-order observer  needs t o  be cons t ruc ted  

because t h e  output  y = Hx (where it i s  assumed t h a t  H hap m independ- 

e n t  rows) provides  m of t h e  n states d i r e c t l y .  X t  i s  assumed t h a t  

H i s  of t h e  form 
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H = [ I  01 m’ 

which can always be mechanized, and t h a t  t h e  F, G ,  and s t a t e  matr ices  

a r e  p a r t i t i o n e d  a s  

x =  

r 

m 

n-m 
9 

1 

m 

n-m 

The reduced-order observer  (which is  r e f e r r e d  t o  here  a s  t h e  Gopinath 

reduced-order obse rve r ) ,  i s  cons t ruc ted  from a procedure which i s  

presented i n  t h r e e  theorems a s  follows: 

Theorem D . 5  [Theorem 5.3, Ref. 77, pg 881. I f  (H,F) is completely 
observable ,  t h e  p a i r  (F12,. F22) is completely observable . )  

Theorem D . 6  [Theorem 5.4, Ref. 77, pg 901. Let one s y s t e m  be 
def ined a s  

k = Fxl + G i  , 1 

and t h e  o t h e r  a s  

2 = Fx2 + FGu , 2 

and l e t  t h e  eigenvalues  of F have negat ive  r e a l  p a r t s .  Then 
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Theorem D.7 [Theorem 5.5, Ref. 77, pg 911. Given two observers  
of t h e  form 

A 
x - ( F 2 2 - L F  )9 + G  u + F  X + L F  x 

2 -  12 2 21 21 1 12 2 ? 

and 
- x = (F22-LF 1% +- (F21-LF11 + F L-LF12L)xl +- (G21-LG11)~ ? 

2 12 2 22 

then  i f  a l l  e igenvalues  of F22 - LF12 have negat ive r e a l  p a r t s ,  
G2 3 22 + Lxl 
designing an observer  of dimension (n - m) is reduced t o  design- 
ing  one f o r  t h e  system 

a s  f a s t  as exp(F22 - L,Fl2)t. Thus, t h e  problem of 

. 
x = F x + F Z l x l + G  u . 

2 22 2 21 
h 

I t  can be cons t ruc t ed  as i nd ica t ed  i n  Fig.  D . l .  Here, xz is  
t h e  estimate of t h e  unknown xz , 8 

A 
U x2 

F22 4 5 2  
I 

FIG. D . 1 .  SCHEMATIC OF THE GOPINATH REDUCED- 
ORDER OBSERVER. 
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